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PREFACE. 


The  Authors  of  the  following  Treatise  have  endeavour- 
ed to  present  before  students  as  comprehensive  a  view 
of  the  subject^  as  certain  limitations  have  allowed  them 
to  do.  The  necessity  of  these  limitations  has  developed 
itself  in  the  course  of  preparing  the  work  during  a 
period  of  four  years.  The  study  of  innumerable  papers, 
by  the  most  celebrated  mathematicians  of  all  countries, 
has  convinced  the  authors  that  the  subject  is  almost 
inexhaustible,  and  that,  to  have  treated  all  parts  of  it 
with  anything  approaching  to  the  fulness  with  which 
they  have  treated  the  first  portion,  would  have  swelled 
their  work  in  a  fearful  proportion  to  what  it  has 
already  attained. 

Intending,  as  they  have  done,  to  make  the  subject 
accessible,  at  least  in  the  earlier  portions,  to  all  classes 
of  students,  they  have  endeavoured  to  explain  com- 
pletely all  the  processes  which  are  most  useful  in 
dealing  with  ordinary  theorems  and  problems  con- 
nected with  the  straight  line,  and  plane,  and  particular 
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surfaces  of  the  second  degree,  and,  in  doing  so,  their 
object  has  been  to  direct  the  student  to  the  selection  of 
the  methods  which  are  best  adapted  to  the  exigencies 
of  each  problem.  In  the  more  diflScult  portions  of  the 
subject,  they  have  considered  themselves  to  be  address- 
ing a  higher  class  of  students,  and  here  they  have 
tried  to  lay  a  good  foundation  on  which  to  build, 
if  any  of  their  readers  should  wish  to  pursue  their  stu- 
dies in  any  department  of  the  science,  beyond  the 
limits  to  which  the  work  extends. 

The  authors  would  willingly  have  given  references 
to  all  the  writers  from  whom  they  have  derived  in- 
formation in  the  course  of  their  work,  but  they  have 
found  this  to  be  impossible,  and  they  regret  it  the  less, 
because  it  will  not  be  supposed  that  they  lay  claim  to 
every  thing  in  which  they  have  made  no  reference. 
They  have,  however,  in  a  very  large  number  of  cases 
mentioned  the  names  of  eminent  men,  who  have  ad- 
vanced the  boundaries  of  the  subject,  and  they  hope 
it  will  be  apparent,  that  they  have  appreciated  the 
labours  of  such  men  as  Cayley,  Salmon,  M^Cullagh, 
Roberts  and  Townsend;  at  all  events  they  are  sen- 
sible that,  in  many  departments,  the  treatise  lately 
published  by  Salmon  on  the  same  subject  proves  how 
far  their  own  work  is  from  being  perfect. 

They  cannot  conclude  this  work  without  making 
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acknowledgments  to  Mr  Ferrers  of  Caius  College,  and 
Mr  Home  of  St  John's  College,  for  their  kindness  in 
examining  and  commenting  upon  the  proof  sheets  of 
the  earlier  parts  of  their  work,  and  at  the  same  time 
without  expressing  their  regret  that  they  have  not 
escaped  a  large  number  of  errors,  which  it  will  be 
punishment  enough  to  them  to  see  tabulated  in  an 
adjoining  page. 
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CHAPTER  I. 


ON  CO-ORDINATE  SYSTEMS. 


1.  Before  entering  upon  the  application  of  Algebra  to  the 
investigation  of  Theorems,  and  to  the  solution  of  Problems,  in 
Solid  Geometry,  we  shall  premise  on  the  part  of  the  student  a 
complete  knowledge  of  all  the  ordinary  processes  adopted  in  the 
case  of  Plane  Geometry. 

By  this  means  we  shall  avoid  the  necessity  of  entering  upon 
the  subject  of  the  interpretation  of  the  affection  denoted  by  the 
sign  (— )  prefixed  to  a  symbol ;  since  it  is  known  that,  if  +  <x  de- 
note a  line  of  length  a  measured  in  any  direction  from  a  point  in 
a  line  straight  or  curved,  —  a  may  be  interpreted  to  denote  a  line 
of  length  a  measured  in  the  opposite  direction  from  any  other 
point  in  the  line,  without  this  hypothesis  involving  any  infringe- 
ment of  the  laws  of  combination  of  these  signs,  assumed  as  the 
frindamental  laws  of  Symbolical  Algebra. 

2.  Our  first  object  will  be  to  explain  how  the  position  of 
a  point  in  space  can  be  represented  by  algebraical  symbols,  and 
with  this  view  we  shall  describe  the  different  co-ordinate  systems 
which  it  has  been  found  convenient  to  adopt ;  each  of  which  has 
its  peculiar  advantage,  according  to  the  nature  of  the  theorem 
or  problem  which  is  the  subject  of  examination. 
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Co-crdifidte  System  of  Three  Planes. 

3.  In  the  co-ordinate  system  of  three  planes,  three  planes 
xOy,  yOzy  zOx  aie  fixed  upon  as  planes  of  reference,  which  may 
be  either  perpendicular  to  one  another,  or  inclined  at  angles 
which  are  known. 

The  three  lines  in  which  thej  intersect  are  called  ohcrdincUe 
axesy  and  the  point  in  which  they  meet  the  origin  of  co'^yrdxncties. 

The  position  of  a  point  in  space  is  then  completely  deter- 
mined, when  its  distance  from  each  of  the  planes,  estimated  pa- 
rallel to  the  co-ordinate  axes,  and  the  direction  in  which  those 
distances  are  measured,  are  given. 

The  absolute  distance,  and  the  direction  of  measurement  are 
included  in  the  term  alg^Sbraical  distance. 

Thus  +  a  and  —  a  are  the  algebraical  distances  of  two  points 
whose  absolute  distances  from  the  plane  yOz  eixe  each  a,  and 
which  are  measured,  the  first  in  the  direction  Ox^  the  second  in 
the  direction  xO  from  that  plane. 

These  algebraical  distances  are  called  the  co^jrdituUes  of  a 
point  in  this  system,  and  are  usually  denoted  by  the  letters  x,  y, 
and  z. 

The  point,  of  which  these  are  co-ordinates,  is  described  as 
the  point  (a?,  y,  z). 


ON  CO-OEDINATB  BTBTEM8.  3 

Frodace  xO,  y 0,  »0  backwards  to  »',  y',  z' ;  then,  if  a,  i,  c 
are  absolute  lengths,  (a,  &,  c)  denotes  a  point  in  the  compart- 
ment xyzO^  (- a, ft,  c)  in  a?y«0,  (a,  —  ft,  c)  in  ary'«0,  (a,  ft,  — c)  in 
ay«'0,  (a,  -ft,  -c)  inoyVO,  (-a,  ft,  -c)  in  x'yz'Oy  (-a,-ft,c) 
in  x'y'zOy  (-a,  -ft,  -c)  in  x'yzO. 

4.  If  a  parallelepiped  be  constmcted,  whose  facea  are  pa- 
rallel to  the  co-ordinate  planes,  the  point  P{af  ft,  c)  being  the 
other  extremity  of  the  diagonal  drawn  firom  the  origin^  the  edges 
LP,  MPy  NP  will  be  the  co-ordinates  of  the  point  P,  supposed  in 
the  compartment  xyzO. 

Also,  it  is  obvious  that  x^a  for  every  point  in  the  plane 
fiekce  PNlMf  or  that  x  =  a  is  the  equation  of  that  plane,  as  y  aft 
and  esc  are  the  equations  of  the  planes  PLmN  and  PMnL 
indefinitely  extended  in  every  direction. 

Thus,  the  point  P  may  be  considered  as  the  intersection  of 
the  three  planes,  whose  equations  are 

a^atOy    yssft,    z^c. 

The  points  I,  0  may  be  denoted  by  (a,  0,  0)  and  (0,  0,  0)  and 
the  points  L  and  if  by  (0,  ft,  c)  and  (a,  0,  c). 

L 

(1)  Construct  the  positions  of  points  which  ate  represented  by 
the  equations 

«'-y'  =  «", 

X  +y  =4a, 
X  -y  =a. 

(2)  aj«  +  y»  =  2V', 

X  -k-y  =2«, 

xy     =a'. 

(3)  Shew  that  for  every  point  in  OP,  P  being  (a,  ft,  c), 

?  =  ?=? 
a      ft     c' 


(4)     Shew  that  for  every  point  in  the  plane  LMlm 

?  +  ? 
a     h 


"'  +  ?=!. 
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Fonr-Plmw  Co-ordinate  System, 

5.  In  the  co-ordinate  system  of  four  planes,  four  planes  are 
fixeA  upon  as  planes  of  reference,  whicli  form  bj  their  intersec- 
tions a  pyramid  or  tetrahedron  ABCD.  The  position  of  a  point 
is  determined  in  this  system  by  the  algebraical  distances  a,  )9, 
%  S  from  the  four  planes  respectively  opposite  to  the  vertices 
Ay  j8,  (7,  i>,  these  distances  being  all  absolute  distances  when 
the  point  is  within  the  tetrahedron. 


Hence,  for  a  point  in  the  compartment  between  the  plane 
A{jD  and  the  other  three  produced,  /3  will  be  negative  and 
a,  7,  S  positive;  between  BAC^  GAD,  and  DAB,  produced 
through  A,  a  will  be  positive,  and  )3,  7,  S  all  negative. 

If  a  be  positive,  a  =  a  is  the  equation  of  a  plane  parallel  to 
BCD,  at  a  distance  a  from  it,  on  the  side  towards  A;  a  =  —  a 
that  of  a  plane  on  the  opposite  side  at  the  same  distance. 

6.  In  this  system  of  co-ordinates  the  following  peculiarity 
must  be  observed,  viz.  that  any  three  of  the  co-ordinates  a,  fi,  7,  S 
are  sufficient  to  determine  the  position  of  the  point,  since,  when 
a,  ff,  7  are  given,  three  planes  are  determined  parallel  to  the 
faces  opposite  to  A,  B,  C  which  intersect  in  the  point,  and  so 
determine  its  position  completely. 

Hence,  when  a,  fi,  7  are  given,  8  ought  to  be  known  from  the 
geometry  of  the  figure,  and  we  proceed  to  determine  the  relation 
between  the  oo-ordinate»  in  this  system. 
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Relation  of  Co-orduiatea  in  the  Four-Plane  System. 

7.  Let  Vhe  the  Tolume  of  the  tetrahedron  contained  by  the 
four  fixed  planes,  A,  By  C,  D  the  areas  of  the  triangular  faces. 

If  the  point  P  whose  co-ordinates  are  a,  /9,  7,  8  be  joined  by 
straight  lines  to  the  angular  points  of  the  tetrahedron,  four  pyra* 
mids  are  formed,  whose  vertices  are  at  P,  and  whose  bases  are 
the  faces  of  the  tetrahedron. 

The  algebraical  sum  of  these  four  pyramids  make  up  the 
yolnme  of  the  tetrahedron;  therefore,  remembering  that  the 
volume  of  a  pyramid  is  three  times  the  base  x  the  altitude,  4  .^.i^-'i^K^f' 

whence,  when  any  three  of  the  co-ordinates  of  a  point  are  given, 
the  fourth  may  be  found. 

The  object  of  the  introduction  of  a  fourth  co-ordinate,  in 
this  system,  is  the  same  as  that  for  which  trilinear  co-ordinates 
are  employed  in  Plane  Geometry,  viz.  to  obtain  equations  homo- 
geneous with  reference  to  the  co-ordinates,  and  thus  to  arrive  at 
symmetrical  results. 

By  means  of  the  equation  given  above,  any  equation  which 
does  not  appear  in  a  homogeneous  form  can  be  reduced  to  such 
a  form  immediately. 

Thus  the  equation  a  =  a  of  a  plane  may  be  reduced  to  the 
homogeneous  form 

Tetrahedral  CiMyrdinates. 

8.  The  expressions  involving  these  co-ordinates  are  fre- 
quently simplified  by  the  employment,  in  their  stead,  of  the 
tetrahedrons,  which  are  proportional  to  them,  namely,  |^a,  \Bfi^ 
JCty,  JDS,  which  we  shall  call  "Tetrahedral  Co-ordinates." 

If  a,  /3,  7,  8  denote  these  co-ordinates,  the  relation  always 
subsisting  between  them  is 
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Anj  expressions  inyolving  the  former  (four-plane)  oo-ordi- 
nates,  may  be  at  once  transformed  so  as  to  involye  the  latter 
(tetrahedral)  bj  the  substitution  of 

Sa     SB     ^     SS  ^         ^       ^  .    , 

A'   'B'   't'  ;5  *>r  «>  A  %  8  respectively. 

The  equation  of  condition  is  further  simplified,  if  we  take  the 
voliune  of  the  fundamental  tetrahedron  as  the  unit  of  volume,  or, 
which  amounts  to  the  same  supposition,  take  as  the  co-ordinates 
of  any  point  the  ratios  of  its  algebraical  distances  from  the  figures 
to  the  distances  of  the  angular  points  respectively  opposite  to 
them.    In  this  case  the  equation  of  condition  becomes 

a  +  i9  +  7  +  8«l; 

and  any  given  equation  involving  fbur-plane  co-ordinates  may  be 
transformed  into  an  equation  referred  to  this  system  by  writing 
PflyPfi*Pzy>PA^  for  «j  A  %  8  respectively, /?i,  jt?„  /?„  p^  being 
the  distances  of  the  angular  points  from  the  opposite  faces. 


Polar  Ckhordifuxte  System. 

9«  In  the  system  of  Polar  Co-ordinates,  a  plane  zOx  is 
chosen,  and  in  this  plane  a  straight  line  Oz  is  drawn  from  a 
fixed  point  0. 
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The  po0iti<m  of  a  point  P  in  spaoe  is  oompletelj  detennined, 
when  its  distance  from  the  fixed  point  0  is  given,  the  angle 
thiough  which  the  line  OP  has  revolyed  in  a  plane  from  Oz^ 
and  the  angle  through  which  the  plane  zOP  has  revolved  into 
its  position  from  the  fixed  plane  of  reference  zOx. 

These  co-ordinates  are  osnallj  denoted  by  the  symbols  r,  6 
and  ^,  and  the  point  Pby  (r,  0,  ^). 

Thus,  if  the  longitude  of  a  place  be  l,  the  latitude  X,  and  the 
radius  of  the  earth  a,  we  may  take  the  first  meridian  for  the 
pbme  zOxj  the  axis  of  the  earth  for  the  axis  of  Zy  and  the 
position  of  the  place  will  be  expressed  by 

(«»  \-^^  ^)- 

If  \'  be  the  latitude  of  Greenwich,  its  position  is  given. by 

(a,f -V,  0). 

II. 

(1)  Shew  that  for  eveiy  point  in  a  plane  through  the  edge  AB 
bisecting  the  angle  between  the  planes  CAB^  DAB, 

y  -  S  s  0,  if  the  angle  be  the  internal  angle, 
y  +  8  =  0,  external 

(2)  Shew  that  for  every  point  in  a  plane  drawn  through  the 
vertex  A  parallel  to  the  opposite  face, 

j5j8+(7y+Z>S  =  0; 

or  with  tetrahedral  oo-ordinates, 

/3  +  7  +  8  =  0. 

(3)  If  AO  be  drawn  perpendicular  to  the  opposite  hce  BCD, 
then  for  any  point  in  AO, 

£kCOD~  ADOB"  £iBOC 

(4)  Every  point  in  a  plane  through  CD  parallel  to  AB  satisfies 
the  equation  in  tetrahedral  co-ordinates, 

a  +  /8  =  0. 


8  ON  CO-ORDIKATB  8T8TEMS. 


of  is 


At  any  point  in  the  straight  line  joining  the  middle  points 
and  CDy  the  tetn^edral  co-ordinates  satisfy  the  equations 

a  =  )3,  y  =  8. 

(6)  The  four  straight  lines  joining  the  middle  points  of  opposite 
edges  of  the  tetrahedron  of  reference  meet  in  a  point  whose  tetra- 
hedral  co-ordinates  satisfy  the  equations 

(7)  If  the  equations  to  a  point  0  be 

a_  )3  _  y  _  8 

and  AOj  BO,  CO,  DO  be  joined  and  produced  to  A\  B,  C,  U  such 
that  0  bisects  the  lines  AJU,  &c.,  the  tetrahedral  co-ordinates  of  the 
point  A'  will  satisfy  the  equations 

2tt  jg      y      8  2r 

and  similarly  for  B',  (?,  U, 


CHAPTER  II. 

GENERAL  DESCRIPTION  OF  LOCI  OF  EQUATIONS.     SURFACES. 

CURVES* 


Locus  of  an  equation* 

10.  If  an  eqtiation  F{x^  y^z)^(^  be  given,  in  which  the 
variables  are  the  co-ordinates  of  any  point,  the  number  of  solutions 
of  this  equation  is  generally  infinite,  i.  e.  the  number  of  points 
whose  co-ordinates  satisfy  the  equation  is  infinite :  we  shall  pro- 
ceed to  shew  what  is  the  general  nature  of  the  distribution  of 
the  points,  whose  co-ordinates  satisfy  the  equation.  We  shall 
prove  in  the  first  place  that  no  algebraical  equation  can  be  satis- 
fied by  every  point  of  any  solid  figure,  but,  in  the  most  general 
case,  only  by  every  point  in  some  surface  or  surfaces. 

11.  If  an  equation  involve  only  one  of  the  co-ordinates  as  x, 
we  know  that  such  an  equation  F{x)  »  0  has  a  finite  or  an  in- 
finite number  of  roots,  a,  &,  c,...  separated  by  definite  intervals, 
and  is  reducible  to  the  equations  a;asa,  a;»5,....,  each  of  which, 
as  a?ssa,  is  satisfied  by  every  point  in  a  plane  parallel  to  the 
plane  yOz^  at  an  algebraical  distance  a.  Hence,  all  the  points 
whose  co-ordinates  satisfy  the  equation  F{x) »  0  lie  in  a  series 
of  planes  parallel  \oyOz  sX  algebraical  distances  a,b,c,... 

If  the  given  equation  involve  two  only  of  the  variables,  as 
F{yf  z)  =  0,  on  the  plane  yz  let  the  curve  be  constructed  which 
is  the  locus  of  i^(y,  i?) =0,  and  let  a  straight  line  be  drawn  paraUel 
to  Ox  through  any  point  in  this  curve,  every  point  in  this  line  is 
such  that  its  co-ordinates  satisfy  the  given  equation,  and  the 
same  is  true  of  all  points  in  the  curve,  and  of  no  other  points. 
Hence,  all  the  points  which  satisfy  the  proposed  equation  lie  in 
a  surface  generated  by  a  straight  line  parallel  to  Ox,  which 
passes  successively  through  every  point  of  the  curve  traced  on 
the  plane  yz  i  such  a  surface  is  called  a  cylindrical  surface,  and 
the  curve  is  called  the  trace  on  the  plane  of  yz,  and  is  one  of  an 
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infinite  number  of  coryes,  which  are  called  guiding  curves  to 
the  cylindrical  surface. 

The  nmnber  of  gaiding  curves  is  infinite,  since,  if  anj  curre 
be  traced  upon  the  cylindrical  surface,  so  as  to  cross  every  gene- 
rating line,  a  Hue  moving  parallel  to  Ox^  so  as  to  traverse  every 
portion  of  such  a  curve  traced  in  space,  would  generate  the  entire 
cylindrical  surface,  that  curve  serving  to  guide  the  direction  of 
motion  of  the  generating  line. 

12.  We  may  notice  here,  that,  if  the  equation  F{y^  «)  =  0 
be  reducible  to  a  series  of  equations  of  such  forms  as 

(y-J)*+(«-<5)*=o, 

(wy  —  w«)*  +  («  —  c)*  =  0, 

the  trace  on  yz  is  reducible  to  a  series  of  points,  and  the  locus  of 
the  equation  F{jf^  z)^0  becomes  a  series  of  straight  lines  paral- 
lel to  Ox^  passing  through  those  points. 

In  such  cases,  the  locus  appears  to  be  difierent  in  character 
from  that  of  the  general  case,  since  it  is  a  series  of  lines  instead 
of  being  a  surface. 

But,  it  may  be  seen  that  this  is  only  in  appearance,  since 
each  of  the  equations  whose  locus  is  called  a  point  represents  a 
closed  curve  of  infinitely  small  dimensions,  and  the  lines  are 
cylinders  whose  breadths  are  infinitely  small,  and  the  locus  of 
the  equation  F^y^  z)^0  is  as  in  the  general  case  a  series  of 
surfaces:  and  a  similar  interpretation  may  be  given  in  every 
case. 

13.  We  shall  now  proceed  to  the  general  case, 

in  order  to  examine  the  position  of  all  the  points  which  satisfy 
the  equation;  and  we  shall  find,  first,  the  position  of  those 
points  which  are  at  an  algebraical  distance  g  firom  the  plane  of 
yjs,  which  is  the  same  thing  as  examining  the  position  of  those 
points  which  lie  on  a  plane  whose  equation  h  x^g. 

These  points  are  contained  in  the  cylindrical  surface  whose 
equation  is  F  (^,  y ,  z)  =  0.  The  trace  of  this  surface  on  the 
plane  x^giR  the  line  which  contains  all  the  points  of  the  sur- 
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£eu»  which  lie  on  that  plane ;  and  if  the  series  of  lines  be  traced 
corresponding  to  different  positions  of  the  plane  x^giot  values 
of  ^  finom  —  CO  to  +  oo ,  we  shall  evidentlj  obtain  a  surface  which 
contains  all  the  points  which  satisfy  the  equation 

F{x,  y,  z) «  0. 

14.  As  an  illustration  of  tracing  sur£Bu;es,  we  will  take  the 
case  of  the  surface  whose  equation  is 

(aj+y)"==a«. 

If  0?  =  0,        j^^az'y 

therefore  the  trace  on  the  plane  of  yx  is  a  parabola  whose  axis  is 
Oz  and  vertex  0. 

Similarlj,  that  on  zx  is  another  equal  parabola  having  the 
same  axis  and  vertex. 

If  «  =  Ar,         («  +  y)*  =  aA, 

which  is  the  equation  of  two  planes  parallel  to  the  axis  Oz^ 
equally  inclined  to  the  planes  yz^  zx ;  therefore  the  trace  on  the 
])Iane  z^h  \&  two  straight  lines  equally  inclined  to  the  planes 
yz^  zx. 

Hence,  the  surface  is  generated  by  straight  lines,  as  PQ^ 
which  move  parallel  to  the  plane  of  xy^  constantly  passing 
through  the  traces  on  y^;,  £?a;  so  as  to  be  inclined  to  those  planes 
at  equal  angles  of  135^ 

The  shape  is  therefore  a  cylindrical  surface  as  in  the  figure. 
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III. 

Trace  the  sutfaces  represented  bj  the  equations 

(1)  a^-^i^^ax, 

(2)  sf-ax-^hy, 

(3)  a?-¥i^+sf-ax-\-hy-{-cZj 

(4)  af+^=cz, 

(5)  xy^az, 

(6)  («  +  «)  (y  +  «)  =  aa;, 

(7)  (aaj  +  5y  +  c«)*=w*(aaj+6y  +  flfe). 

15.  By  the  introduction  of  constants,  which  admit  of  all 
values  within  certain  limits,  equations  may  be  formed,  which 
will  represent  all  points  within  certain  bounding  sur&ces. 

For  example,  a  sphere  whose  center  is  (a,  ft,  c)  and  radius  r 
may  be  represented  by  the  equation 

(a;-a)«+(.y-»)"+(^-c)«  =  r« 

in  a  rectangular  co-ordinate  system,  if  then  r  be  capable  of  re- 
ceiying  all  values  from  r^  to  r,,  the  equation  represents  all  points 
contained  between  two  concentric  spherical  surfaces,  whose  radii 
are  r^  and  r,. 

Again,  if  a,  5,  o  be  capable  of  receiving  all  values  consistent 
with  the  equation 

a«+y  +  c»  =  rf*, 

the  above  equation  will  represent  all  points  contained  between 
two  spherical  surfsM^es  whose  center  is  the  origin  and  radii  r  +  ^ 
and  r  —  d. 

If  c  and  r  be  constant,  and  a,  b  have  all  values  consistent 
with  the  equation 

a'  +  V'^cP, 

the  equation  represents  all  points  contained  within  a  ring,  gene- 
rated by  a  circle  of  radius  r,  revolving  about  the  axis  Oz^  the 
center  being  at  a  distance  d  from  that  axis,  and  c  from  the  plane 
of  a^. 

In  the  same  manner,  it  may  be  shewn  that 

(»-a)*+(y-/9)*+(«-7)*-0, 
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in  which 

a  may  have  any  values  between  —  a  and  +  a, 

13 • —b  ...   +by 

and  7 —c  ...  +c 

18  satisfied  by  all  points  which  lie  within  a  parallelepiped  whose 
faces  are  parallel  to  the  co-ordinate  planes. 


Locus  of  the  Polar  equation. 

16.     We  shall  examine  in  order  the  loci  of  equations  which 
involve  one  or  more  of  the  co-ordinates. 

(1 )  If  the  equation  be  -F  (r)  =  0. 

This  is  equivalent  to  a  series  of  equations  nssay  r^b, 

any  one  of  which  being  satisfied  the  original  equation  is  satisfied : 
r  =  a  is  satisfied  by  all  points  at  a  distance  a  from  the  origin, 
measured  in  any  direction ;  therefore  the  locus  of  i^  (r)  =:  0  is  a   . 
series  of  concentric  spheres,  whose  center  is  the  origin. 

(2)  If  the  equation  be  F{0)  ^0  it  is  equivalent  to  &»«, 

0^fiy any  one,  d  =  a,  is  satisfied  by  every  point  of  lines 

through  0  inclined*  to  Oz  at  angles  equal  to  a ;  therefore  the 
locus  of  jF  (^  =  0  is  a  series  of  conical  surfaces,  whose  common 
axis  is  Oz,  vertex  0,  and  vertical  angles,  2a'f  2/9, 

(3)  If  the  equation  be  ^(^)  =0,  it  is  equivalent  to  ^=s  a, 

4>='fii Any  one,  ^  ==  a,  is  satisfied  by  every  point  in  a  plane 

through  Oz  inclined  at  angle  a  to  the  plane  zOx;  therefore  the 
locus  of  jP(^)  =:  0  is  a  series  of  planes  through  Oz  inclined  to 
zOx  at  angles  a,  fi, 

(4)  If  the  equation  involve  only  r  and  0  as  F{r,  ff)^0, 
since,  for  all  values  of  ^  the  same  relation  exists  between  r  and  0, 
the  locus  of  the  equation  is  the  surface  generated  by  the  revo- 
lution of  a  curve  traced  on  a  plane  through  Oz^  as  the  plane 
revolves  about  Oz  m  an  axis. 

(5)  If  the  equation  involve  only  ^  and  0,  as  F{<f>,  0)=O, 
for  every  value  of  ^,  there  are  a  series  of  values  of  0,  correspond- 
ing to  which  if  lines  thron.s:h  0  be  drawn,  every  point  in  these 
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lineiet  will  be  such  that  its  co-ordinates  satisfy  the  eqaati(m,  and 
as  ^  changes  or  the  plane  through  Oz  revolyeSi  these  Imes 
assome  new  positions  relative  to  Ozy  and  generate  daring  the 
revolution  of  the  plane,  conical  surfaces,  a  conical  surface  being 
defined  to  be  a  surface  generated  by  a  straight  line  moving  in 
anj  manner  with  the  restriction  that  it  passes  through  a  fixed 
point. 

(6)  If  the  co-ordinates  involved  be  r,  ^  as  in  F{r^  ^)  =  0, 
for  each  position  of  the  plane  through  Oa  inclined  at  anj  angle  ^ 
to  zOx,  there  are  values  of  r,  which  are  constant  for  all  values 
of  6,  i.e.  there  are  a  series  of  concentric  circles,  in  the  plane,  the 
co-ordinates  of  each  point  in  which  satisfy  the  equation. 

The  locus  of  the  equation  is  therefore  a  surface  generated  bv 
drdes  having  their  Iters  in  0,  and  varying  in  Signitude  L 
their  planes  revolve  about  the  line  Oz  through  which  thej  pass. 

(7)  Ifthe  equation  involve  all  the  co-ordinates,  as  ^(r,d,^}sO, 
let  anj  value  be  given  to  ^,  as  )9,  then,  corresponding  to  this 
value  there  is  a  plane  through  Ozy  and  if  the  locus  of  ^r,  0^/3)  s=0 
be  traced  on  this  plane,  and  such  curves  be  drawn  upon  all  planes 
corresponding  to  values  of  ^  firom  —  oo  to  +  co ,  the  surfiace 
which  contains  all  these  curves  is  the  locus  of  the  equation. 

Curves. 

17.  Curves  in  space  are  called  generally  curves  of  double 
curvature^  because  generally  they  do  not  lie  entirely  in  one 
plane. 

If  we  take  three  points  very  near  to  one  another,  these  three 
points  lie  in  one  plane  but  not  generally  in  one  straight  line, 
but  a  fourth  point  wiU  lie  generally  on  one  side  or  the  other  of 
this  plane,  the  bend  first  in  one  plane  and  then  in  another 
giving  rise  to  the  term  double  curvature. 

Equations  of  curves. 

18.  Through  every  curve  there  can  be  drawn  an  infinite 
number  of  surfaces,  the  intersections  of  any  two  of  which  will 
include  every  point  of  the  curve.  At  the  same  time  we  must 
observe  that  two  surfaces,  each  of  which  contains  a  given  curve, 
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may  not  be  snfScient  to  determine  the  position  of  the  carve,  because 
they  may  intersect  in  other  points  which  are  not  connected  with 
the  given  curve* 

Thns,  if  we  take  the  case  of  a  circle,  it  is  true  that  it  lies 
entirely  in  the  intersection  of  a  certain  sphere  and  cylinder,  but 
the  sphere  and  cylinder  are  not  sufficient  to  determine  the  circle 
because  they  may  also  intersect  in  another  circle,  and  the  circle 
to  be  considered  is  not  defined  by  those  sur&ces :  in  this  case  it 
is  possible  to  find  two  surfaces  which  do  define  the  circle  com- 
pletely, as  for  example  a  plane,  and  either  the  sphere  or  cylinder. 

19.  If  F{Xy  y,  «)  =  0,  and  F^  (x,  y,  «)  =0  be  equations  of 
two  surfaces,  these  surfaces  by  their  intersection  determine  a 
certMn  curve,  and  if  another  equation  ^  {x,  y,  0) »  0  be  obtained 
from  those  two  equations,  by  any  processes  of  addition  or  mul- 
tiplication, the  third  equation  will  be  satisfied  by  every  point 
in  the  curve  determined  by  the  intersection  of  the  first  two  sur- 
faces, and  we  may  employ  this  equation  and  either  of  the  first 
two  to  obtain  properties  of  the  curve;  although  the  two  new 
equations  may  represent  surfaces  which  intersect  in  other  points 
than  those  of  the  curve  originally  proposed. 

It  is  often  convenient  in  practice  to  consider  a  curve  as  the 
intersection  of  two  cylindrical  surfaces,  whose  generating  lines 
are  parallel  to  two  of  the  axes.  In  this  way  of  considering 
curves,  the  equations  of  the  surfaces  are  of  the  form 

0(a;,  «)«0, 

yft  (y,  z)  =  0. 

As  a  simple  example  of  the  determination  of  a  line  by  two 
surfiu^es,  we  will  take  a  straight  line  parallel  to  the  axis  of  e. 

x^a  and  y=&  are  the  equations  of  two  planes  parallel  to  the 
planes  of  y^,  zxy  which  intersect  in  a  straight  line  parallel  to  Oz. 


CHAPTER  III. 

PROJECTIONS  OF  LINES  AND  AREAS.       DIRECTIOK-COSIMES, 

AND  DIRECTION-RATIOS. 


20.  Def.  The  Geometrical  projection  of  a  straight  line  of 
limited  length  upon  any  other  straight  line  given  in  position,  is 
the  distance  intercepted  between  the  feet  of  the  perpendiculars 
let  fall  from  the  extremities  of  the  limited  line  upon  the  straight 
line  on  which  it  is  to  be  projected. 

21.  The  Oeometrical  projection  of  a  straight  line  of  limited 
length  on  a  given  straight  line  is  equal  to  the  given  length  muhi- 
plied  by  the  cosine  of  the  acute  angles  contained  between  the  lines. 


Let  PQ  be  the  line  of  limited  length,  AB  the  indefinite  line 
upon  which  it  is  to  be  projected. 

Let  QRN  be  a  plane  through  Q  perpendicular  to  AB  meet- 
ing it  in  Ny  PR  parallel  to  AB  meeting  QRN  in  R. 

Therefore  PR  being  parallel  to  AB  is  perpendicular  to  the 
plane  QRN^  and  therefore  to  RN  and  QR,  and  QN  is  perpen- 
dicular to  AB;  hence,  if  PM  be  drawn  perpendicular  to  ABy 
MN.ia  the  projection  of  PQ,  and  QPR  is  the  acute  angle  con- 
tained between  PQ  and  AB,  and  since  PRNM  is  a  rectangle, 

MN^  PR  ^  PQ  cos  QPR. 

If  PQ  produced  intersects  AB,  the  proposition  is  obviously 
true. 

22.  Def.  The  algebraical  projection  of  a  line  PQ  upon  an 
indefinite  line  AB  given  in  position  is  the  projection  estimated 
in  a  given  direction,  m  AB. 
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If  a  be  the  angle  through  which  PQ  may  be  supposed  to 
have  revolved  from  PS,  drawn  in  the  positive  direction  AB^ 
the  algebraical  projection  of  PQ  =  PQ  co8  a. 

If  N  lies  in  the  opposite  direction  with  reference  to  Jf,  a  is 
obtuse,  and  PQ  cos  a  is  negative. 

The  algebraical  projection  of  a  limited  straight  line,  upon 
a  line  given  in  position,  measures  the  distance  traversed  in 
the  direction  of  the  latter  line  in  passing  from  one  extremity  of 
the  former  to  the  other. 

This  consideration  shews,  that  if  all  the  sides  of  a  closed 
polygon,  taken  in  order,  be  projected  on  any  straight  line  given 
in  position,  the  sum  of  the  algebraical  projections  of  these  sides 
is  zero ;  since,  in  passing  round  the  perimeter  of  the  polygon  from 
any  point,  the  whole  distance  advanced  in  any  direction  is  zero. 

Hence,  the  algebraical  projection  of  any  side  AS  of  a  closed 
polygon,  is  the  sum  of  the  algebraical  projections  of  the  remain- 
ing sides  commencing  from  A  and  terminating  in  B. 

Note*  In  fiiture,  when  the  term  projection  is  used,  the  alge- 
braical projection  is  to  be  understood. 

23.  JiCt  PQ  be  any  line,  PM,  MN,  NQ  three  straight  lines 
drawn  in  ftny  given  directions  so  as  to  terminate  in  Q,  and  2,  m,  n 
the  cosinQS  of  the  angles  which  PQ  makes  with  these  directions. 


Then  PQ  will  be  the  sum  of  the  projections  of  PJf,  MN^  and 
NQonPQ\  .\  PQ^l.PM-k-m.MN+n.NQ. 

Direction-costnea. 

24.  The  direction  of  a  straight  line  in  space  is  determined 
when  the  angles  which  it  makes  with  the  co-ordinate  axes  are 
known. 

Def.  If  the  co-ordinate  axes  be  perpendicular,  the  cosines 
of  the  inclinations  to  the  three  axes  are  called  directumrooBinea. 

c 
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DIRECTION-COSINES. 


25.  To  find  iht  relation  between  the  directtonroosines  of  a 
straight  line. 

If  Z,  9n,  n  be  the  direction-cosines  of  PQ,  and  PM,  MN^  NQ  be 
parallel  to  the  co-ordinate  axes, 

PMr=PQ.l,    MN^PQ.m,    NQ^PQ.n. 

Join  PNy  then,  since  QN  is  perpendicular  to  NM,  ifP,.  and 
therefore  to  the  plane  PMNj  PNQ  is  a  right  angle ; 

.-.  PQ^^PN^  +  NQ'^PJP  +  MIP  +  NQ'; 

.-.  l  =  ?  +  «i"  +  n', 

which  is  the  relation  required.     Hence  the  three  angles  of  in- 
clination cannot  all  be  assumed  arbitrarily. 

26.  To  find  the  angle  between  two  straight  lines  in  terms 
of  their  directionrcosines. 

Let  PQ,  P*©'  be  two  straight  lines  whose  direction-cosines 
axe  (?,  m,  n)  and  (f,  «»',  n')  respectively. 

Let  PMj  MN^  NQ  be  drawn  parallel  to  the  axes,  connecting 
any  two  points  P,  Qf  and  PP^  QQ[  perpendicular  to  FQ,  and 
let  0  be  the  angle  between  PQ  and  P  Q\ 


Then  P'  Q,  the  projection  of  PQ  on  P  C*,  will  be  equal  to  the 
sum  of  the  projections  of  PM,  MNj  NQ  on  P'^,  namely,  FM\ 
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and  since      PJf  =  PQ.l,  MN^  PQ.my  NQ^PQ.n; 

.*.  COB0  ^  IV  +  mm  +  «n'. 
Hence  sin*^  «  (P  +  «»•  +  n«)  (P  +  m"  +  n  *)  -  {JtV  +  mm'  +  nnj 

=  (mn'  -  m'w)"  +  [nV  -  n  Q"  +  [Im'  -  Tm)*. 

27.  Def.  If  the  co-ordinate  axes  be  not  perpendicular  to 
each  other,  the  direction  of  a  line  PQ  is  fully  determined,  if  the 
ratios  of  PJf,  MNy  NQ  to  PQ  are  given,  P2f,  MN,  NQ  being 
parallel  to  the  axes.     These  ratios  are  called  directionHrattoa. 

28.  To  find  the  relation  between  the  dtredfion-ratios  of  a 
straight  line. 

In  the  last  figure,  let  the  angles  yOz,  zOx,  xOy  be  X,  /x,  i/, 
and  let  a,  /S,  7  be  the  angles  between  PQ  and  the  axes,  Z,  m,  n 
the  direction-ratios  of  PQ. 

Projecting  the  line  PQ  and  the  bent  line  PMNQ  terminated 
in  the  same  points  on  Ox\ 

PQ  cos  a  =  PM-\-  MN  cos  v  +  NQ  cos  /* ; 

.'.  cos  a  =5  Z  +  m  cos  1/  +  n  cos  /x, 

similarly,  cos  /9  —  Z  cos  v-\-m-\-n  cos  X, 

and  cos  7  =*  Z  cos  ^  +  m  cos  X  +  w. 

Also  projecting  PMNQ  on  P^, 

PM  cos  a  +  JOT  cos  /8  +  iV^^  cos  y-PQ; 
/.  Z  cos  a  +  m  cos  /8  +  n  cos  7  =  1 ; 

.'.  1  =  P  +  m"  +  n"  +  2mn  cos  X  +  2n?  cos  /i  +  2?m  cos  1/, 

which  is  the  relation  required. 

29.  The  following  is  the  relation  which  always  exists  be- 
tween the  cosines  of  the  angles  which  a  straight  line  makes  with 
three  oblique  axes. 

cos*  a  sin*  X  +  cos*  ff,  sin'  fi  +  cos*  7  sin*  v 
+  2C0S/8 cos 7  (cos  fjb cos  v— cos X) +2C0S 7COS a  (cos  v cos X— cos /i) 
^  -f  2cos  a  cos  iS  (cos  X  cos  /*  —  cos  p) 

=  1  —  COS'X  — COS*/i  — C0S*I'  +  2C0SX  COS/i  cos  I', 

This  may  be  deduced  from  the  equations  of  the  last  article. 

C2 
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(Art.  28), 


30.  To  find  ike  angle  between  two  straight  lines  whose  direction' 
ratios  are  given. 

Let  (Z,  m,  n)  and  (f,  m,  n)  be  the  dil-ection-ratios  of  two 
straight  lines PQ,  P^',  0  the  angle  between  them,  and  (a,  jS*, 7) 
the  angles  of  inclination  of  P'Q'  to  the  co-K)rdinate  axes. 

Take  r  a  limited  length  measured  on  PQ ;  then  rl,  rm,  rn 
will  be  the  intercepts  on  the  axes  by  planes  drawn  through  P, 
Q  parallel  to  the  co-ordinate  planes,  and  r  cos  d  the  sum  of  the 
projections  of  rZ,  rw,  m  on  P^' 

=  r?  cos  a'  +  rw  cos  ^  +  rn  cos 7. 
Also  cos  a'  =  ?'  +  m  cos  v  +  n  cos  /i, 
cos  /9'  =  Z'  cos  1/  +  m'  +  w'  cos  X, 
cos 7  =  V  cos /i  +  fn  cos\  +  n; 
.'.  cosd  =  ZZ'  +  «im'  +  nn' 

+  2  {mn'  +  m'n)  cos  X  +  2  (nr^-  nl)  cos  ft 
+  2  (Zw  +  I'm)  cos  y, 
which  is  the  cosine  of  the  angle  required. 

Projection  of  a  Line  on  a  Plane. 

31.  Def.  The  orthogonal  projection  of  a  line  of  limited  length 
on  a  plane  is  the  line  intercepted  between  the  perpendiculars 
drawn  from  the  extremities  of  the  limited  line  upon  the  plane. 

32.  The  orthogonal  projection  of  a  line  upon  a  planSy  is 
the  length  of  the  line  multiplied  by  the  cosine  of  the  angle  of  in" 
clinatim  of  the  line  to  the  plane. 


Let  PQ  be  the  given  line,  AB  the  plane,  PM^  ^jY  perpen- 
diculars upon  the  plane. 

Since  PJ/,   QN  are  perpendicular  to  the  plane  AB^  PM  is 
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parallel  to  QN^  and  the  plane  MPQN  is  perpendicular  to  the 
plane  AB ;  join  MN^  and  draw  PL  parallel  to  MN\ 

.\  I  PLQ^  £  MNQ  =  9i,  right  angle; 

/.  MN=^  PL  =  PQ  cos  QPL, 

m  • 

and  JMNis  the  projection  oi  PQ  on  AB^ 
^  QPL  ss  the  inclination  of  PQ  to  the  plane, 
whence  the  proposition. 


Projection  of  a  Plane  Area  upon  a  Plane. 

33.  Def.  The  orthogonal  projection  of  a  closed  plane  area 
upon  a  fixed  plane,  is  the  area  included  within  the  line  which 
is  the  locus  of  the  feet  of  perpendiculars  drawn  from  eveiy  point 
in  the  boundary  of  the  plane  area. 

K  a  series  of  planes  be  taken  forming  a  closed  polyhe* 
dron,  the  algebraical  projections  of  the  faces  upon  any  plane  are 
their  areas  multiplied  by  the  cosines  of  the  angles  which  their 
normals,  draum  inwards,  make  with  the  normal  to  the  plane. 

34.  The  orthogonal  projection  of  any  plane  area  on  a  given 
plane  is  the  area  multiplied  hy  the  cosine  of  the  inclination  of  the 
plane  of  the  area  to  the  given  plane. 


Let  APB  be  any  closed  curve  described  upon  a  given  plane, 
and  APB  the  orthogonal  projection  upon  any  other  fixed  plane, 
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which  is  the  locus  of  the  feet  of  the  perpendiculars  drawn  to  the 
second  plane  from  every  point  of  the  curve  APB. 

The  areas  APB^  AFB  may  have  inscribed  in  them  any 
number  of  parallelograms,  such  as  PQ^  PQ^  whose  sides  are  in 
planes  PMP^  QNQ  drawn  perpendicular  to  the  line  of  intersec- 
tion of  the  given  planes,  and  parallel  to  that  line,  and  these 
parallelograms  are  in  the  ratio  of  1  :  cosine  of  the  inclination  of 
the  planes ;  therefore  the  sums  of  the  paJrallelograms  are  in  the 
same  ratio. 

Hence,  proceeding  to  the  limit  when  the  breadths  of  these  paral- 
lelograms are  indefinitely  diminished,  the  area  of  the  projection 
oiAPB  =  area  of  APB  x  cosine  of  the  inclination  of  the  planes. 

35.  If  the  faces  of  any  closed  polyhedron  he  projected  on  any 
plane,  the  sum  of  the  algebraical  projections  of  the  faces  upon  any 
fixed  plane  is  zero. 

Let  the  polyhedron  be  cut  by  a  prism  having  its  faces 
perpendicular  to  the  given  plane,  and  let  the  base  upon  the 
given  plane  be  a,  and  the  areas  of  two  consecutive  sections  of 
the  faces  of  the  polyhedron  made  by  this  prism  be  /S,  7 ;  if  a 
be  the  algebraical  projection  of  )8,  —  a  will  be  the  projection 
of  7,  the  sum  of  which  is  zero ;  and  this  will  be  the  case  what- 
ever be  the  number  of  pairs  of  such  sections,  in  case  the  poly- 
hedron should  be  re-entering,  and  also  whatever  be  the  form  of  the 
prism.  Hence,  if  prisms  be  taken  in  this  way  so  as  to  include 
the  whole  volume  of  the  polyhedron,  the  truth  of  the  proposition 
is  evident. 

36.  To  find  the  area  of  any  plane  surfcuce  in  terms  of  the  areas 
of  the  projections  upon  any  rectangular  co-ordinate  planes. 

Let  Z,  m,  n  be  the  direction-cosines  of  a  normal  to  the  plane 
on  which  the  given  area  A  lies,  -4„  A^,  A,  the  areas  of  the 
projections  upon  the  co-ordinate  planes  of  y«,  zx,  xy* 

Then,  since  I  is  the  cosine  of  the  angle  between  Ox  and  the 
normal  to  the  plane,  which  is  the  same  as  the  angle  between 
the  plane  of  A  and  the  plane  of  y«,  A^  =  Al, 

and  similarly,  A^  =  Am,    and  A^  =  An ; 


PBOJECTIONS.  28 

37.  To  find  the  plane  upon  tohich  the  sum  of  the  projectiona  of 
any  number  cf  given  plane  areas  la  a  minimum:  ^AJf^i  Hv^vvwv,  - 

Let  Aj  A'y  A"  ...  be  any  number  of  plane  areas,  (Z,  m,  n), 
(Z'y  m\  n)  ...  the  direction-cosines  of  the  normals  to  their  planes, 
(X,  /A,  v)  those  of  the  normal  to  a  plane  upon  which  they  are 
projected;  and  let  (J,,  A^y  A,),  (-4'.,  A\j  A\), ...  be  the  areas  of 
the  projections  of  the  given  areas  upon  the  co-ordinate  planes. 

Then  since  tk-^mfi  +  nv  is  the  cosine  of  the  angle  between 
the  plane  of  A^  and  the  plane  upon  which  it  is  projected,  the 
projection  of  A  is 

A^lK+m/i-^np)  ^ A^  +  A^fi  +  A,v ; 

therefore  the  sum  of  the  projections  of  all  the  areas  upon  the 
plane  (X,  /*,  v)  is  X2  (Ji.)  +fiX  (A^)  +  i/2  (-4.)  which  is  to  be  a 
minimum  by  the  variation  of  X,  /i,  p,  subject  to  the  condition 
X*  +  /i'+i^=l; 

and  \ctK  +  fjLdfi  +  v€lv  =  0, 

must  be  true  for  an  infinite  number  of  values  o{  dK  :  dfi:  dp; 

which  determine  the  direction  of  the  plane  of  projection  in  order 
that  the  sum  of  the  projections  of  the  areas  may  be  a  minimum. 


IT. 

(1)  The  sum  of  the  three  acute  angles  which  a  straight  line  forms 
with  the  co-ordinate  axes  is  less  than  180^. 

(2)  The  sum  of  the  acute  angles  which  any  straight  line  makes 

3 
with  rectangular  co-ordinate  axes  can  never  be  less  than  ^  sec"' (-3). 

(3)  Two  straight  lines  are  drawn  in  the  planes  of  ay  and  y«, 
making  angles  a,  y  with  the  axes  of  a;,  z  respectively;  the  dii-ection- 
cosines  of  the  straight  line  perpendicular  to  the  two  are  proportional 
to  tan  a,  —  1,  tan  y. 
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(4)  If  two  stiai^t  lines  be  inolined  at  an  angle  of  60^  and  their 
direction-oosines  be  {l,  m,  n)y  (r,  m\  n),  there  is  a  straight  line  whose 
dii<ection-oo8ines  are 

l  —  Fy   «* — f»',    n  —  »', 

and  this  straight  line  is  inclined  at  angles  of  60**  and  120'  to  the 
former  straight  lines. 

(5)  The  direction-oosines  of  a  straight  line  perpendicular  to  the 
two  whose  direction-cosines  are  proportional  to  ly  m,n  and  m+n, 
n-\-ly  ^+ m,  are  proportional  to  m-r^  n  —  l,  I  —m. 

(6)  If  the  angles  which  a  straight  line  forms  with  the  co-ordinate 
planes  be  in  an  arithmetical  progression  whose  difference  is  ^5^,  the 
line  must  lie  in  one  of  the  co-ordinate  planes. 

If  it  form  angles  a,  2a,  3a,  it  must  lie  in  one  of  the  co-ordinate 
phuu 


(7)  Shew  a  priori  that  the  rational  equation  connecting  the 
direction-cosines  of  a  straight  line  can  only  involve  even  powers  of 
those  quantities. 

(8^  The  straight  lines  whose  direction-cosines  are  given  by  the 
equations 

aZ  +  6m  +  c»  =  0, 

will  be  perpendicular,  if 

«*0*  +  y)  +  **(y  +  *)  +  «*(«  +  i^  =  0, 

and  parallel,  if 

«"       ^      «"      A 

a     P      y 

(9)  The  straight  lines  whose  direction-cosines  are  given  by  the 
equations 

1+^+2  =  0, 
I      m     n 

will  be  perpendicular,  if 

-+^  +  1  =  0, 
a     b      c 

and  parallel,  if       J{aa)  ^  J{bP)  *  J{cy)  =  0. 

(10)  The  direction-cosines  of  a  line  making  equal  angles  with  three 
straight  lines,  whose  direction-cosines  are 

(I,  Wl,  w),  (r,  7»',  Tfr),  (?,  f?l",  ti"), 
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are  proportional  to 

If  the  given  lines  are  mutuallj  at  right  angles,  the  direction- 
oosines  are 

(11)  Find  the  direction-cosines  of  the  two  straight  lines  which  are 
equally  inclined  to  the  axis  of  z,  and  are  perpendicular  to  each  other 
and  to  the  line  which  makes  equal  angles  with  the  co-ordinate  axes. 

(12)  If  A,  By  (7,  D  be  four  points  in  a  plane,  A',  B,  C,  Lf  their 
projections  on  any  other  plane,  the  rolumes  of  the  tetrahedrons  ABCLty 
A'ffCTD  are  equal. 

(13)  Shew,  by  projecting  upon  the  base,  that  the  area  of  the 
sur&ce  of  a  right  cone  is  tral^  a  being  the  radius  of  the  base^  and  I  the 
•length  of  a  slant  sida 

(14)  The  angle  between  two  faces  of  a  regular  tetrahedron  is 

sec"*  3. 

;(15)  The  straight  line  which  makes  equal  angles  with  three  straighw  i 
lines,  also  makes  equal  angles  with  three  planes  each  containing  twol^  ^t^tfVt^ 
of  the  straight  lines.  /  ^  / 

(16)  If  the  edges  of  a  tetrahedron  ABCD  which  terminate  in  D 
be  a,  6,  c ;  and  the  respectively  opposite  edges  a\  h\  c';  shew  by  pro* 
jecting  ABf  £C,  CD  on  AD,  that  the  angle  between  a  and  a\  is 

Henoe  shew  that,  if  tvo  pain  of  opposite  edges  be  respectively  ftt 
right  angles,  the  third  pair  vill  also  be  at  tight  angles  to  each  other. 
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DISTANCES  OP  POINTS.      EQUATIONS  OF  A  STRAIGHT  LINE. 


Distance  between  two  points. 

38.    To  find  the  distance  between  two  points  whose  co-ordinates 
are  given^  referred  to  rectangular  axes* 


-a 


Let  (x,  y,  z) ,  {x\  y\  z)  be  two  points  P,  Q  whose  co-ordi- 
nates are  given  referred  to  a  rectangular  system;  and  let  a 
parallelopiped  be  constructed  whose  diagonal  is  PQ^  and  whose 
edges  PMy  MN,  NQ  are  parallel  to  the  co-ordinate  axes  Ox,  Oy^ 
Oz ;  and  join  PN. 

Then,  since  QN  is  perpendicular  to  the  plane  PMN,  and 
therefore  to  PNy 

PQ^  =  PIP+Q2^, 

but  PN^=  PM*  +  MIP I 

/.  PQ^  =  PiP+MIP  +  NQ'. 

PM  is  the  difference  of  the  algebraical  distances  of  Q  and  P 
from  the  plane  yOz,  and  similarly  for  MN,  NQ: 

.-.  par  =  («'  -  «)•  +  {y  -y)'  +  («'  -  «)*. 
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If  a,  )3,  7  be  the  inclinations  of  PQ  to  the  axes  of  co-ordi- 
nates, 

aj'  —  a?  =  PQ  cos  a, 

y-y  =  P<?co8/8, 

z'^z  =  PQ  cos 7 ; 
.'.  1  =cos*a  +  co8*)9  +  cos*7. 

The  double  sign,  which  appears  in  the  value  of  PQ,  may  be 
interpreted  in  a  manner  similar  to  that  adopted  in  the  case  of  the 
radius  vector  in  polar  co-ordinates  in  Plane  Geometry. 

If  the  angles  a,  ^3,  7  define  the  direction  of  measurement  of 
the  distance  PQ  of  Q  from  P,  the  opposite  direction  is  defined  by 
•TT+a,  W+/8,  7rH-7,  and  therefore  these  angles  with  an  algebraical 
distance  —  PQ,  equally  determine  the  position  of  the  point  Q 
with  reference  to  P. 

The  distance  of  the  point  {x\  y\  z')  from  the  origin  is 

39.  To  find  the  distance  between  iwo  points  referred  to  oblique 
axes. 

Let  \  fi,  V  \}Q  the  angles  between  the  axes;  and  {x,  y,  z), 
{xy  y,  z)  two  points  P  and  Q. 

Let  a  parallelopiped  be  constructed  whose  diagonal  is  PQ, 
and  edges  PM,  MN,  NQ  are  parallel  to  the  axes  Ox,  Oy,  Oz. 

Now,  the  projections  on  PM  of  the  line  PQ,  and  of  the  bent 
line  PMNQ  terminated  in  the  same  points,  are  equal. 

Therefore  if  a,  /9,  7  be  the  angles  which  PQ  makes  with  the  ^ 

axes,  •^v^-,     r*^/  '-j 

P(?  cos  a  =  PM+  MN  cos  v  +  NQ  cos/x,  j  ,,  /s     ' 

similarly,  PQ  cobI3^MN+NQ  cob\  + PMco8v,l  (1),'^\'''  ^) 

md  PQcosy^NQ+PMcosfi+MNcoBX.)  'A  , 

Also  PQ  is  the  projection  of  PMNQ  on  PQ,  /  ^  ^'  f '     - 

.-.  PQ^PMcosa-i- MN  cos  P  +  NQ  cosy  (2). 

Therefore  multiplying  the  equations  (1)  by  PM,  MN,  NQ  we 

have  by  (2), 

PQF^PM^  +  MN*  +  NQ'-^2MN.NQ  cosX 

'^2NQ.PM  cos  II  -^2PM.MN  cos  v. 
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and  PM  is  the  difference  of  the  algebraical  distances  of  Q  and 
P  from  y  Ozj  and  therefore  =  a?'  —  a?,  and  similarlj  MN=  y  —  y, 
and  NQ^z'  —z; 

.\  P^=(a:'-»)"+(y'-y)*+(«*-«)»  +  2(y'-y)  («'-»)  cosX 

+  2 («'  —  «)  (x'  —  x)  coafi  +  2{x'--x)  (y'— y)cosi^,. 
whence  PQ  is  determined  as  required. 

40.  If  Z,  9n,  n  be  the  direction-ratios  of  PQ^ 
PM^LPQ,    MN^m.PQy    NQ^^n.PQ; 

/,  1  asZ'+^'  +  n'  +  Smn  cosXH-2wZco8/A  +  2Zwcosi', 
which  is  the  equation  connecting  the  direction-ratios  of  any  line 
referred  to  oblique  axes,  obtained  above,  Art.  28. 

41 .  To  find  the  distance  of  two  points  whose  polar  cthordinates 
are  given. 

Let  (r,  d,  <f>)  and  (r,  ff^  ^')  be  the  given  points  P and  Q. 

Join  OP,  0  Qf  QPy  and  let  a  spherical     ^ 
BurfSftce,  whose  centre  is  0  and  radius 
unity,  intersect    OP,    OQ    and    Oz    in 
p,  q  and  r. 

Then,  rp=6,  rq—ff,  andzyrp=^— ^. 

Pg^=  02*+  OCt-^OP.  OQ  cospq 
ssr'+r"— 2rr'  cos^. 

But  cos  pq  =  cospr  cos  pr 

+  sinjw  sin^r  cos^j 
=  cos  ^  cos  d'  +  sin  ^  sin  ff  cos  (^'  —  ^) ; 
.-.  PQ'  =  f^  +  r*  +  2rr'  {cos tf  cos ^  +  sin «  sin 0'  cos  (^'  -  ^)], 
whence  the  distance  PQ  is  determined  in  terms  of  the  polar  co« 
ordinates  of  P  and  Q. 

42.  The  distance  may  be  determined  without  Spherical 
Trigonometry  as  follows. 

DrawPJf,  QiV  perpendicular 
to  the  plane  of  oiy,  join  JfN',  OM, 
and  ON,  and  draw  PR  perpen- 
dicular to  QN; 

.\  PQ^=Q£^^PIP 

^QSf+MN^, 

QR  =  r'  cos  ^  —  r  cos  d, 
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and  MN^^OiP+OIP^^OM.ONcoBMON 

/.  Pg^  =  r'  +  r'"- 2rr'  {cos d  cos  tf*  +  sin 5  sin ^  cos  (f -^)}, 
which  gives  the  required  distance. 

The  Straight  Line. 

43.     The  general  equations  of  the  straight  line  which  will 

be  employed  are  of  two  fonns :  one  form  is  symmetrical  and  the 

equations  are  deduced  from  the  consideration  that  the  position  of 

a  straight  line  is  completely  determined,  when  one  point  in  the 

line  is  given,  and  the  direction  in  which  the  straight  line  is  drawn. 

The  symmetry  of  this  form  gives  great  advantages,  and  in  all 

questions  of  a  general  nature,  the  general  symmetrical  equations 

will  be  almost  exclusively  employed.     The  other  form  is  un- 

symmetrical,  and  the  equations  are  deduced  from  the  consideration 

that  a  straight  line  is  the  intersection  of  two  planes,  and  is 

completely  determined  when  the  equations  of  the  two  planes  are 

given.   These  equations  in  their  simplest  forms  are  the  equations 

of  planes  parallel  to  two  of  the  co-ordinate  axes,  and  are  the 

same  as  the  equations  of  the  projections  of  the  straight  line 

parallel  to  these  axes  upon  two  of  the  co-ordinate  planes.   It  will 

be  seen  that  in  particular  cases  it  is  advantageous  to  use  the 

unsymmetrical  form  of  the  equations. 

44.     To  find  the  symmetrical  equations  (yfa  straight  line. 

Let  jd  be  a  fixed  point  (a,  j8, 7)  of  a  straight  line,  P  any  other 
point  (a?,  y,  «),  Z,  w,  n,  the  direction-cosines  of  AP]  and  let 
AP^r. 

Then  the  projection  of  PQ  on  the  axis  of  a?  is  a?  —  a,  and  it 
is  also  Ir ; 

hence,  — j —  =  r,  and  similarly,  ^ — ^  =  r,  — -  «  r. 
I  m  n 

The  equations  of  the  straight  line  are  then 

I  m  n     ' 

L    '^    M   ^    N    ' 

if  L,  My  Nhe  any  quantities  proportional  respectively  to  ?,  m^  n. 
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It  should  be  carefully  remembered  that,  when  the  former 
equations  are  used,  each  member  of  the  equations  is  equal  to  the 
distance  r  between  the  two  points  (a?,  y,  z)  and  (a,  fiy  7).  The 
equations  of  a  straight  line  will  be  of  the  same  form  if  the  axes 
be  oblique,  the  same  interpretation  being  given  to  r,  and  I,  m,  n 
being  the  direction-ratios.  The  projections  employed  in  the 
above  proof  will  then  be  the  intercepts  on  the  axes  made  by 
planes  parallel  to  the  co-ordinate  planes. 

45.     To  find  the.  non-symmetrical  equaiions  of  a  straight  line. 

If  a  straight  line  PQ  be  projected  by  straight  lines  parallel 
to  the  axes  Oy,  Ox,  whether  rectangular  or  oblique,  on  the  two 
co-ordinate  planes  xz,  yz,  each  projection  will  be  a  straight  line 
as  jpj,  2?'j',  in  those  planes  respectively. 


r: 


V 


P' 


-dT 


Hence  the  co-ordinates  a?,  z  of  any  point  (a?,  y,  «),  in  PQ 
being  the  same  as  those  of  the  projection  of  the  point  inpj, 
satisfy  an  equation  of  the  form 

x  =  mz-\'  a, 
and  the  co-ordinates  (y,  «),  similarly  an  equation  of  the  form 

y  =  n«  4-  A, 
and  consequently  the  equations  of  the  line  may  be  written 

a;  =  ni«  -f  «,     y  =  w«  +  i. 

46.  On  ike  number  of  constants  employed  in  the  equaJtions  of 
a  straight  line. 

It  may  be  noticed  that  the  latter  system  of  equations  involves 
only  four  constants,  whilst  the  symmetrical  system  involves  six. 
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Of  the  three  I,  m,  n,  however,  we  know  that  they  axe  connected 
by  the  relation  Z*  +  OT'  +  n*==  1,  (Art.  25),  which  renders  them 
equivalent  to  only  two  independent  constants ;  and  if  we  take 
Z,  M,  N,  since  these  are  only  required  to  be  proportional  to 
Z,  m,  n,  one  of  them  may  be  assumed  arbitouray.  and  they  ate 
atill  equivalent  to  two  constants  only. 

Also,  of  the  three  a,  /&>  7,  one  may  be  assumed  at  pleasure ; 
for,  since  the  straight  line  cannot  be  parallel  to  all  the  co-ordi- 
nate planes,  let  it  be  not  parallel  to  that  otyz ;  then,  at  whatever 
distance  a  from  yz  we  take  a  parallel  plane,  the  straight  line  will 
meet  this  plane,  and  we  may  take  the  point  where  they  meet  for 
the  point  a,  /9, 7 ;  that  is,  we  may  give  to  a  any  value  we  please, 
and  the  three  a,  /9,  7  are  consequently  equivalent  only  to  two 
independent  constants. 

47.  To  find  the  equations  of  a  straight  line  parallel  to  a  oh- 
ordinate  plane. 

If  a  straight  line  be  parallel  to  a  co-ordinate  plane,  as  that 

otyzj  every  point  in  it  is  at  a  constant  distance  from  this  plane, 

and  we  have  the  equation  x^a^  therefore  its  equations  will  be 

of  the  form 

x=ia,    y^nz-Yh. 

Taking  the  symmetrical  form,  since  the  line  will  be  perpen- 
dicular to  the  axis  oi  x^  {  =  0,  and  therefore  Z  =  0,  and  the 
equations  of  the  line  assume  the  form 

a?~a^y-ff^g-7^^ 
Own' 

a;-«_y-^_g~7 
'      0     ^    M   ^   N    ' 

which  form  implies  that  a;  =  a  for  every  point  in  the  line  at  a 
finite  distance,  since  the  members  are  not  infinite  for  such 
values. 

48.  To  find  the  equations  of  a  straight  line  parallel  to  one  of 
ike  co-ordinate  axes. 

If  the  straight  line  be  parallel  to  one  of  the  co-ordinate  axes, 
it  will  be  parallel  to  the  two  co-ordinate  planes  passing  through 
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that  axis,  and  consequently  any  point  in  it  will  be  at  an  in- 
variable distance  from  each  of  these  planes.  Thus,  if  a  straight 
line  be  parallel  to  the  axis  of  a;,  the  distances  of  anj  point  in  it 
from  the  planes  xz^  yz,  will  be  constant,  a  fact  expressed  by  the 
equations, 

which  will  therefore  be  the  eqnationa  of  the  line. 

As  before,  the  symmetrical  form  is 

a;  — a_y  — )8_«  — 7 

49.     To  find  ike  angle  between  two  straight    lines   whose 
equations  are  given. 

If  the  equations  of  a  straight  line  be  given  in  the  form 

L    "    M   "   N    ' 
then,  if  Z,  m,  n  be  its  direction-cosines, 

I      m     n  _i V(P  +  ^*  +  n') ±1 

L^  M^  N'  ^JiU  +  M^+IP)''  ^J{U^■^P+N^y 


or,  the  direction-cosines  are 

±L  ±M  ±N 


If  the  equations  be  given  in  the  form 

x=^mz  +  a,  y^nz-Vhy 

since  these  may  be  written, 

x  —  a     y-^b 
m  n 

the  direction-cosines  of  the  line  are 

±m  ±n  ±1 


(1). 


In  (1)  and  (2),  the  ambiguities  have  the  same  sign. 


(2). 
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Hence,  if  the  equations  of  two  straight  lines  be 

x—ay —fi'     z-y 

the  angle  between  them  is 

LL'  +  MM'  +  NN'  ...   ... 

and  if  the  equations  be  « 

a?  =  mz  +  a',    y  =  n  z  +  h\ 
the  angle  between  them  is 


cos 


^(w«  4-  w* + 1)  VK' + w'»  + 1)  • 

50.     To  find  the  conditions  that   two  straight   lines  whose 
equations  are  given,  may  be  parallel. 

Hence,  if  the  two  straight  lines 

cc  —  a_y  —  /8__«  —  7 
~T"'   ~M    "IT' 

a-  —  a  _y  —  P  _«-7 

T         W  ""W 

be  parallel,  they  will  have  the  same  direction-cosines,  and  since 
i,  MyNaxii  also  L\  M\  N*  are  respectively  proportional  to  these 
direction- cosines, 

are  the  conditions  of  parallelism. 

These  conditions  may  be  dei*ived  from  the  general  value  of 
the  cosine  of  the  angle  between  them,  which  will  then  be  unity. 

„ LL'  -f  MM'  -f  NN' 

nence,   ^  -  ^(/^^^.^^^  jv^»j  ^^jr^^*^  j^^^^  ^^^-^ ; 

or,  (i"  +  JIT  +  N')  (Z"  +  Jt/'«  +  N")  -  {LL'  +  MM'+  NNy^  0, 

or,   {LM'  -  L'My  +  (MJST'  -  3/'JV0'  +  (iVT^'  -  N'Ly  =  0, 

I) 
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which  is  equivalent  to  the  conditions 

Similarly,  if  the  straight  lines 

X  =  mz  +  a,    y  =  n'z  +  J', 
be  paralleli 

which  results  follow  from  the  consideration  that  if  the  straight 
lines  be  parallel,  their  projections  will  also  be  parallel. 

51.  To  find  the  condition   that   two  straight   lines  whose 
equations  are  given,  may  he  perpendicular. 

If  the  straight  lines  be  perpendicular,  the  cosine  of  the  angle 
between  them  is  0,  and  the  condition  in  order  to  this,  is 

ii' +  Jl£3f '  +  iV2^  =  0,    or,  wm'  +  nn'  + 1  =  0, 
according  to  the  systems  of  equatioils  given. 

52.  To  find  the   condition   that  tpoo  straight  lines  whose 
equations  are  given,  may  intersect* 

Let  the  equations  of  the  two  straight  lines  be 

X  —  a,  _y  —  fi  _  «  —  7 


L  M         N    ' 

x  —  a!  __y— )8'_«  —  7' 


(1) 

(2) 


L'         M'         IT    ' 

and  let  each  member  of  (1)  be  equal  to  k,  and  of  (2)  equal  to  k'. 

Then,  if  the  lines  intersect,  equations  (1)  and  (2)  must  be 
simidtaneouslj  satisfied  by  the  co-ordinates  of  the  point  in  which 
they  intersect. 

Hence,  a  -  a'  =  L'k'  —  Lk, 

^-P^iTk'-Mk, 

y  -  y' =  N'k' -  Nk, 

and  eliminating  k  and  k',  we  obtain  the  required  condition, 

(a  -  a')  {Mir  -  M'N)  ■\-{fi-^  {NL'  -  N'L) 

+  {yy'){LM'-L'M)=0. 
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With  the  equations 

X  =  mz  +  o',    y  =  n!z  +  J', 
the  condition  is  immediately  found  to  be 

a —  a       5  —  ft' 


m  —  m      n  —  n ' 


by  eliminating  x,  y,  and  z. 

Straight  Line  under  given  Conditions, 

* 
53.     To  find  the  equatione  of  a  straight  line  passing  through 

a  given  point. 

If  (a,  fiy  y)  be  the  given  point,  we  have  already  seen  that  the 

equations 

a?  — gy  — )9_g  — 7 

~T  ^         IT' 

repiesent  a  straight  line  passing  through  that  point. 

*  54.     To  find  the  equations  of  a  straight  line  passing  through 
two  given  points. 

If  the  straight  line  pass  through  the  points  (a,  /9,  7)  and 
(a,  ffy  7^,  we  shall  have 

a^-a_/y-ff_7-7 
L    "    M    "^    N    ' 

ai\d  the  equations  of  the  line  become 

a?  — g      y  — ff      z  —  y 

a'-oL^W^'y-y 

55.     To  find  the  equations  of  a  straight  line  passing  through 
a  given  pointy  and  parallel  to  a  given^  straight  line. 

The  equations  of  a  straight  line  passing  through  a  point 
{oty  py  7)  are 

a?  — g_y  — )8     z  —y 

and  if  this  be  parallel  to  a  straight  line  whose  direction-cosines 
are  ly  m,  n, 

D  2 
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or,  the  required  equations  are 

I     "    m  n     ' 

56.  To  find  the  equattona  of  a  straight  line  passing  through 
a  given  pointy  and  perpendicular  to  and  intersecting  a  given 
straight  line. 

Let  (a,  /S,  7)  be  the  given  point,  and  the  equations  of  the 
given  straight  line  be 


X 

-a' 
I 

m 

n 

X 

—  a 
L 

~    M    ' 

_«-7 

"    N 

Then, 

will  be  the  required  equations  of  the  straight  line,  when  the 
ratio  X  :  Jf  :  -W  are  determined  by  the  equations 

iZ  +  ifw  +  iVh  =  0,  (Art.  53), 

(a- a')  {Mn^Nm)  +  (/8-/8')  (Nl-Ln) 

+  (7-7')  {Lm-Ml)=  0,  (Art.  54). 

57.  To  find  the  equations  of  a  straight  line  passing  through 
a  given  pointy  parallel  to  a  given  plane,  and  intersecting  a  given 
straight  line. 

Let  (a,  /S,  7)  be  the  given  point,  {I,  m,  n)  the  direction-cosines 
of  a  normal  to  the  plane,  which  will  therefore  be  perpendicular  to 
the  straight  line  whose  equations  are  required,  and  let  the  equa- 
tions of  the  given  straight  line  be 

x  —  a'  _  y  —  ff  _  ^  "-  7' 


t     • 


The  required  equations  will  then  be 


X  —  tt_y  —  i8_«  —  7 


when  X  :  Jf  :  iV  are  determined  by  the  equations 
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+  (7-7')  (Zm'-in')=0. 

58.    To  find  the  distance  from  a  given  point  to  a  given  straight 
line. 

Let  A  be  the  given  point  {xyz*)y  B  the  point  (a,  ^9,  7)  of 
the  given  straight  line  whose  equations  are 

a?  — a_y  — /8__x  — 7 
I  «t     ^    »     ' 

AP  the  perpendicular  from  A  on  the  straight  line ;  then  the 
projections  of  BA  on  the  axes  of  a;,  y,  z  are  respectively 

x'-a,    y-fi,    «-7; 

and  the  projections  of  these  on  the  given  straight  line  are 

/(a^'-a),     m{y'-fi),    n{z'-y), 

but  the  sum  of  these  projections  is  the  projection  of  BA  on  the 
straight  line,  or 

-BP=Z(a;'--a)+m(y-i8)+n(«'-7), 

hence,  AF^  =^  BA^  -  BF* 

=  (^-a)"+(y-i8)"+(^'-7y-{Z(a^'--a)+»»(y-/3)  +  ^(«-7)}"i 
and  the  required  distance  is 

V[(^'-a)"+  (y -i8)«+  («'-7)'-  [l  (^'-  OL)+m  (y'-/3)  +  n  («'-7)n. 
If  the  equations  of  the  line  be 

which  are  equivalent  to 


X  —  a     if  —  h 

• =s —  Z. 

m  n  ' 


the  distance  will  be 


replacing  a,  fi,  7  by  a,  J,  0,  and  Z,  m,  n  by  m,  n,  1,  in  the  expres- 
sion already  found. 
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59.     To  shew  that  the  shortest  distance  between  ttoo  straight 
lines  which  do  not  intersect  is  perpetidicular  to  each. 

Let  AF^  BQ  be  th^  two  straight  lines,  and  let  a  plane  be 
drawn  through  BQ  parallel  to  AP^  and  BB  be  the  orthogonal 


projection  of  AB  upon  this  plane,  B  being  the  projection  of  A ; 
therefore  AB  will  be  perpendicular  to  botii  straight  lines,  for  it 
meets  two  parallel  lines  AP,  BB^  to  one  of  which,  JB£,  it  is 
perpendicular,  and  it  is  also  perpendicular  to  BQ. 

Let  P,  C  be  any  points  in  AP,  BQ^  join  PQ^  draw  PB  per- 
pendicular to  JBjS,  and  join  QB  \  then  PQ  is  greater  than  Pfi, 
being  opposite  to  the  greater  angle,  and  PB^AB;  therefore 
AB  is  less  than  PQ,  or  the  distance  which  is  perpendicular  to 
both  straight  lines  is  less  than  anj  other  distance. 

60.  To  find  the  shortest  distance  betwe^  ttoo  stray^ht  Unes 
whose  equations  are  given. 

Let  the  equations  of  the  two  straight  lines  be 


-4 — ^-' SK ,  and — ST 

I  m  n    ^  I 


m  n 


f        9 


and  let  X,  /tt,  i/  be  the  direction-cosines  of  the  straight  line  per- 
pendictdar  to  each,  then 

IK  +  mfi  +nv  =0, 

Z'X  +  m'fi  +  nv  =  0. 

'  mn  —  m*n  ^  vJ!  —  n*l     hti  —  Vm 

_  ...      V(\'.f/t«+y^ !_ 

~  V{(mn'  -  w'n)"  +  (nZ'  -n'O'  +  (&»'  -  i'm)*\  ~  sin  »  ' 

$  being  the  angle  between  the  lines,    (Art.  26). 

Now,  if  we  suppose  P,  ^  to  be  the  points  («,  /8, 7),  (a',  /S*,  7'), 
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the  projection  of  P^  on  AB  wUl  be  X  (a-«') +ii(fi-^+v  (y-7'), 
but  iioB  projection  will  be  AB  itself; 

,            .„    (g-g')  {mn'-m'n)  +  (fi-0)  jnl'-n'I)  +{y-<f')  jlm'-l'm) 
nence,  AJd= ^ -p — 2 • 

SlQCf 

The  equations  of  the  straight  line  on  which  the  shortest  dis' 
tance  lies,  may  be  obtained  in  the  following  form, 

7  /        \         /       a\  .     /        ^     u  +  u  cos  0 
;(a>-ft)-nn(y-ff)-f»(g-Y)=      ^.^,g      , 

and  r(a:-aHW(y-i8')  +  n'(^.y)  =  "-^t^^^; 

sin  u 

where  ti  =  Z(a -a) +m08'-^) +w(y-7), 
and«'  =  r(a-a')+W08-/8')  +  «'(7-7'). 

61.  The  simplest  form  in  which  the  equations  of  two  straight 
lines  can  be  presented  will  be  obtained  bj  taking  the  middle 
point  of  the  shortest  distance  between  them  for  the  origin,  the 
line  on  which  the  shortest  distance  lies  for  one  of  the  axes,  the 
axis  of  z  suppose,  and  the  two  planes  equally  inclined  to  the  two 
straight  lines  as  those  of  ex^  zy.  K  2a  be  the  angle  between  the 
two  straight  lines,  2c  the  shortest  distance  between  them,  their 
equations  will  thus  become 

y  =  oj  tan  a,  »  =  c ;  and  y  =  —  a;  tan  a,  «  =  —  c. 

62.  To  find  the  equations  of  a  straight  line  refirred  to  four' 
plane  co^ordinatea. 

If  (a',  P^  7',  8')  be  four-plane  co-ordinates  of  a  fixed  point  in 
a  straight  line,  (a,  ^8,  7,  h)  those  of  any  other  point  in  it,  p  the 
distance  of  these  points, 

^^^a^^^^     ,_^    til 
P  P  P  P 

will  be  equal  respectively  to  the  cosines  of  the  angles  between 
the  straight  line  and  the  normals  to  the  fundamental  planes, 
igid  if  these  be  I,  m,  n,  r,  we  shall  have 

a^a' ^0^/3' ^y^y'  ^S^B' ^ 
I  m  n  r         "' 

if  L,  M,  N,  She  respectively  proportional  to  I,  m,  n,  r. 
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It  is  obvious  that,  since  the  direction  of  the  straight  line, 

expressed  in  this  system,  involves  the  three  ratios  L  :  M :  N:  By 
and  in  the  former  system  depended  only  on  two,  some  invariable 
relation  must  subsist  between  X,  M,  N,  B.    In  fact,  we  have 

Aa  +  Bl3-\-Cy  +  I)S  =  SV=Aa'  +  Bfi'+Cy'  +  D^, 

^(a-.a')+508-/8')+C(7-y)+2>(S-S')=O; 
whence  AL  +  BM+  CN-^  DB  =  0. 
If  tetrahedral  co-ordinates  be  employed,  the  relation  will  be 

63.  It  should  be  noticed  that  two  of  the  three  equations  (1) 
are  sufficient  to  determine  the  straight  line,  the  third  being 
directly  deducible.    If,  for  example,  we  have 

L    ~    M    ~    N    ' 

each  member  is  equal  to 

^(«-aO+Jg()8-ff)+ (7(7-70 
AL  +  BM+GN 

^       -2>(S-S0  ,.  ,  .   ,,  S-S' 

^'  ^  AL-^BM+CN'  ^^'""^  '^  *^  ^^""^  ^  ^ir ' 

64.  If  the  straight  line  pass  through  one  of  the  angular 
points  of  the  tetrahedron  of  reference,  as  the  one  opposite  D, 
(0,  0,  0,^J  the  equations  become 

a_i8_  7_  ^-Pi 
L^M'N"      B      • 


(1)  The  straight  line  given  by  the  equations 

a?  +  2y  +  3«  =  0,     3a;  +  2y  +  «  =  0, 
makes  equal  angles  with  the  axes  of  x  and  z^  and  an  angle  sin"'  —p. 
with  the  axis  of  y. 

(2)  The  equations r-  =  ^ — r-  = .-  denote  thirteen  straight 

lines.     Shew  that  four  are  equally  inclined  to  each  other,  and  con- 
struct for  the  rest. 
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(3)  Find  the  direction-oosines  of  the  straight  line  determined  hy 
the  equations 

Ix  +  my  -hnz^  mx  +  ny+  Z«  =  «aj  +  fy  +  mz. 

(4)  "Find  the  equations  of  the  straight  line  which  passes  through 
the  origin  and  intersects  at  right  angles  the  straight  line  whose 
equations  are 

(?»  +  w)  a:  +  (n  +  /)  y  +  (^  +  7»)  «  =  a, 

(m-n)x-^{n  —  l)y  +  {l-'m)z  =  a; 
and  obtain  the  co-ordinates  of  the  point  of  intersection. 

(5)  Find  the  equations  of  the  straight  line  passing  through  the 
points  (by  c,  a)  (c,  a,  b),  and  shew  that  it  is  perpendicular  to  the  line 
passing  through  the  origin  and  through  the  middle  point  of  the  line 
joining  the  two  points,  and  also  to  each  of  the  straight  lines  whose 
equations  are 

X     y      z 

(6)  Interpret  the  equation 

(a:*  +  y*  +  «^  (?  +  ?»•  +  n*)  =  (iu  +  my  +  nz)*, 
and  give  a  geometrical  illustration. 

(7)  The  straight  lines  determined  by  the  equations 

Ix  +  my  +  n«  =  0, 
^  (6  —  c)  y«  +  w»  («  —  a)  «5B  +  n  (a  -  6)  ajy  =  0, 
are  at  right  angles  to  each  other. 

(8)  The  straight  lines  given  by  the  equations 

,  -,     a      b      c     ^ 

ix-^my  +  nz=0,     — +  -H — =0, 
^  x     y      z 

will  be  at  right  angles,  if -3-  +  —  +  -  =  0. 

i      m     n 

(9)  The  equations  of  two  straight  lines  are 

X     _     y         z-e 
sin  a       cos  a  0    ' 

X     __     y      _  z  +  e  ^ 
sin  a     —  cos  a        0 

shew  that  the  distance  between  two  points  on  these  straight  lines 
whose  distances  from  the  axis  of  z  are  a,  b  respectively  is 

V(4c*  +  a*  +  6'  T  2a6  cos  2a). 
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(10)  Shew  ihat  the  eqtniioiiii 

a-k-mz-ny     P-^nx  —  lz     y-hly-mx 
I  m  th 

,     .«!    ^    x  +  nB-my     v  +  Zy-na     z  +  ma-lfi 
are  redudble  to t- — '- ^^ =-^ , 

^  97)»  and  n  being  direction-cosines. 

(11)  The  equations  of  a  straight  line  are  given  in  the  form 

a  — ny +  wi«_j8  —  fe  +  «a5_y—  moa  +  ly 
\  '^  V  ' 

obtain  them  in  the  form 

^X-f  m/i  +  nF  ^X  -t-  m^t  +  wv /X  -t-  wi/4  +  wv 


aj  — 

IK- 

I  m,  n 


(12)  The  equations  of  the  straight  line  on  which  lies  the  shortest 
distance  (2e^)  between  the  two  straight  lines, 

^+f  =  l,    a:  =  0;     and---=l,    y  =  0, 

he  '  a     e  ^ 

y      z     X      ^      OM     by     ^ 
oca  c^     or 

Shew  that  «  =  -«  +  75  +  t  - 

(1 3)  The  locos  of  the  middle  points  of  all  straight  lines  terminated 
by  two  fixed  straight  lines  is  a  plane  bisecting  the  shortest  distance 
between  the  fixed  straight  lines.     Take  as  axes  the  system  suggested, 

(14)  The  locus  of  the  middle  points  of  all  straight  lines  of  con- 
stant length  terminated  by  two  fixed  straight  lines,  is  an  ellipse 
whose  centre  bisects  the  shortest  distance  between  the  fixed  lines, 
and  whose  axes  are  equally  inclined  to  them. 


CHAPTER  V. 

GENERAL  EQUATION  OF  THE  FIBST  DEaSEE. 
EQUATION  OF  A  PLANE. 


65.  The  locus  of  the  general  equation  of  the  first  degree  is  a 
plane, 

Tke  general  equation  of  the  first  degree  is 

Ax  +  Bg-h  C!b+jD«0. 

Let  (a,  /3,  7)  (a',  /8',  y*)  be  two  points  in  the  locns. 

The  equations  of  the  straight  line  joining  these  points  are 

I  m  n  ' 

I  m  n     ' 

and  since  (a,  /9,  7)  is  in  the  loons  of  the  equation 

Aa+Bfi  +  Oy-^D^Oy  (!) 

similarly,      ^a'  +  5/9'  +  Oy'  +  i)  =  0 ; 

/.  ^(a'-a)+5(/8'-/9)+a(7'-7)  =  0; 

/.  -4Z  +  -Bw  +  C7n  «  0.  (2) 

Now,  the  straight  line  meets  the  locus  in  all  points  for  which 
the  equation  in  r, 

^  (a  +  ?r)  +  jB(/9  +  mr)  +  (7(7 +  nr)  +  J9  =  0, 

is  satisfied,  i.  e.  for  all  values  of  r,  by  (1)  and  (2) ;  therefore, 
every  point  in  the  straight  line  lies  in  the  locus,  and  this  is  true 
wherever  the  two  points  are  chosen. 

Hence,  the  locus  is  a  plane. 

66.  The  student  will  readily  deduce  the  following  special 
positions  of  the  plane. 

(1)  If  Z>  s  0,  the  plane  passes  through  the  origin. 

(2)  IfA^  0,  the  plane  is  parallel  to  the  axis  of  x. 


44 


EQUATION  OP  A  PLANE. 


(3)  If  A  and  J?  =  0,  the  plane  is  parallel  to  the  plane  of  xy. 

(4)  If  Ay  B  and  2>  =  0,  the  plane  is  that  of  ay. 

(5)  If  Ay  Bf  and  (7=0,  while  I)  remains  finite,  the  plane  is 
at  an  infinite  distance.  For,  the  point  in  which  the  axis  of  x 
meets  the  plane  is  given  by  the  equations 

y  =  0,  2=0, -4a;  +  I>  =  0. 

Hence,  the  distance  fix)m  the  origin  being  —  -j  ,  if  -4  be  in- 
definitely duninished  while  I)  is  finite,  the  plane  cuts  the  axis 
of  X  at  an  infinite  distance  from  the  origin,  and  the  same  being 
true  for  each  axis,  it  follows  that  the  plane  is  at  an  infinite  dis- 
tance from  the  origin. 


Equation  of  a  Plane. 

67.     To  find  the  equation  of  a  plane  in  the  form 

Ix  +  my  +  nz  =  p, 

in  which  p  is  the  perpendicular  from  the  oriqin  upon  the  plane^ 
and  I,  m,  n  its  direction-cosines, 

A  plane  may  be  considered  as  the  locus  of  a  straight  line 
which  passes  through  a  given  point,  and  is  perpendicular  to  a 
given  straight  line. 
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Let  OD^p  be  the  perpendicular  from  the  origin  upon  a 
plane,  Z,  m,  n  its  direction-cosines,  (aj,  y,  z)  any  point  P  in  the 
plane,  then,  by  the  definition,  PD  is  perpendicular  to  OD,  and 
OD  is  the  sum  of  projections  of  the  co-ordinates  of  P  on  OD ; 

.'.  lx  +  my-{-7iz=p, 
which  is  the  equation  of  the  plane  in  the  form  required. 
If  the  axes  be  rectangular, 

I£  the  axes  be  oblique^  and  a,  i,  o  be  the  cosines  of  the  angles 
yOz,  zOx,  xOjfy 

P(l -a*)  +  w»' (1 -&•) +n' (1-c?) +  2mn  (Jc-a) +2ni(ca- J) 
+  2Zw»  (oA  -  c)  =  1  -  a*  -  y  -  c*+  2abc.     (Art.  29). 

68.     Interpretation  of  ike  expression 

p  —  Ix  —  my  —  nz. 

The  equation  ^  — 1»—  wiy  —  n«=0  represents  a  plane,  in 
which  p  is  the  perpendicular  from  the  origin,  and  Z,  w,  n  are 
its  direction-cosines. 


Let  ABG  be  this  plane,  and  suppose  OB^  QR  to  be  drawn 
perpendicular  to  it,  in  the  direction  defined  by  (?,  w,  n),  from 
the  origin,  and  from  the  point  Q  {x,  y,  «),  and  join  BD  which 
will  be  perpendicular  to  OD,  Let  QE  =  j,  and  project  a?,  y,  « 
and  y  on  OD. 

Then,  ^=&  +  wiy  +  n0  +  y; 

•'•  9  ^P  —  ^  —  wy  —  w^. 


46  THE  PLANE. 

Hence,  the  expression p—lx^my  —  nst  lepreaents  the  per- 
pendicular drawn  from  (a;,  y,  z)  upon  the  plane 

^  —  &  —  my  —  ««  =  0, 

estimated  positive  in  the  direction  defined  by  the  cosines  Z,  m 
and  n. 

69.     To  find  the  angle  between  two  planes  whose  equations 
are  given. 

Jjet  Lx  +  My  +  Nz^JD,    eaii  rx  +  M'y  +  N'z=^iy, 

he  the  given  equations :  then  (Z,  if,  N)  and  {L\  HT,  IT)  are 
proportional  respectively  to  the  direction-cosines  of  the  normals : 
hut  the  angle  between  two  planes  is  equal  to  the  angle  between 
their  normals ;  hence  the  angle  between  the  planes  is 


cos 


The  conditions  of  parallelism  and  perpendicularity  are  there- 
fore respectively, 

and  ir  +  JOf'  +  JVW  =  0. 

The  student  may  also  deduce  the  conditions  of  parallelism 
from  the  consideration  that  parallel  planes  intersect  in  a  straight 
line  at  infinity,  or  directly  from  the  parallelism  of  the  normals. 

70.  To  find  the  angle  between  a  straight  line  ar^d plane  whose 
equations  are  given. 

^    '-i-'-^^-'-i^ (». 

Lx^My^-Kz^B (2), 

be  the  given  equations.  The  angle  between  a  straight  line  and 
a  plane  is  the  compl^nent  of  the  angle  between  the  straight  line 
and  the  normal  to  the  plane ;  hence  the  required  angle  is 

.  .1  iX'  +  JfJf'  +  iW^ 

sm  * 


71.     To  determine  the  perpendiculars  from  a  point  (g,  h,  k) 
upon  a  plane  whose  equation  is  Ax  +  By  +  Cz  +  D  =  0. 
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If  we  compare  the  equation 

with  the  equation  of  the  plane  in  the  form 

-  -  fe  +  my  +  nz  — jp  =  0 ; 
I     m     n        7>  1 


then,    -i=^  =  -7>=-^ri«± 


where,  if  the  ambiguous  sign  be  so  taken  that  p  shall  be  an 
absolute  length,  7,  m,  n  will  be  completely  determined. 

The  perpendicular  from  (^,  A,  h)  upon  the  plane,  estimated 
positive  when  drawn  in  the  direction  defined  by  these  cosines, 

=  ^  —  Ig  —  mk-^fJc 

_Ag  +  Bh+Ck-¥D 

that  sign  being  chosen  which  is  the  same  as  that  of  D. 

72.  Hence,  the  connection  between  a  system  of  rectangular 
axes  and  a  four-plane  system  is  established. 

For,  let  0,  the  origin  of  co-ordinates,  be  supposed  within 
the  tetrahedron  ABCD^  and  let  Z,  m,  n  be  the  direction-cosines 
of  the  perpendicular  from  0  on  BCD. 

'  Then  a,  one  of  the  four-plane  co-ordinates  of  a  point  {x,  y,  £;), 
is  the  algebraical  distance  of  that  point  from  BCDy  estimated 
in  the  same  direction  as  the  perpendicular  from  A  on  BCD. 

Hence,  a  =^  —  ic  —  «wy  —  ««. 

73.  To  find  the  perpendicular  distance  from  a  given  paint 
tgpon  a  given  plane^  the  co-ordinates  being  oblique. 

Let  the  equation  of  the  given  plane  be 

Ax  +  Btf-i-  Cz-^D^O; 

(^,  hj  Jc)  the  given  point,  a,  ft,  c  the  cosines  of  the  angles  yOz, 
zOxj  xOy  respectively,  Z,  m,  n  the  direction-cosines  of  a  normal 
to  the  plane ; 

ABC 
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Now,  Art.  (29), 

P(l-a')+m»(l-y)+n«(l-c*)  +  2mn(5c-a)  +  2nZ(ca-J) 

+  2?w(aJ-c)  =  l-a"-ft»-c'  +  2aic, 

whence  p'  is  determined  in  terms  of  -4,  B,  C. 

The  perpendicular  on  the  plane  being 

P       ^ 
in  which  the  sign  of  p  is  chosen  so  that is  positive,  the 

r 

—  ,   — ,   — ) ,  is 
p       p      pj 

Ag-¥Bh+  Ck^-D 
-P 

74.     To  find  the  distance  from  a  given  point  to  a  given  plane^ 
measured  in  any  given  direction. 

Let  the  equation  of  the  plane  be 

Ax  +  By-\-  Cz  +  D  =  0, 

and  let  {g,  A,  k)  be  the  given  point,  {I,  m,  n)  the  given  direction, 
Z,  m,  n  being  direction- cosines  for  rectangular  axes,  and  direction- 
ratios  for  oblique. 

The  equations  of  a  line  drawn  through  {g,  h,  k)  in  the  given 

direction  are 

x—g     i/'-h     z  —  k  _ 

I  7n  n 

and  where  this  straight  line  meets  the  plane, 

A{g  +  lr)+B{h  +  mr)  +  C{k  +  nr)+D  =  0; 

^1  •    J  J- X         •       Ag  +  Bh+Ck  +  B 

.'.  the  required  distance  is ^77 — 55 77 . 

^  Al  +  Bm+  Cn 

Hence,  if  the  given  direction  be  perpendicular  to  the  plane, 
and  the  axes  be  rectangular, 

I  _m     n  _  Al-}- Bm  +  Cn _  1 

3""5""a"  A^  +  B'+G^  "t'^iA^+B'+C')' 

and  the  perpendicular  distance  is  ^   if  ji — ^s — Trsr  > 

the  sign  being  chosen  so  that  ^   /r  a*  i  zfi  i  m\  is  positive. 

+  \[A.  +jo  +  O  ) 
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75.     To  find  the  equation  of  a  plane  in  the  form 


a     b     c 


Let  OA^a,  OB^h,  OC^c  be  the  intercepts  of  the  axes 
of  a?,  y,  «  by  the  plane  ABC,  and  let  PA,  PB,  PC,  PO  be  drawn 
from  the  point  P  (a?,  y,  z)  in  the  plane. 

Draw  PM  parallel  to  xO  meeting  yOz  in  M.  Since  the 
pyramids  POBC,  A  OBC  are  on  the  same  base, 

vol  POBC  :  vol  OABG  ::  PM  x  AO  i:  x  :  a; 

X     vol  POBC 


•  • 


Similarly,  K  = 


a     vol  OABC 
volPOCA 


h     vol  OABC ' 
,  g     vol  POAB 

and  vol  POBC + vol  P0a4  +  vol  POAB = vol  0-<LB(7; 

-+?  +  -  =  !' 
a     6      c 


•  • 


which  is  the  equation  required. 

The  student  is  reconmiended  to  investigate  this  equation  by 
the  employment  of  a  figure  in  which  P  lies  in  another  compart- 

£ 
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ment^  as  x'rfzy  of  the  co-ordinate  planes,  taking  care  to  interpret 
the  geometrical  into  algebraical  distances. 

76.  If  f  be  the  perpendicular  from  a  point  Q  {x,  y,  z)  on 
the  plane  ABC  estimated  in  the  direction  of  ^,  the  perpendicular 
from  0  on  the  plane, 

q     vol  QABC 
p^YolOABC 

a     0     c 

77.  The  equation  of  Art.  (75)  may  be  obtained  from  the 
general  equation  of  the  first  degree. 

For  let  a,  ft,  c  be  the  intercepts  of  the  axes  of  x^  y,  z^ 

Ax  +  By  +  Cz  —  D  =  0,  the  equation  of  the  plane. 
Since  (a,  0^  0)  is  a  point  in  the  plane, 

—  i)  =2  -4a,  and  similarly,  =  5J  =  Cfe. 

Hence,  the  equation  of  the  plane  is  —  +  ^-f-  =  l. 

78.  To  find  the  equation  of  the  plane  in  thejbrm 

z  =  mx  -f  ny  -h  c. 

Consider  the  plane  as  a  surface  generated  by  a  straight  line 
which  moves  subject  to  the  conditions  that  it  always  intersects 
one  given  straight  line  and  is  parallel  to  another. 

Let  the  equations  of  the  line  which  it  intersects  be 

z  =  mx  +  <5,    y  =  0 ;  (1) 

and  those  of  the  line  to  which  it  is  parallel, 

z^ny^    a;  =  0.  (2) 

Then  the  equations  of  the  moving  line  will  be  of  the  form 

z^ny-\-P\    x^a.  (3) 

Since  (3)  intersects  (1),  )8  =  «wa  +  c ; 
therefore  for  every  point  in  the  plane,  z^ntf  =  mx  +  c ; 

or,  z^mx-^-ny  +  c. 
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In  lllis  form  of  the  equation,  c  is  the  intercept  of  the  oadaotz 
cat  off  by  the  plane,  m,  n  axe  the  tangents  of  the  angles  made 
lespectiyely  with  the  axes  of  x  and  y  hj  the  traces  on  the  planes 
of  zxj  yzy  if  the  co-ordinates  be  rectangular ;  and  the  ratios  of 
the  sines  of  the  angles. made  with  the  axes  in  those  planes,  if  the 
co-ordinates  be  oblique. 

79.  To  find  the  polar  equcUion  of  a  plane. 

Let  (o,  a,  /9)  be  the  polar  co-ordinates  of  the  foot  of  the  per- 
pendicular from  the  origin  on  the  plane ;  (r,  6,  ^)  those  of  any 
point  in  the  plane,  then  if  '^  be  the  angle  between  the  lines 
joining  these  points  to  the  origin, 

c^T  cos  ^, 

and  cos  ^  ss  cos  0  cos  a  +  sin  d  sin  a  cos  (^  —  /8),  Art.  (41), 

whence  -  =  cos  ^  cos  a  +  sin  ^  sin  a  cos  (^  —  /8) ; 

the  most  convenient  form  of  the  equation  of  a  plane  when  re- 
ferred to  polar  co-ordinates. 

Equation  of  a  Plane  referred  to  a  Four-Plane  Co-ordinate 

System. 

80.  The  general  eqttation  of  the  first  degree  represents  a  plane. 

Let  &c+m^  +  W7  +  rS=0  be  the  equation  of  the  first  degree, 
(a,  P,  7,  S'),  (a",  P\  i\  S"),  any  two  points  in  the  locus ; 

.'.  Z(a"-a')  +  ^03"-/3')+^(7"-7')+^(«"-S')-O, 
but  the  equations  of  the  line  joining  the  two  points  are 

Therefore,  for  any  point  in  the  straight  line  joining  them 

;(a-a')+m08-)8')  +  n(7-y)+^(S-S')  =  O, 

and  Za'  +  7n)8'  +  W7'  +  r8'  =  0; 

.•.  Za  +  «i/9  +  W7  +  rS  =  0. 

Hence,  erery  point  in  the  straight  line  lies  in  the  locus. 

£2 


52  EQUATION  OF  A  PLANE* 

The  locus  is  therefore  such,  that  any  two  points  being  taken 
the  straight  line  joining  them  lies  entirely  in  the  surface,  which 
is  therefore  a  plane  superficies. 

81.    Ink/rpreMAon  (yfthe  constants  in  the  equation  ofaplane^ 

la  +  ni^  +  n7  +  rS  =  0, 


Let  ^ be  the  point  (a, iff, 0, 0),  in  which  the  plane  cuts  AB; 

Draw  jEfe,  Aa  perpendicular  to  BCD ; 

Ee  _BE^  a'     BE 

•■•  Aa'AB'    ^^'  p.^AB* 

Similaxly,  p.^AB^ 

and  if  Oj,  jS^  be  the  perpendiculars  from  -4,  jSupon  the  given 
plane,  estimated  in  the  same  direction; 

AE~  BE' 
...  ?!ii'+^  =  0; 

Px  Pt 

I     m      n      r 

Pt  p%  ft  ft 

and  the  equation  of  the  plane  is 

Pt      Pt     p,     p. 
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In  tetrahedral  co-ordinates,  the  equation  becomes 

o^a  +  fi^fi  +  7,7  +  8xS  =  0.  Art.  (8), 

If  the  plane  be  at  an  infinite  distance,   ai  =  i8|='7j»S|; 

therefore,  in  fonr-plane  co-ordinates,  —  +  —  +  -^  H — =  0,  or,  in 

;  Fi    Pn    Pm    P4 

tetrahedral  co-ordinates,  a  +  i9  +  7  +  fi  =  0,  is  the  equation  of  a 

plane  at  an  infinite  distance. 

82.  To  find  the  condition  ofparaUelism  of  two  planea. 
Let  the  equations  of  two  planes  be 

ia  +  w^  +  «7  +  rS=0,    Va  +  m'fi  +  n'y  +  r'B^O. 

These  intersect  in  a  line  which  lies  on  the  plane  at  infinity, 
whose  equation  is 

a  +  )8  +  7  +  S=:0, 

using  tetrahedral  co-ordinates.  Henoe,  these  planes  intersecting  in 
a  straight  line  are  satisfied  simultaneously  by  an  infinite  number 
of  yalues  of  a,  /3,  7,  S :  therefore,  employing  indeterminate 
multipUers,  XZ  +  X7'  + 1  =  0, 

Xm  +  XW  +  l=s0, 
Xn  +  XV  +1=0, 
Xr  +  X  V  + 1  »  0, 

firom  which  we  obtcun  the  required  conditions  of  parallelism. 

Planes  under  Particular  Conditions. 

83.  Equation  of  a  plane  passing  through  a  given  point. 

Let  (a,  b,  c)  be  the  co-ordinates  of  the  given  point, 

Ix-^my-^nz  =^, 

the  equation  of  the  plane,  then  since  (a,  i,  c)  is  a  point  in  this 

plane 

la  +  mb-^-nc  —p, 
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or,  eliminating  j7, 

Z  (a?  —  a)  +  m  (y  —  J)  +  n  («  —  c)  s=  0, 

is  the  general  equation  of  a  plane  passing  through  the  point 
(a,  i,  c). 

84.  Uquatian  of  a  plane  passing  through  a  point  determined 
by  the  intersection  of  three  given  planes. 

If  the  point  be  given  by  the  equations  of  three  planes, 

t*  =  0,     t;  =  0,    tt?  =  0, 

passing  through  it  and  not  intersecting  in  one  straight  line,  then 
lu-k-mv  +  nw^O  will  be  the  general  equation  of  a  plane  passing 
through  that  point,  for  it  is  satisfied  bj  the  values  of  x^  y,  z 
which  are  given  by  the  equations 

t^  =  0,     V  =  0,     ti?  =  0, 

taken  simultaneously,  and  therefore  passes  through  the  mter- 
section  of  these  planes,  which  is  the  given  point;  and  since 
this  equation  is  of  the  first  degree,  and  involves  two  arbitrary 
constants,  namely,  the  ratios  Z :  m  :  n,  it  is  the  general  equation 
of  a  plane  passing  through  the  given  point. 

If  the  three  planes^  w  =  0,  v  =  0,  t(?  =  0,  do  intersect  in  a 
straight  line,  then  these  equations,  and  therefore  the  equation 
lu  +  mv  +  nw=^  0,  will  be  simultaneously  satisfied  for  all  points 
lying  in  that  straight  line.  Hence,  lu  +  7nf>  +  nw  =  0,  cannot  be 
the  general  equation  of  a  plane  passing  through  a  given  point. 
The  position  of  a  point  is  not,  in  this  case,  completely  determined 
by  the  given  equations,  but  only  the  fact  that  it  lies  on  a  certain 
straight  line. 

85.  EquaJti(yn  of  a  plane  passing  through  two  given  points. 

Let  (a,  J,  c),  {a, b\ c')  be  the  given  points :  the  equation  of 
a  plane  passing  through  (a,  &,  c)  is 

Z  (a?  —  a)  +  wi  (y  —  J)  +  n  («  —  c)  =  0. 
If  this  plane  pass  also  through  (a',  h\  c'),  we  shall  have 

Z  (a'  -  a)  +  w  [V  -  5)  +  n  (c'  -  c)  =  0, 
and  eliminating  n,  we  obtain  the  equation 
Z{(«-a)(c'-c)-(«-c)(a'+a)}+7n{(y-ft)(c'-c)-(«-c)(i'-J)]=0, 
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or,  altering  the  arbitrary  constant, 

\a  —  a     c  ^  cj         \o  -^  0     c  —  c/ 

for  the  general  equation  of  a  plane  passing  throngh  two  given 
points. 

This  equation  may  be  written  sjmmetricallj, 

a  -^  a        o  -^  o        c  -^  c 
X,  /i,  p  being  connected  by  the  equation 

X  +  /A  + 1*  =  0. 

86.  .E^tMi^ibn  of  a  plane  passing  through  two  given  points^ 
lying  on  given  planes^ 

If  the  straight  line  passing  through  the  two  points  be 
given  by  the  equations  wa=0,  f;  =  0,  the  equation  ?t*  +  wt?  =  0 
will  represent  a  plane  passing  through  the  points  of  intersection 
of  tf  =  0  and  i;  =  0,  and  therefore  through  the  given  points,  and 
since  this  equation  involves  an  arbitrary  constant  (Z  :  m),  it  will 
be  the  general  equation  of  a  plane  passing  through  the  two 
given  points. 

Or,  the  equation  fe«  +  wv  +  nii?  =  0,  if  Z,  w,  w  be  connected  by 
a  relation  of  the  form  aZ+ Jw  +  cn  =  0,  will  represent  a  plane 
passing  through  the  two  points  given  by  the  equations 

f<  =B  0,    r  =  0,     M?  =  0, 
tt  =  a,    T?  =  J,     v)  =  c. 

87.  Equa:tion  of  a  plane  passing  through  three  given  points. 
Let  (a, ft,  c),  (a', 6', c),  (a",  J", c")  be  the  three  given  points, 

?(«-«)  +m(y-i)  4-n(«-c)  =0,  (1) 

the  equation  of  a  plane  passing  through  (a,  ft,  c). 

If  this  plane  also  pass  through  (a',  ft',  c')  and  (a",  ft",  c"),  we 
shall  have 

Z(a'-a)-|-?n(ft'^ft)+n(c'-c)=0,  (2) 

?(a"^a)+w(ft"-ft)  +  n(c"-c)=^0,  (3) 
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and  eliminating  Z,  m,  n  between  (1)^  (2)^  and  (3),  we  obtain 
(a?-a)  {J(c'-c")  +6'(c"-c)  +  6"  {c^c')} 
+  (y-J){c(a'-a")+c'(a"-a)  +  c"(a-a')} 
+  («-c){a(i'-y')+«'(6"-*)  +  «"(6-&')}«0,  (4) 

as  the  equation  of  the  plane  passing  throngh  three  given  points. 

The  coefficients  of  a;,  y,  c;  in  this  equation  are  the  projections 
on  the  co-ordinate  planes  of  the  triangle  formed  hj  the  three 
given  points,  call  these  A^,  A^^  A,;  then  xA^  will  be  equal  to 
three  times  the  volume  of  the  pyramid  whose  base  is  A^g,  and 
vertex  the  point  (a?,  y,  «). 

Hence,  equation  (4)  asserts  that  the  algebraical  sum  of  the 
pyramids  whose  bases  are  the  projections  of  any  triangle  on  the 
co-ordinate  planes,  and  common  vertex  any  point  in  the  plane  of 
the  triangle,  is  constant  for  aU  positions  of  this  point. 

The  equation  here  obtained  becomes  nugatory  if 

ft(c'-c")  +  y(c"-c)+J"(c-c')=0, 
c(a'-a")+c'(a"-a)+c"(a-a')=0, 
and  a(6'-&") +«'(*"-*)+«"(*-*')  =0; 
which  are  equivalent  to 

(J  -  y)  (c"  -  c')  -  (c  -  c')  (&"  -  y)  =  0, 
(c-c')  (a"-.a')-(a-a')  (c'^-cO^O, 
(a-  a')  (6"-  6')  -  (J  -  b')  (a"-  a')  =  0  ; 

a —  a'       h  —  V      c  —  c' 

or,  to  —, ?7  =  Ti — Vf  =  "•? Ti  9 

a —a       0—0       c — c 

which  are  the  conditions  that  the  three  given  points  should  lie 
in  a  straight  line. 

88.  Tofiryi  the  equation  of  a  plane  passing  through  a  given 
point,  and  parallel  to  a  given  plane. 

If  (a,  hy  c)  be  the  given  point,  and  7,  m,  n  the  direction-cosines 
of  a  normal  to  the  given  plane,  the  equation  of  the  proposed  plane 
will  be 

Z(aj  — a)  -f  w(y  — J)  4- w(«  — c)=0. 

89.  To  find  the  equation  of  a  plane  passing  through  ttoo  given 
points,  and  parallel  to  a  given  straight  line. 
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Let  (a,  by  c)j  {a\  h\  d)  be  the  given  points,  Z,  in,  n  the  diiec- 
tion-cosines  of  the  given  straight  line ;  then  the  equation  of  any 
plane  passing  through  (a^  £,  c),  (a ,  b\  c'),  is 

a?  —  a         V  —  h        z  -^  c 
X-7 +fifr—T+VT—^^0,  (1) 

X,  /i,  V  heing  connected  by  the  equation 

X  +  /*  +  i'  =  0,  (2) 

and  if  this  plane  is  parallel  to  the  line  whose  direction-cosines 
are  I,  m,  n,  its  normal  is  perpendicular  to  this  line,  hence 

a  —a     o  —o     c  — c 

and  eliminating  X,/i,  v  between  (1),  (2),  and  (3),  we  obtain  the 
required  equation, 

a;— g  /  m   ^   n  \     y—h  /_« l\      g— c/   I    ^   m  \  _ 


This  equation  becomes  identical  if  —, =  -j-, — ?  =  -7 —  , 

which  are  the  conditions  that  the  given  straight  line  may  be 
parallel  to  the  line  joining  the  two  given  points.  The  equations 
(2)  and  (3)  are  in  this  case  coincident,  or  every  plane  passing 
through  the  two  points  will  necessarily  be  parallel  to  the  given 
straight  line,  as  is  otherwise  evident  The  required  equation 
will  then  be  the  equation  of  any  plane  passing  through  the  two 
given  points. 

90.  To  find  the  equation  of  a  plane  passing  through  a  given 
pointy  and  parallel  to  two  given  straight  lines. 

If  the  direction-cosines  of  the  two  straight  lines  be  Z,  m,  n 
and  Ty  W,  n',  and  the  co-ordinates  of  the  given  point  a,  6,  c, 
the  equation  of  the  plane  will  be 

{mn'-'nin) {x-a)  +  {nV^iil)  (tf-b)  +  {Im'-l'm) (z-c)^ 0.  (Art. 60). 

If  7  =  — ;  3s  -7  9  this  equation  is  satisfied  for  all  values  of 
I      tn     n 

XyjfyZ)  or,  if  the  given  straight  lines  are  parallel,  there  are  an 
infinite  number  of  planes  satisfying  the  given  conditions,  the 
direction  of  the  normal  to  the  required  plane  being  in- 
determinate. 
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91.     To  fini  the  equcttian  of  a  plane  equidistant  from  ttoo 
given  straight  lineSf  not  in  the  same  plane. 

Let  the  equations  of  the  two  given  straight  lines  be 

a?  — a     y  —  fi     z—y  ,,. 


X 


z^-^r^-izl^-,' 


r  m' 


n 


(2) 


(«ij  Viy  «i)  a  PO"it  i»  (l)j  (^«>  y«>  «a)  a  point  in  (2),  (X,  F,  ^ 
the  middle  point  of  the  line  joining  (aj^,  y^,  «J  and  (a;^,  y,,  «J. 

Then,        2X=  a?^  +  aj^  =  a  +  a  +  Zr  +  ZV, 

2Z=  z^+  Zj^==y  +  y  +nr  +  nV, 

and  eliminating  r,  and  r',  we  obtain  for  the  locus  of  (X,  F,  Z), 
the  equation 

(2X- a  -  a')  («i»' -  w'n)  +  (2  F- /3  -  iS')  (nZ' -  n'O 

+  (2Z-  7  -  7')  (6n'  -  Tm)  =  0.     (8) 

The  plane  represented  by  this  equation  bisects  all  lines  joining 
any  point  of  (1)  to  any  point  of  (2),  and  therefore  bisects  the 
shortest  distance  between  them ;  and  since  the  direction-cosines 
of  the  normal  to  (3)  are  proportional  to 

mn  —  mn,    nl  ^  nly     hn!  —  Vm<f 

the  normal  is  parallel  to  the  shortest  distance  between  the  lines, 
(Art.  60).  Hence  this  plane  bisects  at  right  angles  the  shortest 
distance  between  the  lines. 


VI. 

(1)  Find  the  equation  of  the  plane  passing  through  the  points 
(a,  6,  c),  (5,  c,  a),  (c,  a,  h\  and  the  equations  of  the  planes  each  of 
which  passes  thrDUgh  two  of  the  points,  and  is  perpendicular  to  the 
former  plane. 

(2)  The  equation  of  a  plane  passing  through  the  origin,  and  con- 
taimng  a  straight  line 

I  m  w    ' 


IS 


I  \m     n/      m\n      I J      n  \t      m/ 
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Hence,  find  the  equations  of  the  straight  line  passing  through  the 
origin,  and  intersecting  two  given  straight  lines;  and  examine  the 
case  in  which  the  straight  lines  are  parallel 

(3)  The  equation  of  a  plane  passing  through  the  origin,  and  con- 
taining the  straight  line  whose  eqtiations  are 

aj+2y+ 3«+4  =  2«+ 3y+ 4«  + 1  =  3aj  +  4y +  «  + 2  isa;  +  y-2«=0. 

(4)  The  equation  of  a  plane  passing  through  the  origin,  and  con- 
taining the  straight  line 

a  +  mz  —  ny     P  +  nx  —  lz^y-^ly  —  mx 
I  m  n         ' 

is        (?  +  ffi*  +  w")  (oa?  +  /8y  +  ya?)  =  (Za  +  mp  +  ny)  {lx  +  my+ nz). 

(5)  Shew  that  the  co-ordinates  of  a  point,  which  divide  the 
distance  between  the  points  (a,  P,  y),  (a ,  /S",  y"),  in  the  ratio  \'  :  A, 

Xa-l-XV      X^+V^  Xy  +  Xy 

*™  x  +  x'  '    x+x'  '  """*   x  +  y  • 

(1)  Hence,   shew  that  the  locus  of  a  point  dividing  the 
distance  between  any  two  points  on  the  two  straight  lines 

a?  — a  _  y  — )8_  «  — y       x—ay  —  P_  z  —  y 

in  the  ratio  X'  :  X,  is  the  plane  whose  equation  is 

/      /        /  \  /       Xa  +  X'a  \      .         ^ 
(w*n  '-mn)ix-'-r — t-r-J  +  Ac.  =0. 

(2)  Also,  that  the  equation  Ax  +  By  +  Cz  =  D  represents  a 
plane,  according  to  Euclid's  definition. 

(6)  Shew  that  if  the  straight  lines 

a5_y_«        X  ^  y  ^  z       *_y__* 
a      P     y'     aa"  hp~  cy^     l~  m^n^ 

lie  in  one  plane,  then  -  (6-c)+ -=  (c-a)  +  — (a~ft)  =  0. 

(7)  Find  the  equation  of  the  plane  which  passes  through  the  two 
parallel  lines 

a?--o  _  y-P  __  z-y  ^    x-af  _  y-pf  _  z-y 
I  m  n     '       I      "     m  n     ^ 

and  explain  the  result  when   ^^-^ —  =  ^— ^  =  XZJL  . 

I  m  n 
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(8)  The  equatLon  of  a  plane  passing  through  the  two  straight 
lines 

x-a     y-b     z-e      x-a'  _  y-V  _z-tf 
"S^  """y^"""7"*        a     "     h     "    c    ' 

is  (6o'-yc)a;  +  (ca'-</a)y  +  (a5'-a'6)«  =  0. 

Give  a  geometrieal  interpretation  of  the  equations. 

(9)  Shew  that  the  three  planes 

lx  +  my-^nz=0,  (w  +  »)a;  +  (n  +  Qy +  (^  +  m)«  =  0,  aj  +  y  +  «  =  0 
intei*sect  in  one  straight  line 

aj      _    y     _     « 

(10)  Determine  the  conditions  necessary  in  order  that  the  planes 

ax  +  </y  +  h'z  =  0,     c'flj  +  5y  +  a'z  =  0,    h'x  +  a'y  +  cz  =  0, 

may  have  a  common  line  of  intersectioD,  and  shew  that  the  equations 
of  that  line  are 

Find  the  conditions  necessary  in  order  that  the  three  planes  may 
be  coincident. 

(11)  If  J,  A^;  B,  ff'y  C,  C  ore  fixed  points  in  any  three  fixed 
straight  lines  passing  through  a  point ;  the  intersections  of  the  planes 
ABC,  A'BG'\  A'BGy  ABG'-,  ABC,  A'BC)  and  ABC,  A'BCBre  four 
straight  lines  lying  in  a  plane  dividing  the  fixed  lines  harmonically. 

(12)  The  equation  of  the  planes  which  pass  through  the  straight 
line 

aj  _  y  _  « 

I     m     n' 

and  make  an  angle  a  with  the  plane  I'x  +  m'y-^  n'z  =  0,  is 

{f{ny  -  mz)  +m'{lz-  rix)  +  n'  (mx  -  ly)Y 

=  cos*  a  (?•+ m"*  +  n'^  {(wy  -  w«)* + (&  -  wa?)*  +  (wwj  -  fy)"}. 

What  limitation  is  there  to  the  value  of  a1  Shew  that  for  the 
limiting  values  the  two  planes  coincide. 

(13)  The  equation  of  any  plane  containing  the  straight  line 

«-a^y-^^«-y     ^    X(a?~a)  ^  /t(y-ff)  ^  v(g-y)^^ 
I  m  n  I  m  n  * 

X,  /»,  V  being  connected  by  the  equations  X+  /x+  v  =  0.  Hence,  find 
the  equation  of  a  plane  containing  one  given  straight  line,  and  parallel 
to  another. 


CHAPTEB  VI. 

FOUB-POIMT  CO-OKDINATE  SYSTEM. 

92.  In  the  Fimr^PIane  Co-ordinate  Bystemy  the  position  of 
a  point  is  given  by  its  algebraical  distances  from  four  funda- 
mental planes,  given  in  position,  which  do  not  pass  through  one 
point,  so  that  they  form  the  plane  fietces  of  a  tetrahedron  of  finite 
volume. 

The  position  of  a  plane  is  given  by  a  relation  between  the 
four-plane  co-ordinates,  which  exists  for  every  point  which  lies 
in  that  plane. 

In  the  Four^PoifU  Go-ordinate  System,  the  position  of  a  plane 
is  given  by  its  distances  from  four  frmdamental  points,  given  in 
position,  which  do  not  all  lie  in  one  plane,  so  that  they  form  the 
angular  points  of  a  tetrahedron  of  finite  volume. 

These  distances  are  called  Point  Co-ordinates  of  the  plane* 

An  infinite  number  of  planes  can  be  drawn  through  any  given 
point,  and  it  can  be  shewn  that  the  point  co-ordinates  of  each  of 
these  planes  satisfy  a  linear  equation ;  this  equation  gives  the 
position  of  the  point,  and  is  called  the  equation  of  the  point. 

93.  To  find  the  distance,  estimated  in  any  direction,  of  a  pointy 
whose  position  relative  to  f^ed points  is  knoum,from  a  plane  whose 
distances  from  the  fixed  points  are  given. 

Let  jL,  Jf  be  two  points,  and  let  a  point  Q  be  taken  in  the 
straight  line  joining  them,  such  that  l.LO^m.  MO. 


Let  LLy  MM\   00'  \}^  parallel  lines,  drawn  in  a  given 
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direction,  meeting  a  given  plane  AB  in  L\  0\  iT,  then  it  is 
evident  that 

La       "       MG       ' 
and  L{LL''-GG')=^m.{Ga'^MM'); 

.\  l.Ln+m.MM^{l  +  m)  GG\  (1) 

If  N  be  anj  other  point  and  H  be  taken  in  GN  so  that 
{l-^m)  GH^  n .  EN,  and  if  HH\  NN'  be  drawn  parallel  to  LL\ 

thenn.NN'+{l+m)GG'=={l+m  +  n)HH'; 

.-.  LLL'  +  m.MSr  +  nNN'^^il  +  m  +  njHir.  (2) 

The  equations  (1)  and  (2)  give  the  distance  of  a  point,  whose 
position  relative  to  two  or  three  fixed  points  is  known  from  the 
plane  AB.    ' 

94.  If  fonrfbndamental  points  be  taken  L,  M,  Nj  JS,  and 
£"  be  taken  in  ^SlS,  such  thai  r .  KM  =  {1  +  m  +  n)  Kj^ 

and  Bfi!^  KK  be  drawn  parallel  to  LL  meeting  the  plane  AB 
in  S,  K\ 

then  r.BR-\-{l-\-m-\-n)EH*^{l-\-m  +  n-\-r)KK'\ 

.\  l.Lr  +  m.MM'+n.NN'+r.BB':={l+m+n+r)KK'.      (3) 

The  distance  of  the  point  K  from  the  plane  AB  is  given 
by  (3)  when  its  position  relative  to  the  four  frindamental  points 
LMNB  is  given. 

The  position  of  the  point  is  given  by  ?,  m,  «,  r,  and  it  may 
be  denoted  by  (Z,  m,  w,  r). 

95.  To  find  the  equation  of  a  point  infour-point  co-crdinatea. 

If  the  four  points  lie  in  a  plane,  then  by  the  construction  of 
Art.  (94),  it  is  obvious  that  the  point  Ky  being  in  the  line  JVB, 
will  lie  in  the  same  plane  with  the  four  points.  This  accounts 
for  the  restriction  with  respect  to  the  frmdamental  points,  that 
they  shall  not  lie  in  one  plane,  because  the  equation  obtained 
would  then  denote  a  point  in  the  same  plane,  and  could  not  be 
the  equation  of  any  point  in  space. 

If  -4, 5,  (7,  D  be  any  four  points  which  do  not  lie  in  a  plane, 
a,  /9, 7,  S  the  perpendicular  distauces  of  a  plane  from  these  points, 
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estimated  in  a  given  direction,  (2,  m^  n,  r)  a  point  P,  with 
reference  to  these  fdndamental  points,  and  ir  the  perpendicnlar 
fiom  Papon  the  plane; 

then  la  +  mfi  +  ^7  +  rS  =  (Z+  m  +  n  +  r)  tt,  (Art.  94), 

therefore  for  eveij  plane  passing  through  P, 

la  +  mfi  +  ny  +  rB^O,  which  is  the  equation  required. 

Henoe»  npcm  the  same  principle,  that,  in  the  fonr-plane  co- 
ordinates, a,  /3, 7,  5  being  the  co-ordinates  of  anj  point, 

la  +  mfi  +  Tiff  +  rB^O 

is  the  equation  of  that  plane,  in  which  a  series  of  points  lie, 
whose  co-ordinates  satisfy  the  equation :  so,  a,  /3, 7,  8  being  the 
co-ordinates  of  a  plane  in  the  four-point  system  of  co-ordinates, 
h  +  mfi  + 117 +t*S  s=  0  is  the  equation  of  a  point,  through  which 
all  planes  pass  whose  co-ordinates  satisfy  the  equation. 

96.  If  the  tetrahedron  be  formed  whose  angular  points  are 
-4,  JB,  (7,  Z>;  ^j,  0,  0,  0  are  the  co-ordinates  of  the  face  BCD; 
and  a  »  0  is  the  equation  of  the  point  A. 

97.  To  interpret  the  constants  in  the  equation  of  a  point. 

Let  la  +  tnfi  +  n7  +  rS  =  0  be  the  equation  of  a  point  P, 
ttj,  /Sj,  7i,  Sj  the  perpendicular  distances  of  P  from  the  faces 
opposite  to  Aj  By  C,  B; 

•*•  ^i=«(Z  +  w  +  n  +  r)aj.  (Art.  94). 


Hence,  &?«^=^=^^ 


and  the  equation  of  a  point  whose  four-plane  co-ordinates  are 
Oi'  A>  %>  Ky  ^^7  ^  written 

Pi        A        Ps       A 
If  Oj,  /9j,  7i,  Sj  be  tetrahedral  co-ordinates,  this  equation  becomes 

o^a  +  ySj/S  +  7,7  +  8jS  =  0. 

98.  To  find  the  equation  of  a  point  which  divides  the  straight 
line  joining  two  points^  whose  equations  are  given,  in  a  given 
ratio. 


64  FOUB-POINT  (XM)RDINATB  SYSTEM. 

Let  the  equations  of  the  two  points  P,  P'  be 
fa  +  w/3  +  n7  +  rS  =  0,  and  ra  +  m'jS  +  nV  +  r'SssO, 
and  let  Q  be  a  point  in  PP,  such  that 

PQ:  QF  V.  Ill  X; 
therefore  for  every  plane  through  Q^  whose  distances  from  Pand 
P  are  TT  and  tt',  Xfw  +  fm  =  0,  (Art.  95) ; 

•••^-      Z  +  ,n  +  n  +  r      +^-    f+^^  +  n'  +  r' O^^- 9^)> 

which  is  therefore  the  equation  of  Q. 

99.  To  shew  that  the  straight  lines  Joining  the  middle  points 
of  opposite  edges  of  a  tetfraliedron  intersect  and  bisect  each  other. 

The  equation  of  the  middle  point  of  -4Pis  a  +  j8  =  0,  and 
of  the  middle  point  of  CD  is  7  +  S  =  0 :  therefore  the  equation  of 
the  middle  point  of  the  line  joining  these  is  a +)8  +7+8=0,  which 
for  the  same  reason  bisects  the  lines  joining  the  middle  points  of 
the  other  opposite  edges. 

100.  The  student  is  recommended  to  examine  carefully  the 
processes  employed  in  the  following  applications  of  Point-Co- 
ordinates. 


Let  h,  +  mfi  +  wy  +  rS  =  0  be  the  equation  of  any  point  JE, 
and  let  planes  be  drawn  through  this  point  and  each  of  the  edges  • 
and  let  (a&)  denote  the  point  in  which  the  plane  EOD  meets  AB^ 
and  similarly  for  the  other  edges. 

The  point  E  lies  in  the  straight  line  joining  (a&),  for  which 

Za  +  mi8=:0,  and  (erf),  for  which  7n7  +  rS  =  0,  since  its  equation 

is  of  the  form 

i(Zjt  +w^)  +  Jlf  (w7  +  r8)  =  0. 
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Sin6e,  for  {ab\  la  -^mfi^O, 


+  rB  =0,3 


(ad)f  la 

(be),  w/8+n7=0,) 

(erf),  wf+ri  =0,3 

the  straight  lines  joining  these  pairs  of  points  meet  BD  in  a  point 
h'cF  whose  equation  is  mfi  =  rS,  and  the  equation  of  bd  is 
mfi  +  rS  5=  0 ;  therefore  b'd\  bd  divide  BD  harmonically.  ' 

Similarly,  the  line  joining  (aJ),  (ac) ;  and  (M),  (cd)  intersect 
BC  in  JV,  for  which  mfi  =  ny ;  and  the  straight  line  {ah)  {cd) 
meets  the  plane  passing  through  A  and  the  points  b'c\  b'dj  in  the 
point  whose  equation  is 

2la  +  2mP  -nj'-rS^O, 

since  this  equation  may  be  written 

2  fa  +  {mfi  - 117)  +  {mfi  -  rS)  =r  0. 

Again,  the  equation  2fa  +  ni)8  +  n7  =*  0  being  of  the  form 

La  +  ifS  +  ^  (fe  +  w^S  +  n7  +  r8)  =  0, 

» 

represents  a  point  in  plane  AED,  and,  being  of  the  form 
X  (fa  +  «i^)  +  Jf  (2a  +  ^7)  =s  0,  lies  on  the  line  joining  (oi),  (oc) , 
and  obviously  lies  in  the  plane  ABC* 

Let  the  straight  line  AE^  BE  meet  the  opposite  faces  in 
A\  B,  the  equations  of  these  points  are 

w^  +  n7  +  rS  =  0,    and  fa+n7  +  rS  =  0, 

and  therefore  A'B  intersects  AB  in  the  point  fa  -  m/8  =  0,  the 
same  point  in  which  {ac)  (Jc),  {ad)  {bd),  meet  AB. 

101.     To  find  the  equation  of  a  point  at  an  infinite  distance. 
Let  the  equation  of  the  point  be 

fa  +  mfi  +  n7  +  rS  =  0 ; 
since  the  point  is  at  an  infinite  distance,  the  distance 

fa  +  m/8+n7  +  r8 
Z  + w+w  +  r 

from  any  plane,  whose  co-ordinates  a,  ^,  7,  h  are  finite,  is 
infinite ; 
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Theiiy  ainoe  Z,  m,  n,  r  aie  proportional  to  the  tetmhedxal  co- 
ordinates of  the  point,  (Art  99),  if  Oj,  fi^j  7j,  8j  be  these  co- 
ordinates, we  have 

ai  +  ^i  +  7i  +  Si  =  0, 

which  is  the  same  residt  as  was  given  in  (Art.  81). 

102.  To  find  the  rdatians  bettoeen  the  constants  in  the  equation 
of  a  poinij  in  order  that  the  point  may  lie  in  the  different  portions 
of  space  cut  off  by  the  indefinite  planes  which  form  the  faces  of  the 
fundamental  tetrahedron. 

Let  the  equation  of  a  point  P  be 

la  +  mfi  +  ti7  +  r8  =  0, 
and  let  l-i-m-^n  +  r  —  s. 

If  AP  or  AP  produced  meet  the  opposite  face  in  Q,  the 
equation  of  Q  is 

mfi  +  n7  +  rS  =  0 ; 

and  if  €  be  the  pei*pendicular  from  Q  on  any  plane  through  P, 
whose  co-ordinates  are  a,  fiy  7,  8, 

(«i  +  n  +  r)  6  +  fa  =  0,  (Art.  93), 

a  and  €  being  estimated  in  the  same  direction. 

If  P  be  between  A  and  Q,  a  and  €  have  opposite  signs ; 

.'. J is  positiye,  or  y  is  between  1  and  00 . 

If  P  be  iaAQ  produced,  a  and  c  are  of  the  same  sign,  a  is 
greater  than  € ; 

/. J is  less  than  —  1,  or  ▼  is  between  0  and  —  00 . 

If  P  be  in  QA  produced,  a  and  e  are  of  the  same  sign,  a  is 
less  than  € ; 

— J is  between  0  and  —  1,  or  ^  is  between  1  and  0. 


•  • 


I.    For  points  within  the  fundamental  tetrahedron, 

•y ,  —  ,  -  ,  -  are  all  between  1  and  oo ; 
.'.  Z,  m,  n,  r  are  all  of  the  same  sign. 
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n.    For  points  between  BCD,  and  ABC,  AOD,  ADC  pro- 
duced, 

7  is  neeatiye,  —  •  - ,  ~  between  1  and  oo . 

III.    For  points  within  the  solid  angle  formed  bj  BCAy 
CD  A,  DBA  produced, 


s  • 


8        B        9 


y  is  between  0  and  1,  —  ,  — ,  -  negative. 
c  fn     fi     T 

IV.   For  points  between  A  CD,  BCD,  BA  C,  ABD  produced, 
iandjaren^tiye,  Jandf  are  positive. 

And  similarly  for  the  nine  other  compartments. 

103.  The  results  of  the  preceding  article  maj  be  obtained, 
if  we  assume  a  knowledge  of  Tetrahedral  Co-ordinates,  by 
observing  that  the  tetrahedral  co-ordinates  of  the  point  are 


I     m     n     r 

7'  7'  7'  7' 


(Art  97). 


104.    To  Jmd  the  dwkmce  between  two  points  whose  tquatione 
are  ffiven. 


Let  the  equations  of  the  two  points  0,  0'  be 

la  +  mfi  +  W7  +  fS  =  0, 
ra  +  w'i8  +  n7  +  r8  =  0, 
and  let  /  + 1»  +  n  +  r  =  ^,  r +  m' -{-n! -\-r  =s. 


f2 


68  roxnrVOisT  oo-obdinate  systbh. 

Then,  i£AO,  AO  meet  BCD  in  a,  a',  and  Ba^  Bci  meet  CD 
in  h,h',  we  have  from  the  triangles  OAO^  oAd^ 

A(f+AO*-0(r           ^.^     A(f -^  Aa"*  -  aa"* 
2A0.A& "^^^^ 2Aa.Aa'       ' 

^  ^       Oa    Aa     AO         ,    Oa     Ad     AO 
But      -r-=— =  j3-^,   and  -^ T^T^' 


.-.  00^=  (l  -  j)'^a*+  (l  -  7)*  ^a' 


From  which  form  it  is  manifest  that  the  final  result  will  be 
an  expression  in  terms  of  the  squares  of  the  edges,  and  we  shall 
obtain  the  result  bj  investigating  the  coefficient  of  AS^^  and  de- 
ducing the  rest  by  symmetry. 

Now  the  only  terms  which  can  involve  Aff  are  contained  in 
Acf  and  Ad^^  and,  as  before, 

Aff^-Bcf-Aa^^      ^^^Aff+Eb^-AV 


also 


2AB.Ba  2AB.Bb 

ah      Bb  Ba 


m 


8  —  1     a-^l  —  m* 


/.  Acf^Aff-{\-  j^  Aff  + 


AB^+ 


8-1 

writing  down  only  the  terms  in  which  Aff  appears. 

m 


Similarly,    Aa'^^-f^Aff-^^ 

8   "^  V 
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-(?-;)  (7-7)-^- 

which  gives  the  distance  requiiecL 

105.  K  ay  fii  7,  8  and  a',  ff^  7',  S  be  tetrahedzal  co-ordinates 
of  the  points  0,  0'  we  deduce  the  expression  for  the  square  of 
the  distance, 

O{?^-(a-a)03-/8')^LB'+ 

which  gives  the  distance  between  two  points,  when  their  tetrahe- 
dral  co-ordinates  are  given. 

106.  To  find  the  relation  between  the  co^ordinatea  of  a  plane. 

Let  0,  /9,  7,  5  be  the  co-ordinates  of  a  plane,  X,  /a,  i;,  p  the 
cosines  of  the  angles  between  the  direction  in  which  the  co-ordi- 


nates are  measured,  and  the  perpendiculars  from  A,  By  (7,  D  on 
the  opposite  faces,  and  let  Aa  be  the  perpendicular  on  BCD^ 
^k9  '^oi  ^4  those  from  B,  (7,  D  on  the  plane  drawn  through  a 
parallel  to  the  given  plane,  JEFihQ  trace  of  this  plane  on  BOD. 

Project  Aa  on  the  normal  to  the  given  plane ; 

/.  p^\  =  a  -  )8  +  Wj 

=  a  -  7  +  «r.  } .  (1) 
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Now  since  v^,  tv,,  tr^  are  proportional  to  the  perpendiculars 
on  EF,  fiom  B,  (7,  Z>, 

ajiiaCD-^aDB  +  oBG^BGD; 
.-.  by  {l),p^\.BCD  =  a.BCD'-fi.aCD'^y.aDB-B.aBCi 
also,    f^.BOD^p^.AGD^Tp^.ADB^f^.ABG\ 

.-.  X«--^cos(GZ?)-^cos(Z>i?)--cos(5a), 
Pi    ft  ft  ft-      ^      ' 

denoting  by  ( (72>)  the  angle  between  the  faces  which  meet  in  C2>, 
and  similarly  for  the  rest. 

Similar  values  may  be  obtained  in  the  same  way  for  /u^,  v, 
and  p. 

If  Pbe  the  foot  of  the  perpendicular  from  A  on  the  given 
plane,  the  perpendiculars  from  P  on  the  faces  of  the  tetrahedron 

vill  be 

a^-ft>  «/*»  ai'i  ap, 

...a?^l^:^  +  /3^+7 -  +  8.^  =  0;      Art.  (81) 

ft         i>         ft 


JPi        ft        ft        ft 
^      ff      ff       ^ 

ft      ft      ft     ft 

«?«^cos(C72)) -^cos  (2)5) -^008(5(7) 
i^A  ftft  ftft 

-Mc08(JP).^C08(^0)-?^C08(^2))  =  l, 

-Pl^4  PJf>^  PJ>S 

which  is  the  relation  required. 


*  The  equation  of  a  straight  line,  referred  to  trilinear  ^M-ordinates,  is 

Pi         Pt        Pa 
where  «ri,  targ,  lars  are  the  perpendioulars,  estimated  in  the  same  direction,.  fh>ni  the 
angular  points  of  the  fandamental  triangle  vpon  the  straight  line,  and  pi,pt,Pi 
those  upon  the  sides.    Now,  taking  EF  for  the  straight  line,  and  BCD  for  the  fun- 

damental  triangle,  for  a,  a  point  in  that  line,  ~  :  -^  :  -^  ::  aCD  :  aDB  :  oBC, 

Pi     P%     Pb 

.'.  tari .  aCD  +  t^s .  aDB  +  v^ .  aBC=0, 

whence  the  equation  in  the  text. 


""^^     'V  /Cc    o^^-^^v/  A. 
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107.  To  find  the  relaiians  hetioeen  the  ochordmates  cfa  plane 
ai  an  infinite  distance. 

If  the  plane  be  at  an  infinite  diBtance,  the  difference  between 

any  two  of  its  co-ordinates  will  vanish  compared  with  either  of 

them ;  whence,  if  a,  i9,  7,  S  be  the  co-ordinates  of  the  plane,  we 

must  have 

0  =  ^  =  7  =  8, 

the  relations  required. 

108.  Since  each  of  the  co-ordinates  is  of  infinite  magnitude^ 
the  expression  for  X  in  the  last  article  will  give  us 

0  =  i- L  cos  (02))  - -cos  (2)jB)  -  i  cos(50), 

Pi     P%  P%  Pa 

which  is  the  equation  arising  from  the  projection  of  the  faces 
meeting  in  A  upon  BCD. 

From  this  and  the  three  similar  equations,  we  may  eliminate 
PiiPvP»9  ^^^Pv  ^^^  obtain  the  relation  which  subsists  between 
the  cosines  of  the  inclinations  of  the  faces. 

109.  To  find  the  perpendic\dar  from  a  given  point  upon  a 
given  plane^  referred  to  Tetrahedral  Co-ordinates, 

Let  (a',  fij  y'i  S^)  be  the  co-ordinates  of  the  point, 

&i  +  «»i8  +  n7  +  rS=sO, 

the  equation  of  the  plane. 

If  Oj,  fi^y  7j,  Sj  be  the  point-co-ordinates  of  the  plane,  the 
equation  of  the  plane  may  be  written 

flWi  +  ^/Si  +  ryi  +  ^i^O,  Art.  (81), 

and  the  perpendicular  required  is  equal  to 

a\  +  fffi,  +  7V1  +  S'8|  •  Art.  (94). 

^    ^     ^     r  /K+ «i^eos((72))- I 

V  (p,  PiP,     ^  J 

therefore  the  perpendicular  required  is 

la  4-  niff  +  nrf'  -{-  rB' 

±  A/i— «  + cos(CZ))- [ 
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It  may  be  shewn,  without  much  difficnlty,  that  the  denomi- 
nator of  this  expression  cannot  vanish  for  real  vaLnes  of  Z :  m :  n :  r, 
except  when  2 = m  =  n  =  r,  in  which  case,  since  a^s/S^asiy^sS^ ,  the 
plane  is  at  an  infinite  distance. 

110.  To  find  the  cosines  of  the  angles  which  a  plane^  whose 
co-ordinates  are  given,  makes  with  the  faces  of  the  tetrahedron. 

If  \,  fi,  V,  p  be  these  cosines,  a,  fi,  y,  S  the  co-ordinates  of  thd 
given  plane,  we  have  deduced  in  the  previous  article 

\  =  ^  -^cos  (CD)  -  ^oos  (2)5)  =  i  cos (J?£7), 
ft     A  Pb  a 

and  similarly  for  /a,  v,  p. 

The  relation  between  X,  /i,  v  and  p  is  formed  immediately 
from  the  consideration  that  the  equatioh 

Pi     Pt      Pt     Pa  .     ' 

when  the  plane  moves  parallel  to  itself  to  an  infinite  distance, 
becomes 

Pi      Pt      Pz      Pi 

If  the  plane  be  the  face  BCD, 

\  =  1,    /A  =  -  cos  CD,    1/  =  —  cos  DB,  and  p  =  —  cos  BC; 

.'.  -  --  cos  GD  -  -  cos  2)5  -  —  cos 5(7=  0, 

Pi     Pit  Ps  A 

as  before.  Art.  (108). 

111.  To  find  the  condition  tJuU  two  planes  whose  co-ordinates 
are  given  may  he  parallel. 

If  (a,  /8,  %  8)  W,  A'*  7/,  S')  be  the  two  planes, 

since  the  perpendicular  distance  between  the  planes  is  constant. 

112.  To  find  the  equation  of  a  line. 

Let  the  equations  of  two  points  in  the  line  be 

u=l%+  m/3  -f  n7  +  i/S  =  0, 
r  =  Ta  +  m'/8  +  ny  +  vB  =  0, 
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then,  for  every  point  in  the  line  joining  them,  Xic  +  /it)  =  0,  for 
some  value  of  X  :  /i. 
Hence,  if 

be  an  equation  in  which  L,  M,  JV,  B  involve  only  one  variable  in 
the  first  degree,  this  is  the  equation  of  any  point  lying  in 
a  certain  straight  line,  and  may  therefore  be  considered  as  the 
equation  of  a  straight  line. 

113.     To  find  the  equation  of  a  plane. 

Let  tt  =  0,  i^bO,  «7sO  be  the  equations  of  three  points  in 
the  plane,  not  in  the  same  straight  line. 

Then  Xu  +  /ut;  +  vu?  ="  0  for  any  point  in  that  plane  with 
certain  values  of  X  :  /i  :  y. 

Hence,  if 

jLa  +  Jf/3  +  JV7  +  5S»0 

be  an  equation  in  which  X,  if,  N^  R  involve  any  two  variables 
in  the  first  degree,  the  equation  is  that  of  any  point  lying  in 
a  certain  plane,  and  may  therefore  be  considered  as  the  equation 
of  the  plane. 

VIIL 

(1)  The  equation  of  the  center  of  gravily  of  the  fiice  ABC  is 

o  +  )8  +  y  =  0. 

Hence,  shew  that  the  lines  joining  the  vertices  with  the  centers  of 
gravity  of  the  opposite  &ces  meet  in  a  point. 

(2)  The  equation  of  the  center  of   the  circle  ciroumscribing 
the  triangle  ABO  is 

asin2i  +  )3sin2^  +  Ysin  2(7«  0. 

(3)  The  co-ordinates  of  the  plane  passing  through  the  centers  of 
gravity  of  the  £EU)es  AGD,  ADB,  and  ABC  are  given  by  the  equations 

(4)  If  P  be  any  point  on  BD^  Q,  R  points  in  AG,  such  that 

AQ  :  QC  ::  DP  :  PB  ::  CR  :  M 

then  PQ  and  PR  will  intersect  the  UneB  joining  the  middle  points  of 
BGj  ADf  and  AB,  CD  respectively,  and  divide  them  in  the  same 
ratio  B»  AC. 
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(5)  If  tiirongh  the  middle  points  of  ike  edges  BC,  CD,  DB 
straight  lines  be  drawn  parallel  respectively  to  the  opposite  edges^ 
these  straight  lines  will  meet  in  a  point ;  and  the  line  joining  this 
point  with  A  will  pass  through  the  center  of  gravity  of  the  pyramid. 

(6)  The  equation  of  the  center  of  grayity  of  the  surfiioe  of  the 
tetraJiedron  is 

(7)  Shew  that  the  equation  of  the  centers  of  the  ei^t  spheres 
which  touch  the  &oes  or  the  &ces  produced  of  the  fundamental 
tetrahedron  are 

(8)  The  center  of  the  inscribed  sphere  lies  on  the  line  joining  the 
centers  of  gravity  of  the  volume  and  of  the  sur&oe  of  the  tetrahedron, 
and  divides  it  in  the  ratio  3  :  1. 

(9)  The  points  By  C,  D  are  joined  to  the  centers  of  gravity  of  the 
opposite  fiicesy  and  the  joining  lines  produced  to  points  b,Cyd^ao  that 
Bf  b,  dba,  are  equidistant  fi:om  the  corresponding  faces,  prove  that  the 
co-ordinates  of  the  plane  bed  are  given  by  the  equations 

—  2a  =  /S  =  y  t=  8, 

and  that  this  plane  divides  the  edges  AB,  ACy  AD  in  the  ratio  1  :  2. 

(10)  If  points  be  taken  in  the  lines  joining  B,  C,  D  to  the  centers 
of  gravity  of  the  opposite  hcea,  dividing  them  in  the  ratio  m  :  nj  the 
plane  containing  these  points  divides  the  edges  AB^  AG,  AD  in  the 
ratio  m  :  2m  +  39%. 

(11)  If  through  any  point  F  straight  lines  AP,  BP,  OP,  DP  be 
drawn  meeting  the  opposite  &ces  ]m  <h  b,  e,  dy  ike  straight  lines 
AB,  ab  intersect,  and  their  point  of  intersection  and  the  point  in 
which  Cd  meets  AB  divide  A^  harmonically. 

(12)  The  straight  lines  joining  D  to  the  intersection  oiABy  aby 
and  A  to  the  intersection  of  DB,  db,  will  intersect  in  a  point  lying 
on  Be, 


CHAPTER  VII. 

TBANBFOBMATION  OF  CO-OBDINATES. 

114.  The  inveBtigation  of  the  properties  of  a  surface  repre- 
sented bj  a  given  equation,  is  often  rendered  more  convenient  by 
referring  it  to  a  different  system  of  co-ordinate  axes,  in  the  choice 
of  which  we  must  be  guided  by  the  nature  of  the  investigation 
proposed.  We  proceed  to  obtain  formula  by  means  of  which 
such  transformation  may  be  effected. 

115.  To  change  the  origin  of  co-ordmatea  from  one  point  to 
another  y  without  altering  the  direction  of  the  axes. 

Let  a,  /8,  7  be  the  co-ordinates  of  the  new  origin  0  referred 
to  the  primary  system,  x^  y,  z,  x\  y\  z*  co-ordinates  of  any  the 
same  point  P  referred  to  the  first  and  second  systems  respec- 
tively. Then  the  algebraic  distance  of  P  from  the  plane  oiyz, 
measured  parallel  to  the  axis  of  a?,  is  equal  to  its  algebraic  dis- 
tance fiK>m  the  plane  oiy'z\  together  with  the  algebraic  distance 
of  that  plane  from  the  plane  oiyz.  But  these  distances  are  x^  x\ 
a  respectively. 

Hence  a?  =  a;'  +  a, 

and  similarly  y=y'  +  Py 

«  =  «'  +  7» 
are  the  formulas  required. 

116.  Since  the  formulsB  thus  obtained  involve  three  arbitrary 
constants,  we  can  generally  by  this  transformation  make  the  co- 
efficients of  three  terms  in  the  resulting  equation  vanish,  but  as 
the  coefficients  of  the  terms  of  highest  dimensions  are  unaltered, 
none  of  the  three  terms,  so  eliminated,  can  be  of  the  same  dimen- 
sions as  the  degree  of  the  equation.  Thus,  in  an  equation  of  the 
second  degree,  we  can  generally  destroy  the  terms  of  one  dimen- 
sion in  Xj  y,  and  z\  in  an  equation  of  the  third  degree,  three  of 
the  terms  of  two  dimensions,  and  so  on  with  equations  of  higher 
orders.    If,  however,  the  terms,  whose  coefficients  we  destroy, 
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differ  hy  more  than  one  dimension  from  the  degree  of  the  equa- 
tion, the  equations  for  determining  a,  /S,  7  in  order  to  effect  this 
result,  will  rise  to  the  second,  third,  or  higher  orders,  but  in  a 
surface  of  the  n^  degree,  the  coefficients  of  the  terms  of  n  —  1 
dimensions  in  the  transformed  equation  will  inrolve  a,  /3,  7  only 
in  the  first  power. 

For,  if  /(a?,  y,  «)  =  0  be  the  equation  of  the  n*  degree,  the 
transformed  equation  will  be  /(a?'  +  a,  y '  +  j8,  «'  +  7)  =  0, 


or 


/<*ft»)+(-i+4^''D+ 


+ 


(««^,...).(^g....).,, 

and  the  coefficients  of  a;'*'\  x"^'^y\  &c in  the  transformed 

equation  will  be 

^•-y  dry 

each  of  which,  since /(a,  /8, 7)  is  a  function  of  «  dimensions,  will 
be  of  the  first  degree  onlj  in  a,  /9,  y.  Hence,  if  we  equate  three 
of  these  quantities  to  zero,  we  obtain  three  equations  of  the  first 
degree  in  a,  /9,  7,  which,  if  they  be  independent  and  consistent 
will  give  the  point  to  which  the  origin  must  be  transferred  in 
order  to  destroy  the  three  corresponding  terms  of  the  equation. 

117.  To  transform  from  one  system  <f  (Xhordinatea  to  another 
system  hamng  the  same  ortyin,  loth  systems  being  rectangular. 

Let  Oxy  Oy,  Oz  be  the  first  system;  Oa?',  Oy\  Oz'  the 
second;  a,,  ftj,  c^;  a,,  6„  c,;  a,,  J,,  c,;  the  direction-cosines  of 
Ox\  Oy\  Oz\  referred  to  Ox,  Oy,  Oz;  «,  y,  z;  x\  y\  «';  co- 
ordinates of  the  same  point  in  the  two  systems. 

Then  the  algebraic  distance  of  the  point  from  the  plane  oiyz 
is  X ;  but  measured  successively  parallel  to  Ox\  Oy\  Oz\  this 
same  distance  is  a^  +  ajf  -f  aji.    Hence 

X  =  a^  +  a^'  +  a^', 

and  similarly,  y  =  I^t!  +  hj  +  V»  |  (1 ) 

the  formularrequired. 
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The  nine  constants  introduced  in  these  lesnlts  axe  connected 
hj  six  equations  of  condition,  expressing  that  the  two  systems  of 
co-ordinates  are  rectangular,  for  since  Ox^  Oy^  Oz  are  mutually 
at  right  angles,  we  have  the  system  of  equations 

and  by  reason  of  Ox\  Oy\  Oz'  being  also  at  right  angles,  the 
system 

«A  +  ^*i  +  Vi^^»[  (B) 

The  number  of  disposable  constants  in  this  transformation  is 
therefore  only  three. 

The  relations  (A),  (B)  subsisting  among  the  nine  constants 
involyed  in  these  formulae  may  also  be  written 

V  +  V+V-i,f  (A') 

hfi^  +  ft,c,  +  ft,c,  =  0, 1 

CA  +  CA  +  c,a, «  0, 1  (B') 

«A  +  «A+«A=^-' 
by  considering  Ox\  Oy\  Oz'  the  primary  system  of  axes,  in 
which  case  the  direction-cosines  of  Ox^  Oy^  Oz^  will  be  (a^  a„  a,), 
(&„  6,,  ij,  (Cj,  c,,  cj.  The  equations  (A')  and  (B')  expressing  the 
same  facts  as  the  equations  (A)  and  (B),  are  of  course  deducible 
from  those.  Either  system  may  be  obtained  from  the  identical 
equation  aj^  4-  y*  +  «*  =  a"  +  y'*  +  «**,  substituting  for  x,  y ,  z  their 
equiyalents  giyen  in  equations  (1),  or  similarly  for  x\  y\  z\ 

9 

118.    The  relations  between  these  constants  may  also  be  ex- 
pressed in  the  following  convenient  form. 
From  the  equations 

^ A  +  6 A  +  ^A  —  ^»  ^A  +  *A  +  ^s^i  =  ^> 
we  obtain  immediately 
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s 

each  member  of  these  equations  is  therefore  e(]lual  to 

by  equations  (A),  (B). 

In  a  similar  manner,  we  obtain 

«-  J«  <?• 


*8^1 "  *1^8        ^Z^\  ""  ^1^8        ^8*1  ""  ^1*8 


_^ *3 ^_=:+  1. 


By  using  the  equations  (B')  in  a  similar  manner,  we  obtain 


a.  a^  a, 


L 


which  shews  that  the  ambiguities  in  the  three  systems  of  equa- 
tions here  obtained,  must  be  taken  all  of  the  same  sign. 

Any  two  of  these  three  systems  of  equations  may  be  taken  as 
completely  expressing  the  relations  between  the  nine  constants : 
the  third  system  being  inmiediately  deducible  from  the  other 
two. 

119.  Euler^a  JbrmuUe  for  Pran^rmmg  from  one  system  of 
rectangular  co-^yrdinatea  to  another  having  the  same  origin. 

There  being  in  the  formulas  already  obtained  for  this  purpose, 
nine  constants  connected  by  six  invariable  relations ;  it  must  be 
possible  to  obtain  formulse  to  effect  this  transformation  which 
shall  involve  only  three  constants.  The  three  chosen  by  Euler 
for  this  purpose  are  (1)  the  angle  which  the  intersection  of  the 
planes  of  xy  and  x'y'  makes  with  the  axis  of  a;,  (2)  the  angle 
made  by  the  same  straight  line  with  the  axis  of  x\  (3)  the  angle 
between  the  planes  of  xy  and  x*y\ 

Let  Ox,  Oy,  Oz  be  the  original,  Ox\  Oy\  Ofi  the  transformed 
axes  of  co-ordinates ;  Ox^  the  intersection  of  the  planes  of  xy^ 
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a^y':  xOx^^O,  x'Ox^=^^  uOz^^,  which  is  the  same  as  the 
angle  between  the  planes  of  xy^  x*y\ 


The  transformations  may  be  effected  by  snccessive  tran^ 
formations,  each  in  one  plane, 

(1)  through  an  angle  6y  in  the  plane  of  xy^  from  Ox^  Oy 
to  Or,,  Oy^\ 

(2)  through  an  angle  ^,  in  the  plane  of  y^z^  from  Oy^^  Oz 
to  Oy^  Oz') 

(3)  through  an  angle  ^,  in  the  plane  of  y,a?,  from  Ox^^  Oy^ 
to  Ox\  Oy. 

The  formulas  for  these  transformations  are,  using  the  same 
suffix  for  any  one  of  the  coordinates  as  for  the  corresponding 
axis,  _ ' 


fl^so^jcos  5  — y^sin^,  1 
y  s=aj,sin^+yjCostf,J 

yi=y,co8'f-«'8in'^, ) 
«  =  y,  sin  -^  H- «'  cos  ^,  j 


a;j=  aj' cos  0  —  y' sin  0,  ) 
y,=  Qo  sin  0  +  y'  cos  0. ) 
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from  which  we  obtain,  by  successiTe  substitations, 
x-x*  (cos  d  COS  0  —  sin  6  sin  0  cos  •^) 

—  y  (cos  d  sin  ^+  sin  5  cos ^  cos '^)  +«'  sin  0  sin  ^, 

y  —  x'  (sin  ^  cos  0  +  cos  5  sin  ^  cos  •^) 

—  y  (sintfsin^  — cos^cos^sin-^)  — ^'cos^sin*^ 

i?  =  a;'  sin  ^  sin'^  4-y'  cos  ^  sin  '^  +  ^  cos  ^. 

120.     2b  oitotra  Euler'8  formulae  for  iransformaJtion  directly 
by  Sphertcdl  Trigonometry. 

Describe  a  sphere  with  centre  0,  meeting  the  two  systems 

of  axes  in  XYZy  X'Y'Z"  respectively;  and  join  these  points  by 

arcs  of  great  circles,  producing  X'  Y*  to  meet  XFin  P. 

Then 

a?  =  oj'  cos  X'X + y '  cos  YX  +  z'  cos  Z'X, 

and  similarly  for  y  and  z. 

Also  XP^  e,  X'P=  ^,  XPX'  =  TT  -  ^, 

and    cosZX  =  cosXPcosXT+sinZPsinX'PcosXPX' 

=  cos  0  cos  ^  —  sin  0  sin  0  cos  '^y 
cos  Xr  =r  cos  -XPcos  Y'P  +  sin  ZPsin  FPcos  XPX' 

=  —  cos  0  sin  ^  —  sin  ^  cos  ^  cos  ^4^, 
cos  XZ'  =  sin  XPcos  XPZ\  PZ"  being  a  quadrant, 
=  sin  ^  sin  '^,  z  Z'PY'  being  a  right  angle, 
cos  F±'  =  cos  FPcos  X'P+  sin  FPsin  Z'Pcos  YPX 
=  sin  d  cos  0  +  cos  0  sin  0  cos  '^, 

cos  FF  =  cos  FPcos  F'P+  sin  FP sm  FPcos  YPY' 
=  —  sin  0  sin  0  +  cos  0  cos  ^  cos  '^, 
cos  YZ'  =  sin  FPcos  YPZ'  =  -  cos  5  sin  '^, 
Y'PZ'  being  a  right  angle,  and  PZ'  a  quadrant 

cos  ZX  =  sin  PZ'  cos  ZPX'  =  sin  0  sin  ^, 
PZ  being  a  quadrant,  and  ZPY  a  right  angle. 

cos  ZT  =  sin  PF'  cos  ZPT  =  cos  0  sin  y^, 
cos  iZZ'  =  cos  •^. 
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121.  These  formolss  are  too  complicated  and  tmajmrnetrical 
to  be  genejallj  employed.  A  modification  of  them  is  however 
sometimes  useful  in  determining  the  nature  of  anj  plane  section 
of  a  proposed  surface.  We  may  in  that  case,  by  using  the  first 
two  transformations,  make  the  plane  of  x^y^  coincide  with  the 
proposed  plane  section,  and  then,  making  z'  =  0,  obtain  the  equa- 
tion to  the  section  in  that  plane.  The  results  so  obtained  may 
be  at  once  derived  from  our  final  equations  by  making  0  =  0, 
a'  =  0,  or  directly  by  geometrical  considerations,  and  we  have 
the  formulsd 

a?  =  a?'  cos  5  —  y'  sin  0  cos  •^, 
y  =  a;'  sin  5  -fy'  cos  0  cos  y^, 
«  =  y'  sin  -^j 

by  effecting  which  substitutions,  we  may  obtain  the  equation  to 
the  curve  which  is  the  intersection  of  a  given  surface  with  a 
given  plane. 

Since  the  normal  to  this  plane  makes  an  angle  '^  with  the 
axis  of  ^,  and  the  plane  containing  the  axis  of  z  and  the  normal 

makes  an  angle  0  —  -r  with  the  plane  of  zx^  the  direction-cosines 

of  the  plane  will  be 

sin-^cosr^--),     sin -^  sin  f  ^  —  - j ,  ,cos'^; 

or  sin '^ sin 0,     — sin-^cos^,     cos'^. 

Hence,  if  the  equation  of  the  plane  be  &  +  my  +  n«  =  0,  the 
curve  of  intersection  of  which  with  the  surface  /(a?,  y,  2?)  =  0  is 
required,  we  shall  have 


, n 


,  and  tan  ^  = , 

m 


and  (^,  '^)  being  thus  determined,  the  equation  of  the  curve  of 
intersection  is 


/(ajcosfl  — ysin^cos^,  ajsin^  +  y cos^cos^,  ysin'^)=0. 

a 
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122.    As  an  example  of  the  aae  of  these  fonnuI»,  we  will 
examine  the  nature  of  a  section  of  the  surface 

which  represents  a  cone,  with  a  view  to  determine  the  circular 
sections,  if  any  exist.  The  equation  of  the  section  made  by  a 
plane  which  passes  through  the  point  (0, 0, 7),  makes  an  angle  '^ 
with  the  plane  of  anf,  and  whose  trace  on  that  plane  makes  an 
angle  0  with  the  axis  of  x,  is 

(oj'cosd— y'sin^cos-^)*     (a;' sin  g— y'cos 0  cos'^)*  _  (7-f  y'sin-^)* 

the  equation  of  a  curve  of  the  second  order,  which  will  be  a 
circle,  if 

cos*^     sin*^     cos'-^sin'g     cos'^^cos'^     sin*^ 
"1?^"*'"F~"         ?         "^         J"  ""T"' 

,    cos '^  cos  0  sin  0     cos  ^  cos  ^  sin  ^  _  ^ 
ano.  m  ^~  T«  "~  "• 

a  0 

Hence,  cos'^,  cos^,  or  sin  ^  must  be  equal  to  zero,  and  we 
obtain  the  systems  of  solutions, 

cos'i^  .  sin*^         1 


/T\  •         /v        COB  U   . 

(I)  CO8Vr  =  0,      -^+      J.      -       ^ 

(II)  co8^-0,    p^-^ ^» 


■  'M- 


or    cos  -^ 

or 


/TTT\              •    /I     A      1      cos"-^     sin'^ 
(III)  sm5  =  0,     -«  =  — ^ ^ 


or   co8'^  =  ± 


Of  these  solutions,  the  first  gives  impossible  values  of  0,  and 
the  second  or  third  impossible  values  of  ifr,  as  a>  ot  <h. 
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Suppose  a>  bf  the  oxAj  possible  circular  sections  are  given 
by 

1   .  1 


sin  ^  =  0,     cos  '^ 


■v(fi). 


or  there  are  two  systems  of  circular  sections  made  by  planes 
parallel  to  the  axis  of  x,  and  equally  inclined  to  it  at  an  angle 


123.  Transjbrmatton  from  a  system  of  rectangular  ocMyrdi- 
nates  to  a  system  of  oblique  (XM)rdtnates,  having  the  same  origin. 

If  (OiftjCj),  (OjijCj),  (a^JgC^  be  the  direction-cosines  of  the 
second  system,  referred  to  the  first,  we  shall  hare  the  equations, 
as  in  rectangular  co-ordinates, 

X  =  a^x  +  a^y  +  a,«', 
y  «  b^x  +  b^y  +  i,«', 
z  =  c^x  +  c^y'  +  c,«' ; 

but  the  six  equations  of  condition  which  in  that  case  subsisted 
will  now  be  reduced  to  the  three 

a,'  +  b*  +  c,*  =  1, 

and  we  have  six  disposable  constants  remaining. 

124.  Transformation  from  one  system  of  co-ordinates  to  an- 
other  having  the  same  origin^  both  systems  being  oblique. 

Let  Ox,  Oy^  Oz ;  Ox\  Oy\  Oz*  be  the  two  systems ;  On,  On\ 
On'  the  normals  respectively  to yz^  zx,  and  xy,  and  let  nx  denote 
the  angle  nOx,  and  so  for  the  others.  Then  the  distance  of  a 
point  whose  co-ordinates  in  the  two  systems  are  respectively 
(oj,  y,  «),  {x\  y\  z)  from  the  plane  of  y«,  is  x cos na?,  and  is  also 

od  cos  noc  +  y  cos  ny  +  z  cos  nz. 

G2 
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Whence     a?  cos  wa?  =  cc'  cos  na?'  +  y'  cos  ny  +  a'  cos  n«', 

and  similarly, 

y  cos  vly  =  a'  cos  nx  +  y'  cos  ny  +  »'  cos  n'«', 

z  cos  n"«  =  a?'  cos  nx  +  y'  cos  n"y'  +  «'  cos  w  «', 

the  required  formuldB,  involving  in  this  form  twelve  constants, 
but  as  they  may  be  written  in  the  form 

X  =  a^  +  a,y'  +  aji\ 
y  =  \x  -f  J,y'  +  J^', 
«  =  c^a;'  +  c^'  +  Cgs', 

where  a,  = ,  and  similarly  for  the  others,  we  see  that 

*     cos  naj '  ^ 

really  only  nine  constants  are  involved,  and  these  are  connected 

by  three  equations  on  account  of  the  angles  between  the  original 

axes  being  fixed,  so  that  there  are  still  six  disposable  constants 

only. 

125.  TramformaJtion  from  any  one  syHem  of  axes  to  any 
other. 

If  we  wish  in  any  of  the  above  transformations  of  the  direc- 
tions of  the  axes  also  to  remove  the  origin,  we  may  first  remove 
the  origin  to  the  point  (a,  ^,  7),  retaining  the  directions  of  the 
axes.    This  will  give 

aj  =  ajj  +  a,    y  =  yi  +  A     «  =  «i  +  % 

^i>  yi>  ^1  heing  the  co-ordinates  of  a  point  (a?,  y,  z)  referred  to  the 

system  of  axes  through  the  new  origin  parallel  to  the  primary 

system.    Now  changing  the  direction  by  transformations  of  the 

form 

x^  — a^ -^r  a^y'  ■\' aji y  &c., 

we  see  that  the  most  general  transformation  possible  is  obtained 
by  formulae  of  the  form 

a?  =  a  +  a^  -f  ajf  +  «,«', 
y  =  /S+ija;'  +  J,y'  +  i/, 
«  =  7  +  c^x  +  c^y  +  Cjg'. 
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126.  To  shew  that  the  degree  of  an  equation  cannot  he  changed 
by  transfoTTnatton  of  co-ordtnatea. 

We  can  now  prove  the  important  proposition,  that. the 
degree  of  an  equation  cannot  be  altered  by  any  transformation 
of  co-ordinates :  the  degree  of  an  equation  meaning  the  greatest 
number  which  can  be  obtained  by  adding  the  indices  of  the  co- 
ordinates involved  in  any  term.  For  let  At^x/^^  be  a  term  in 
an  equation  of  the  n***  degree,  such  that  ^  + j  +  r  =  «:  this  will 
be  a  type  of  all  the  terms  of  the  n^  degree  involved  in  the  equa- 
tion, any  one  of  which  may  be  obtained  by  assigning  to  -4,^,  y,  r 
suitable  values.   Now  on  any  transformation  this  term  becomes 

A  (a  +  a,a:'+a,y+a/)'  08-I-  i,a:'+ftj^'+ J/)«  (7+0,0?'+ c^+c/)', 

and  no  term  in  this  product  rises  beyond  the  degree  |>  +  j  +  r 
or  n.  Hence  the  degree  of  an  equation  cannot  be  raised  by 
transformation  of  co-ordinates.  Nor  can  it  be  depressed,  for  if 
by  any  transformation  the  degree  be  depressed,  then  on  retrans- 
formation,  the  degree  of  the  equation  so  depressed  would  be 
raised  to  its  original  value,  which  we  have  seen  to  be  im- 
possible. 

127.  To  transfiyrm  from  rectangular  to  polar  co-ordinates* 

In  the  cases  in  which  polar  co-ordinates  are  required  to  be 
used,  we  may  first  transform  the  axes  so  that  the  axis  of  z  is 
parallel  to  the  line  firom  which  0  is  measured,  and  the  plane  of 
zx  parallel  to  the  plane  from  which  ^  is  measured.  If  when 
referred  to  these  axes  the  co-ordinates  of  the  pole  be  a,  /9,  7,  the 
formula  expressing  the  rectangular  in  terms  of  the  polar  co-or- 
dinates will  be 

a;  =  a  +  rsindcos^,  y  =  /3  +  rsin^sin0,  «  =  7+rcos^. 

128.  To  transform  from  a  four-plane  to  a  thre&plane  co-or- 
dinate  system. 

This  is  immediately  effected  by  the  substitution 

a  —p  —  fe  —  my  —  nz^ 
and  by  similar  substitutions  for  )S,  7,  S.     (Art.  72.) 

If  the  three  planes  terminating  in  i>  be  taken  for  the  three- 
plane  system,  and  Z,  w,  n  be  the  sines  of  the  angles  whiV.H  the 
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edges  DAy  DB,  DC  make  with  the  planes  DBG,  DC  A,  DAB 
respectively,  we  shall  have 

and  therefore  S  =  0.  (1 — J 

V      p,     A     pj 

for  the  formnlsB  of  transformation. 

129.     To  tran^/brm  from  one  Jmr-paitU  co-ordinate  system  to 
another. 

If  the  equations  of  the  fimdamental  points  of  the  second 
system,  referred  to  the  first,  be 

la  +  mfi  H-  wy  +  rS  =  0,  &c., 

and  a,  /9,  7,  8 ;  a\  )8^,  7',  8',  be  the  co-ordinates  of  any  plane 
in  the  two  systems, 

,     la  +  mfi  +  nry  +  rS     «         ...    _„. 

from  which  equation  the  formulae  required  for  transfonnation  can 
be  deduced. 

VIIL 

1.  If  the  expression  «jc"+  6y"+  cs?+  2a' yz  +  2Vzx  +  2c  xy  become 
by  transformatioxi  of  eo-€»dinatea, 

shew  that 

a  +  6  +  c=a  +  j8  +  y, 
and 

Ac -I- ca  +  a*  ^  a  •- ft"- 0"=  )8y  4.  ya  +  a/8  -  a"- J8^- y  •, 
both  systems  of  axes  being  rectangular. 

2.  If  (^iW^nj),  (}jfnjfi^,  (^s^s^a)  ^  *^®  direction-coBines  of  a  sys- 
tem of  rectangular  axes,  and  iff-+  —  +—  =  0,  and  -s-  +  —  +  —  =  0, 

then  will  j-+  — +  —  =  0,  and  a  \h  :  c  w  l^lj^  :  m^m^m^  :  n^n^n,. 

3.  If  al^'+  6w/+  cni'=  0  =  aZ,*+  6w/+  en/  =  aZ3'4-  6-m3'+  c»,*, 
shew  that 

l*-m*  :  I'-m^'  :  l^-m^*  ::  m^-n^  :  m^-n*  :  m^-n^, 
and  that 
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4.  Transform  the  equation  yz -k- zx -h  xy  =  a\  refeired  to  rectan- 
gular axes,  to  an  equation  referx^  to  another  system,  one  of  which 
makes  equal  angles  with  the  original  axes. 

5.  Shew  that^  by  the  same  transformation  as  in  the  last  problem, 
the  equation 

is  reduced  to  the  form 

4a:"  +  y*  -I-  «•  =  2a\ 

6.  The  equations  of  the  straight  lines  bisecting  the  angles  be- 
tween the  straight  lines  given  by  the  equations 

are 

2a;  +  my  +  7»  =  Oy    af  {anl-  h  (n*+  ^}-^xy{a  (m*+  n^-c  (n*+  Z*)} 

-  y*  {cnm  -  b  (»»•+  »*)}  =  0. 


7.  The  equations  of  the  straight  lines  bisecting  the  angles  be- 
tween the  straight  lines  given  by  the  equations 

£v  +  my -<- n«  =  0,    flwj*+6y*+c»"=0, 

are 

Lc  +  my  +  n»  =  0,    «*  (6  -  c) + y*  (c  -  a)  +  «"  (a  -  i) 

4.  ?l{-r(6-c)  +  m'(c-a)  +  nVa-6)} 
m» »       ^        '  \        /         \        /# 

+  g{p(6^c)-m*(c-a)  +  n"(a-6)}. 

8.  Shew,  by  transformation  of  four*point  oo-ordinates,  that  the 
center  of  gravity  of  a  tetrahedron  is  also  the  center  of  gravity  of  the 
tetrahedron  formed  by  joining  the  center  of  gravity  of  the  faces. 

9.  Shew,  by  the  same  method,  that  the  center  of  gravity  of  the 
sur&ce  of  a  tetrahedron  is  the  center  of  the  sphere  inscribed  in  the 
tetrahedron  formed  by  joining  the  centers  of  gravity  of  the  fiu^es. 


CHAPTER  VIII. 

ON  CERTAIN  SURFACES  OF  THE  SECOND  ORDER. 

130.  Before  we  proceed  to  discuss  the  general  equation  of  the 
second  order,  we  think  it  advisable  for  the  student  to  render 
himself  familiar  with  some  of  the  properties  of  the  surfaces  which 
are  represented  by  the  general  equation.  We  shall  therefore 
introduce  him  to  the  equations  of  these  surfaces  in  their  simplest 
forms,  in  which  the  axes  of  co-ordinates  being  in  the  direction 
of  lines  symmetrically  situated  with  regard  to  these  surfaces, 
the  nature  and  properties  of  the  surfaces  will  be  more  easily 
deduced.  The  student  will  thus  be  enabled  more  clearly  to 
understand  the  methods  adopted  in  the  general  equations. 

For  this  purpose  we  shall  give  geometrical  definitions  of  the 
surfaces,  and  deduce  equations  from  those  definitions :  and  we 
shall  shew  vice  versd  how  fi-om  these  equations  the  geometrical 
construction  of  those  surfaces  can  be  deduced. 

The  Sphere. 

131.  To  find  the  equation  of  a  sphere, 

Def.  a  sphere  is  the  locus  of  a  point,  whose  distance  from 
a  fixed  point  is  constant.  The  fixed  point  is  the  center  and  the 
constant  distance  the  radius  of  the  sphere. 

Let  (a,  J,  c)  be  the  center  of  the  sphere,  r  the  radius,  (05,  y,  z) 
any  point  on  the  sphere ; 

This  equation  may  be  written  in  the  general  form 
a?  +  y*  +  »*  +  ^ic  +  %+Ci;  +  Z)  =  0, 
the  equation  required. 

132.  Since  the  general  equation  of  the  sphere  contains  four 
arbitrary  constants,  the  sphere  may  be  made  to  satisfy  four  spe- 
cific conditions. 

It  may  be  seen  from  geometrical  considerations  that,  when 
four  conditions  are  given,  there  may  be  only  one  sphere,  or  a 
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limited  number,  or  an  infinite  number  of  spheres,  which  satisfy 
the  equations;  at  the  same  time  the  four  conditions  must  be 
consistent  with  the  nature  of  a  sphere,  and  if  this  be  the  case 
and  the  conditions  be  independent,  there  must  be  a  Umited 
number  of  spheres  satisfying  those  conditions.  For  example,  if 
four  points  be  given  through  which  a  sphere  is  to  pass,  no  three 
points  can  lie  in  one  straight  line,  and  if  four  points  lie  in  one 
plane,  they  must  also  lie  in  a  circle,  otherwise  no  sphere  could 
pass  through  them,  and  if  such  a  condition  is  satisfied,  an  infinite 
number  of  spheres  can  be  constructed  each  of  which  contains  the 
circle  in  which  the  four  points  lie ;  if  the  four  points  do  not  lie 
in  a  plane  so  that  the  four  conditions  to  be  satisfied  are  inde- 
pendent, the  sphere  is  completely  determined. 

Again,  if  four  planes  be  given,  each  of  which  is  to  be  touched 
by  the  sphere,  no  three  of  these  must  have  one  line  of  intersec- 
tion, and  the  four  cannot  pass  through  one  point,  except  under 
a  condition,  and  in  that  case  an  infinite  number  of  spheres  can 
be  drawn,  touching  the  four  planes.  In  other  cases,  eight 
spheres  can  be  drawn  satisfying  the  conditions. 

EqucUion  of  a  sphere  under  specific  condttiona. 

133.  To  find  the  equation  of  a  sphere  passing  through  a  given 
paint* 

Let  (a,  ft,  c)  be  the  given  point,  and  the  equation  of  the 
sphere 

.-.  ic"  +  y"+«*  +  ^(a;-a)+5(y-J)  +  (7(«-c)  =  a*+i"  +  c" 
is  the  equation  required. 

If  the  point  be  the  origin,  the  equation  becomes 

aj^  +  y*  +  «•  +  ^x  +  ^  +  Cfe  =  0, 

and  the  sphere  may  satisfy  three  more  conditions. 

134.  To  find  the  equation  of  a  sphere  which  passes  through 
ttoo  given  points  in  the  axis  of  z. 
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Let  c^,  0,  be  the  distances  of  the  given  points  from  0 ;  when 
a;  =  0,  y=:0,  the  equation  must  become  («  — cj  («  — cj=0; 
therefore  the  equation  of  the  sphere  is 

If  the  sphere  touches  the  axis  of  «,  c^^c^^ 7,* 

135.  To  find  the  equations  of  spheres  which  touch  the  t/iree 
axes. 

Let  the  equation  of  the  sphere  be 

Since  it  touches  the  axis  of  x^  let  a  be  the  distance  from  the 
origin ;  therefore  when  y  =  0,  «  =  0, 

the  roots  of  which  are  each  equal  to  +  a ; 

.•.  -4  =  +  2a  and  D  =  a*. 

Similarlj,  ^  +  jB^  +  a*  is  a  complete  square ; 

.'.  -B=  ±  2a  and  (7=  ±  2a, 

and  the  equations  of  the  spheres  which  satisfy  the  given  con- 
ditions are 

«*  +  »*  +  «*  ±  2aaj±  2ay  ±  2a«  +  a*  =  0, 

which  are  eight  in  number  for  any  given  value  of  a,  corres- 
ponding to  the  different  compartments  of  the  co-ordinate  planes. 

136.  To  find  the  equation  of  a  sphere  touching  the  plane  of 
xy  in  a  given  point. 

Since  the  sphere  meets  the  plane  of  a?y  in  the  given  point 
(a,  h^  0)  only,  when  z^%  the  equation  must  reduce  to 

(aJ-a)»+(y-J)*  =  0. 

Therefore,  the  equation  of  the  sphere  is 

[x -  a)'+  (y-  J)«  +  ««+  C7«  =  0. 

*  The  symbol  =>  denoting  identity,  b  employed  by  continental  writers^  because 
it  is  frequently  conTenient  to  distinguish  between  identity  and  equality. 
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137.  IfUerpretatian  of  the  expression 

(a'-a)'+(y-i)»+(«-c)*-/ 
in  the  equation  sfa  sphere. 

Let  the  equation  of  the  sphere  be 

(a:-a)'+(y-ir+(«-c)«-r»  =  0, 

and  (a?',  y',  z')  be  any  point  Q,  C  the  center  of  the  sphere,  and 
let  a  straight  line  through  Q  intersect  the  sphere  in  the  points 
P,  P\  and  its  equations  be 

x  —  x'     V  —  y'     «  —  «' 
I  m  n        ^' 

therefore  at  the  points  P  and  P 

if  Pj,  p^  be  the  roots  of  this  equation, 

therefore  the  left  side  of  the  equation  for  any  point  (x, y ,  z')  is 

QP.QP,  or  ^QP.QP, 

according  as  Q  is  without  or  within  the  sphere. 

If  Qbe  without  the  sphere  it  is  the  square  of  a  tangent  drawn 
from  Q  to  the  sphere. 

If  Q  be  within,  it  is  the  square  of  the  radius  of  the  small 
circle  on  the  sphere  whose  center  is  Q. 

CoR.  All  tangents  drawn  from  an  external  point  to  the 
sphere  are  equal. 

On  the  Eelations  of  two  or  more  Spheres. 

138.  To  find  the  equation  of  the  radical  plane  oftioo  spheres. 

Def.  The  radical  plane  of  two  spheres  is  the  locus  of  points, 
through  which  if  lines  be  drawn  intersecting  the  spheres,  the 
product  of  the  distances  of  the  points  of  intersection  from  these 
points,  measured  in  one  direction,  is  the  same  for  the  two  spheres. 

Let  the  equations  of  the  two  spheres  (A)  and  (6)  be 
and  {x  -  a7+  (y  -  Vy  +  («  -  cf  -  r'*  5  tt'=  0. 
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The  equation  of  the  radical  plane  is  therefore 

w  - 1*'  =  0. 

139.  To  shew  that  the  six  radical  planes  ofjbmr  spheres  tnfer- 
sect  in  one  point. 

Let  w=0,  tt=0,  t«"  =  0,  w"'  =  0 

be  the  equations,  in  this  form,  of  the  four  spheres. 

The  equations  of  the  six  radical  planes  are  given  by 

u  =  u  =^u   =t«   , 
which  intersect  in  one  point  determined  by  these  equations. 

Dep.  The  point  of  intersection  of  the  six  radical  planes  is 
called  the  radical  center  of  the  four  spheres. 

Poles  of  Similitude. 

140.  Dep.  If  a  point  be  found  such  that  the  tangents 
drawn  to  two  spheres  are  proportional  to  the  radii  of  the  spheres, 
such  points  are  called  Poles  of  Similitude. 

If  the  Pole  of  Similitude  be  in  the  line  joining  the  centers  of 
the  spheres  produced,  such  a  pole  is  called  the  Eoctemal  Pole  of 
Similitude. 

If  the  pole  of  similitude  be  in  the  line  joining  the  centers  it 
is  called  the  Internal  Pole  of  Similitude. 

If  the  spheres  intersect  the  internal  pole  in  a  point  through 
which  if  chords  be  drawn  to  each  other,  the  rectangles  under  the 
segments  are  proportional  to  the  squares  of  the  radii. 

Both  poles  of  similitude  are  the  vertices  of  the  cones  which 
envelope  both  spheres,  if  they  do  not  intersect ;  if  they  intersect, 
this  is  true  of  the  external  pole  alone. 

Properties  of  the  Poles  of  Similitude  of  four  Spheres. 

141.  A  sphere  may  be  defined  as  the  envelope  of  planes 
which  are  equidistant  from  the  center;  and  if  four-point  co- 
ordinates be  employed,  the  relation  between  the  co-ordinate  of 
such  planes,  which  expresses  this  fact,  is  called  the  equation  of 
the  sphere. 

The  equations  of  the  four  spheres  whose  centers  are  the 
fundamental  points  -4,  B,  (7,  2),  and  radii  r^,  r,,  r,,  r^,  are 
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The  external  and  internal  poles  of  similitude  of  the  spheres 
(A)  and  (B)  have  equations 

a      3 

—  T  —  =  0,  and  similarly  for  the  rest. 

(1)  The  external  poles  of  (AB),  (AG),  and  {AD)  lie  in  a 
plane  whose  co-ordinates  are  connected  hj  the  equations 

^1     ^t     *"a     ^«' 
which  evidently  contains  also  the  external  poles  of  {BC)y  {CD) 
and  {DA). 

(2)  The  co-ordinates  of  the  plane  containing  the  external 
poles  of  {AB)  and  {A  C)  and  the  internal  pole  of  AD  satisfy  the 
equations 

and  the  same  plane  evidently  contains  the  external  pole  of  (BC) 
and  the  internal  poles  oi{BD)  and  {CD). 

(3)  The  co-ordinates  of  the  planes  containing  the  external 
poles  of  {AB)  and  the  internal  of  {A  C)  and  {AD)  satisfy  the 
equations 

and  this  plane  evidently  contains  the  external  pole  of  {CD)  and 
the  internal  poles  of  {BC)  and  {BD). 

Hence  one  plane  contains  the  six  external  poles,  four  planes 
contain  each  three  external  and  three  internal  poles,  and  three 
contain  each  two  external  and  four  internal  poles. 

The  poles  of  similitude  lie  in  eight  planes,  each  of  which  pass 
through  six  poles  of  similitude  situated  three  and  three  in  four 
straight  lines. 

The  planes  are  called  planes  of  similitude. 

Thus  for  the  six  external  poles 

a  _^_7 _  S 


^t        ^        ^8        ^ 


and  ^-2  =  «-I-(«-^).0; 
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therefore  the  pole  of  (BG)  lies  in  the  line  joining  those  of  (AB) 
and  {AC). 


Similarly  it  lies  in  the  lines  joining  those  of  (BB)  and  {BO), 
Hence,  the  six  external  poles  lie  in  the  sides  of  a  plane  quad- 
rilateral, as  in  the  figure. 

Cylindrical  Surfiices. 

142.  It  has  been  seen  that  the  locus  of  an  equation 
F{Xf  y)  =  0,  which  involves  only  two  of  the  co-ordinates,  is  a 
cylindrical  surface,  of  which  the  generating  lines  are  parallel 
to  the  axis  of  the  co-ordinates  omitted.  We  shall  now  shew  how 
to  obtain  the  equation  of  certain  cylindrical  surfaces  in  which 
the  generating  lines  are  in  a  general  direction. 

143.  To  find  the  equation  of  the  cylindrical  surface^  whose 
generating  lines  are  in  a  given  direction  and  guiding  curve  an 
ellipse  traced  on  the  plane  ofzx. 

Let  the  equations  of  the  guiding  ellipse  be 

^  +  ^  =  1,   andi5  =  0,  (1), 

and  (Z,  wi,  n)  the  directions  of  the  generating  lines. 
Let  the  equations  of  any  generating  line  be 

ny=:'mz-\-  fi)  ^ 

At  the  point  of  intersection  of  the  generating  line  with  the 
guiding  curve,  the  values  of  a?,  y, «  in  (1)  and  (2)  being  the  same, 
we  obtain  as  a  general  equation,  after  eliminating  x^  y  and  z^ 

?  +  f  =  «*'  (3), 
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and  since  this  is  true  for  all  positions  of  the  generating  line, 
eliminating  a,  fi  between  (2)  and  (3), 

of        "^         V        "**' 

is  true  for  eyeij  point  in  the  cjlindrical  sorftu^,  and  is  therefore 
its  equation. 

Conical  Surjncea, 

144.  Def.  a  conical  surface  is  a  surface  generated  bj  a 
straight  line  which  constantly  passes  through  a  given  point, 
called  the  vertex,  and  is  subject  to  any  other  condition'. 

145.  To  find  the  equations  of  a  conical  surface^  whose  vertex 
is  the  origin,  and  of  which  a  guiding  curve  is  an  ellipse, 
whose  center  is  in  the  axis  of  z,  and  plans  parallel  to  the  plane 
ofxy. 

Let  the  equations  of  the  guiding  ellipse  be 

^  +  ^  =  1,   and  5f  =  c,  (1), 

those  of  a  generating  line  in  any  position, 

a?saz,    y  =  fiz.  (2). 

Eliminating  x,  y,  z  the  point  in  which  the  generating  line 
meets  the  guiding  curve, 

-^  +  -jr--l.  (3). 

Since  this  equation  is  true  for  eveiy  position  of  the  generating 
line,  eliminating  a,  /9  from  (2)  and  (3), 

which  is  the  required  equation  of  the  surface. 

146.  To  find  the  equation  of  an  oblique  circular  cone. 
Let  the  equations  of  the  guiding  circle  be 

af  +  y'^tf,    «  =  0,  (1), 

and  the  co-ordinates  of  the  vertex  be  a,  0,  i ;  and  let  the  equations 
of  the  generating  line  in  any  position  be 

«  —  a  =  a  (2?  —  i) 


y=)8(« 


-i!} 
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elimiiiating  Xy  y,  z  the  co-ordinates  of  the  points  in  which  the 
lines  (1)  and  (2)  intersect, 

(a-a5)*  +  /yy  =  c-,  (3), 

and  this  being  true  for  every  position  of  the  generating  line,  we 
obtain  from  (2)  and  (3) 

or,     (a«-Ja;)*-|-jy  =  c»(«-J)", 
the  equation  of  the  oblique  circular  cone. 

147.    To  find  the  circular  sections  of  the  oblique  circular  cone. 
The  equation  of  the  cone 

may  be  written  in  the  form 

If  a  section  be  made  by  a  plane  whose  equation  ia  z^k,  the 
points  in  the  curve  of  intersection  satisfy  the  equation 

J*  (a^+y"  +  «"  -  (j^  =  A;  {2ahx  +  (6«  +  c«-a')  z  -  2ic*}, 

which  shews  that  the  curve  lies  on  a  sphere  (Art.  131),  and  is 
therefore  a  circular  section. 

If  a  section  be  made  by  a  plane  whose  equation  is 

2abx  +  (J'  +  c"  -  a") «  -  2 Jc"  =p', 
the  points  in  the  curve  of  intersection  satisfy  the  equations 

which  shews  that  this  curve  also  lies  on  a  sphere,  and  is  therefore 
a  circular  section. 

There  are  therefore  two  series  of  circular  sections,  made  by 
two  systems  of  parallel  planes. 

The  trace  of  the  cone  on  the  plane  of  zx^  putting  y  =  0,  has 
for  its  equation, 

(a«-ftaj)»-c"(a-J)"  =  0, 

and  is  therefore  two  of  the  generating  lines ;  and  the  equation 
of  two  planes  in  opposite  systems  whose  curves  of  intersections 
are  circles, 

{z  -  k)  {2aix  +  (J»  +  <?-  a')  z  -  2Jc"-p'}  =  0, 
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hj  adding  these  equations,  we  obtain, 

which  shews  that  the  four  points,  in  which  those  generating 
lines  meet  the  two  planes,  lie  in  a  circle. 

Hence,  the  first  system  makes  the  same  angle  with  one  gene- 
rating line  which  the  second  does  with  the  other. 

« 

The  Spheroids, 

148.  Def.  a  spheroid  may  be  generated  by  the  revolution 
^f  an  ellipse  about  either  axis. 

If  the  axis  of  revolution  be  the  minor  axis,  the  surface  is 
called  an  Oblate  Spheroid,  and  if  the  major  axis,  a  Prolate 
Spheroid. 

149.  To  find  the  equation  of  a  spheroid. 


Ijet  the  center  be  taken  as  origin,  the  axis  of  revolution  that 
of  z,  and  let  P  be  a  point  {x,  y,  z)  in  the  ellipse  CPA,  which  is 
the  position  of  the  revolving  ellipse,  when  inclined  at  any  angle 
to  the  plane  of  isa;, 

OM^x,    MN=y,    NP^z,     OA^a,     OC^b\ 

OIP     NP 


a 


1; 


'^ 


:> 
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This  is  the  equation  of  an  ohlate  or  prolate  spheroid  according 
as  c  is  less  or  greater  than  a. 

The  JSUipsoid. 

150,     To  find  the  eguation  of  an  ellipsoid. 

Def.  An  ellipsoid  is  the  snrface  generated  by  the  motion 
of  a  variable  ellipse,  which  moves  so  that  its  plane  is  always 
parallel  to  a  fixed  plane,  and  which  changes  its  form  so  that  its 
vertices  lie  in  two  ellipses  traced  on  perpendicular  planes,  to 
which  its  plane  is  perpendicular,  and  which  have  a  common 
axis  in  the  line  of  intersection  of  the  planes. 


Let  QRN  be  a  variable  ellipse  in  any  position,  Q,  R  being  its 
vertices  lying  in  two  ellipses  A  C>  BC^  traced  on  perpendicular 
planes,  taken  for  those  of  zx  and  yz ;  the  plane  of  xy^  to  which 
the  variable  ellipse  is  parallel,  being  the  plane  containing  the 
semi-axes  OA^  OB. 

Let  a,  c,  and  &,  c,  be  the  semi-axes  oi  AC  and  BC^  and 
(^>y>  ^)  ^^7  point  Pin  QR,  PJf  perpendicular  to  QN. 


Then, 


k7«     '      •*  XTt  *> 


and,  since  Q  in  &  point  in  the  ellipse  A  C, 

QN' 


%        "^   ^  8   7 

a  c 
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Bumlarly,  -^  =  1-^, 

a*  .  V*     a»     ,       ^ 

which  is  the  equation  required. 

151.     To  construct  the  turfacc  vihaae  eqwjiMn  is 

x»     y*     z* 
i^  +  ^  +  c^"*- 

Let  the  surface  be  cut  by  a  plane  whose  equation  ia  z^y. 
The  projection  of  the  carve  of  intersection  on  the  plane  of  ay  has 
the  equation 

therefore,  the  curve  is  an  ellipse  whose  semi-axes  oc,  j8  are  given 
bj  the  equations 

hence,  the  vertices  lie  in  the  two  ellipses  which  are  the  traces  of 
the  surface  on  the  planes  of  zx  and  ifz. 

Also,  since  -  s:  u ,  the  variable  ellipse  remains  always  similar 

to  a  given  ellipse,  which  is  the  trace  on  the  plane  of  an/. 

The  surface  may  therefore  be  generated  by  the  motion  of  a 
variable  ellipse,  whose  plane,  &c.     (See  Def.) 


The  Hyperhohid  of  one  Sheet. 

152.     To  find  the  equation  of  the  hyperhohid  of  one  eheet. 

Def.  The  hyperboloid  6f  one  sheet  may  be  generated  by 
the  motion  of  a  variable  ellipse,  which  moves  so  that  its  plane  is 
always  parallel  to  a  fixed  plane,  and  which  changes  its  form 
so  that  its  vertices  always  lie  in  two  hjrperbolas  traced  on 
perpendicular  planes,  to  which  its  plane  is  perpendicular,  these 
hyperbolas  having  a  common  conjugate  axis. 

h2 
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Let  AQy  Bit  be  the  hyperbolas  traced  on  the  two  perpendi- 
cular planes  taken  for  the  planes  of  zx,  yZy  OG  their  common 
semi-conjugate  axis,  being  the  direction  of  the  axis  of  z* 


Let  QPB  be  the  variable  ellipse  in  any  position,  P  any  point 
(a?,  y,  z)  in  it,  QNy  BN  its  semi-axes. 

Draw  JPM  perpendicular  to  QN, 

Then,  MN^x,  PM=i/,    ON=z, 


and 


X' 


QN^'^BN^"^' 


abo,  since  Q,  B  are  points  in  the  hyperbolas, 

OA  =  a,    OB  =  b,  and  0(7=  c, 


if 


QN' 


z 


a 


=?+!= 


•'•     3  "^  15  ~*p   •   ^J 


a 


^    it    ^    % 


which  is  the  equation  of  the  hyperboloid  of  one  sheet. 

153.    To  constmct  the  surface  which  is  the  locus  of  the  ejuctticUy 

x«     y«     z«     , 

4-t_  —  ^  as:  1. 

a*     b      c" 
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Let  the  surface  "be  cut  hj  a  plane  whose  equation  ib  z^yy 
then  the  projection  of  the  curve  of  intersection  upon  the  plane  of 
xy  has  for  its  equation, 

which  is  the  equation  of  an  ellipse,  whose  semi-axes  a,  ^  are 
given  hj  the  equations, 

therefore,  the  vertices  of  the  ellipse  lie  respectively  on  the  hyper- 
bolas, which  are  the  traces  of  the  surface  on  the  planes  of  zx,  yz, 

Q 

Also  since  "  =  ir  ,  this  ellipse  is  always  similar  to  the  ellipse 

which  is  the  trace  of  the  surface  on  the  plane  of  xy. 

Hence,  the  locus  may  be  generated  by  the  motion  of  a 
variable  ellipse  which  moves,  &c.     (See  Def.) 

154.  If  the  surface  be  cut  by  a  plane  parallel  to  the  plane 
of  zxy  whose  equation  is  a?  =  a,  the  curve  of  intersection  will  be 
an  hyperbola,  the  equation  of  whose  projection  on  the  plane 
of  yZy  will  be 

h*     (?     ^     a'' 
If  a  <  a,  the  eemi-azes  /8,  7  will  satisfy  the  equation 

Hence,  the  extremities  of  the  transverse  axis  2^  will  lie  on  the 
ellipse  which  is  the  trace  on  the  plane  of  xy. 

Ifa>a,  we  shall  have  ^  =  T  =-5  —  1. 

Hence,  the  extremities  of  the  transverse  axis  27  will  lie  on  the 
hyperbola,  which  is  the  trace  on  the  plane  of  zx. 

155.  To  find  the  form  of  the  surface  at  an  infinite  distance. 
If  j?  be  increased  indefinitely. 
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Let  this  surface  and  the  hyperboloid  be  cat  bj  a  straight 
line  drawn  parallel  to  Oe  through  a  point  (x',  y',  0),  and  «„  e,  be 
the  corresponding  valnes  of  z, 

X-    y2_z* 


a*^y      <!•  +  *' 


..^L_^=l.  and*.-«.  =  ^-^j 

if  a?'  or  y'  or  "both,  and  therefore  z^  and  «,,  be  indefinitely  increased, 
z^  —  0,  diminiBhes  indefinitely,  and  ultimately  vanishes ; 

is  the  equation  of  an   asymptotic  surface,  which  lies^  further 
from  the  plane  of  xy  than  the  hyperboloid. 

This  asymptotic  surface  is  a  cone,  for,  if  it  be  cut  by  any 

Of*  m 

plane  whose  equation  is  -  =  -  cos  0,  all  the  points  of  intersection 

lie  in  the  planes  ^  =  f  -  sin  d.     The  surface  is  therefore  capable 

of  being  generated  by  a  straight  line  which  passes  through  the 
origin,  and  is  guided  by  the  ellipse  whose  equations  are 

-x  +  fs  =  l,   and  «  =  c. 
o       0 

The  figure  shews  the  position  of  the  conical  asymptote  rela- 
tive to  the  hyperboloid. 

ABab  is  the  principal  elliptic  section,  ABdh\  A'B'd'V 
the  sections  of  the  hyperboloid  and  cone  made  by  a  plane  parallel 
to  that  principal  section,  at  a  distance  00= c. 

1 
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The  Hyperhohid  of  two  Sheets, 

156.     To  find  the  eqwition  of  the  hyperhohid  of  two  sheets, 

Dep.  The  hyperboloid  of  two  sheets  may  be  generated  by 
the  motion  of  a  variable  ellipse,  which  moves  so  that  its  plane 
is  always  parallel  to  a  fixed  plane,  and  which  changes  its  form, 
so  that  its  vertices  lie  always  on  two  hyperbolas  traced  upon  two 
perpendicular  planes,  having  a  common  transverse  axis,  perpen- 
dicular to  the  fixed  plane,  to  which  the  plane  of  the  ellipse  is 
parallel. 


Let  A  Qj  Alt  be  the  hyperbolas  traced  on  two  perpendicular 
planes,  taken  for  the  planes  of  isx,  xy^  and  having  the  common  semi- 
transverse  axis  OAy  and  let  QPB  be  the  variable  ellipse  in  any 
position,  whose  axes  are  QM,  BM,  parallel  to  the  plane  o{yz. 

Take  P  any  point  (a?,  y,  z)  in  the  ellipse,  and  draw  PN  per- 
pendicular to  BMy  then  OM^Xy  MN^sy^  and  NF^z;  there- 
fore, since  P  is  a  point  in  the  ellipse, 

and  if  a,  0  and  a,  &  be  the  semi-axes  of  the  two  hyperbolas,  A  Qy 

ABy 

BM^    a?     ,      QiP 
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wluch  is  the  equation  of  the  hyperboloid  of  two  sheets. 

157.     To  construct  the  locus  of  the  surface  whose  equation  is 

Let  the  surface  be  cut  by  a  plane  whose  equation  is  a;  =  a ; 
the  equation  of  the  projection  on  the  plane  of  yz  of  the  curve  of 
intersection  is 

which,  if  a  >  a,  is  the  equation  of  an  ellipse  whose  semi-axes  ^,  7 
are  given  by  the  equations 

therefore  the  vertices  of  the  ellipse  lie '  in  two  hyperbolas,  whose 
equations  are 

which  are  the  traces  of  the  surface  on  the  planes  of  xy^  zxy  having 

a  common  transverse  axis  in  the  line  Ox :  and  since  t  =  ~  >  ^his 

0      c 

ellipse  is  always  similar  to  a  given  ellipse,  axes  2h,  2c, 

Hence,  the  locus  may  be  constructed  by  the  motion  of  a 

variable  ellipse  which,  &c.    (See  Def.) 

158.  If  the  surface  be  cut  by  a  plane  parallel  to  the  plane 
of  ay,  whose  equation  is  «  =  7,  the  curve  of  intersection  will  be 
an  hyperbola,  the  equations  of  whose  projection  on  the  plane 
of  aiy,  will  be 

y 


t4- 

a      o 


1  + 
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which  may  be  written  -5  —  ^i  =  1,  whose  transverse  and  conju- 
gate semi-axes  will  satisfy  the  equations 

Hence,  the  tranverse  axis  will  have  its  extremities  in  the  hyper- 
bola, which  is  the  trace  on  the  plane  of  zx,  and  the  hyperbolic 
section  will  be  similar  to  the  trace  on  the  plane  of  ay. 

159.     To  find  the  form  of  the  hyperholoid  of  tioo  sheets  at  an 
infinite  distance, 

of      if     ^ 

H  a?  be  increased  indefinitely,  tlie  equation  — i  =  ri  +  -5  +  1 

shews  that  y,  or  «,  or  both,  are  also  increased  indefinitely,  and 
the  equation  becomes 


=  ^+-3  ultimately. 


Let  the  hyperboloid,  and  the  surface  represented  by  this 
equation,  be  cut  by  a  straight  line  parallel  to  the  axis  of  x, 
drawn  through  the  point  (0,  y\  z'),  x^,  ^,,  the  corresponding 
values  of  2;,  are  given  by  the  equations, 


X*     v'*     «** 


x^-^x^     .         ,  a" 


-Hf—^  =  1>   and  ic,  -  aj-  =  — ; — ; 

therefore,  a?,  —  x^  diminishes  indefinitely,  and  ultimately  vanishes 

as  y',  or  «',  or  both,  increase  indefinitely;  hence  the  hyperboloid  of 

two  sheets  continually  approximates  to  the  form  of  the  surface 

a?     if     z^ 
whose  equation  is  -T=r«  +  T>  which    is  therefore  called   an 

asymptotic  surface. 


y 
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Also,  if  this  siir&ce  be  cut  by  a  plane  whose  equation  is 
^  s=  ~  cos  Of  all  the  points  of  intersection  lie  in  the  two  planes 

-=^±-  smO;  and  the  surface  can  therefore  be  generated  bj 
straight  lines  drawn  through  the  origin,  which  intersect  the 
ellipse,  whose  equations  are  ^-\--^^l^  x  =  a. 

This  asymptotic  surface  is  therefore  a  cone  on  an  elliptic 
base,  and  lies  nearer  to  the  plane  of  yz  than  the  hjrperboloid, 
since  x^  >  x*. 


Its  position  relative  to  the  hyperboloid  is  shewn  in  the  figure 
in  which  JBC  is  the  section  made  by  a  plane  parallel  to  ys 
through  the  extremity  of  the  transverse  axis,  and  DE,  de  are 
sections  of  the  hyperboloid  and  conical  asymptote,  made  by  a 
plane  parallel  to  yz. 


ThjR  ElUpdc  Paraboloid. 
160.     To  find  the  equation  of  the  elliptic  paraboloid. 

Def.  The  elliptic  paraboloid  may  be  generated  by  the 
motion  of  a  parabola,  whose  vertex  lies  in  a  parabola  traced  upon 
a  fixed  plane,  to  which  its  plane  is  always  perpendicular,  the 
axes  of  the  two  parabolas  being  parallel,  and  the  concavities 
turned  in  the  same  direction. 
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Let  xOy  be  the  plane  on  which  the  fixed  parabola  OQ  is 
traced.  Ox  the  axis  of  OQ;  QR  the  axis  of  the  moveable 
parabola  QP,  P  any  point  (a?,  y ,  z)  in  the  parabola. 


Draw  PN  perpendicular  to  QR^  and  QU,  NM  to  Oa?,  then 
since  P  is  a  point  in  QP^  if  Z,  Z'  be  the  latera  recta  of  OQ 
and  QP, 

PIP^V.QN,  and  QTP^l.OU; 

.-.  ^  + Jr"«  017+  (2iV^=  OJf=a?, 
which  is  the  equation  of  the  elliptic  paraboloid. 
161.     To  canstnu^  the  locus  of  the  equation, 


\ 


"     z« 


+  T7  =i 


Let  the  locus  be  cut  by  a  plane,  whose  equation  is  y^fff 
the  projection  of  the  curve  of  intersection  upon  the  plane  of  zx 
has  for  its  equation, 

which  represents  a  parabola  whose  axis  is  parallel  to  the  axis 

of  X,  the  co-ordinates  of  whose  vertex  are  ^ ,  fij  0 ;  therefore 

the  vertex  of  the  parabolic  section  lies  in  the  parabola  whose 
equation  is  y"  =  &,  which  is  the  trace  on  the  plane  of  xy ;  there- 
fore the  locus  may  be  constructed  by  the  motion  of  a  parabola, 
whose  vertex,  &c.    (See  Def.) 
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The  Hyperbolic  Paraboloid. 

162.     To  find  the  equation  of  the  Hyperbolic  Paraboloid. 

Dep.  The  Hyperbolic  Paraboloid  may  be  generated  by  the 
motion  of  a  parabola,  whose  vertex  lies  in  a  parabola  traced  npon 
a  fixed  plane,  to  which  its  plane  is  perpendicular,  the  axes  of 
the  two  parabolas  being  parallel,  and  the  concavities  turned  in 
opposite  directions. 


Let  xOy  he  the  fixed  plane  upon  which  the  parabola  is 
drawn,  Ox  the  direction  of  the  axis  of  the  parabola :  let  QR  be 
the  axis  of  the  moveable  parabola  QP,  parallel  to  Ox,  measured 
in  the  direction  contrary  to  Ox^ 

Draw  P^  perpendicular  to  QR,  and  QU,  NM  to  Ox\  then, 
if  P  be  any  point  (a?,  y,  z)  in    QP,   OM^x,  MN^y,  and 

NP^z. 


Let  Z,  V  be  the  latera  recta  of  OQ,  QP; 
therefore,  PIP^V.  QN,  and  QIP 

and  9^^?^=0U--QN'. 

t?     z" 

•      £^ ^  *»• 


LOU, 
OM; 


which  Ib  the  equation  of  the  hyperbolic  parabobid. 
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163.     To  construct  the  locus  of  the  equation 

z!    f!- 

Let  the  locus  of  the  equation  be  cut  by  the  plane,  whose 
equation  is  y=/3:  the  projection  of  the  curve  of  intersection 
upon  the  plane  of  ex  has  for  its  equation, 


.-;■(?-.), 


which  represents  a  parabola,  whose  axis  is  measured  in  the 
direction  contrary  to  Ox,  and  the  algebraical  distance  of  whose 

vertex  from  the  plane  yOz  ia  -j;  therefore  the  section  bj  the 
plane  y =)9  is  a  parabola,  whose  latus  rectum  is  l'  and  the  co- 
ordinates of  whose  vertex  are,  ~- ,  /9,  0 ;  or,  the  vertex  lies  in  a 

parabola  traced  upon  the  plane  of  xjf,  whose  equation  is  ^  ==  2r. 

Hence  the  locus  may  be  generated  by  the  motion  of  a  para* 
bola,  whose  vertex,  &c.     (See  Def.) 

164.  The  locus  may  also  be  generated  by  the  motion  of  a 
hyperbola ;  for  if  it  be  cut  by  a  plane  parallel  to  that  of  yz 
on  the  positive  side,  whose  equation  is  x  ^a,  the  equation  of 
the  projection  of  the  curve  of  intersection  on  the  plane  of  yz 

will  be  J  —  p  =  a,  whose  transverse  and  conjugate  semi-axes, 

/8,  7,  will  satisfy  the  equations  j8*  =  Za  and  y  =  Ta,  the  extremi- 
ties of  the  transverse  axis  lie  in  the  trace  on  the  plane  of  xy^ 
and  the  conjugate  axis  is  equal  to  the  double  ordinate  of  the 
trace  on  the  plane  of  zx  corresponding  to  a;  =  —  a. 

If  it  be  cut  by  a  plane  on  the  negative  side  otyz,  the  section 
will  be  an  hyperbola  whose  transverse  axis  is  in  the  direction 
of  Oz. 

165.  To  find  the  form  of  the  hyperbolic  paraboloid  at  an 
infinite  distance. 

If  y  and  z  be  indefinitely  increased  while  x  remains  finite, 
^^j(l  +  ^j  =  ^7  ultimately ; 
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» 


and  if  these  planes  and  the  hyperbolic  paraboloid  be  cnt  by  a 
straight  line  parallel  to  Oy,  drawn  through  a  point  {x\  0,  z') 
Vv  y%  ^^  corresponding  values  of  y  are  given  by  the  equations* 


and  7"=  y-  +  a;'; 


or. 


yf-yi_ 


fe' 


^'     y«+yi' 

Therefore,  if  a'  remain  finite  or  small  compared  with  y^  or  y,, 
ya  ~~  Vx  diminishes  as  z*  increases  and  ultimately  vanishes ;  and 

the  two  planes  whose  equations  are  -^  =  ±  -jry  give  the  form 

of  the  surface  at  an  infinite  distance  for  finite  values  of  a;^  or  for 
values  of  x  which  are  small  compared  with  y  or  z. 

These  planes  will  not  form  an  asymptotic  surface,  except 
for  points  at  which  x  vanishes  compared  with  y  or  z^  since 
Vx'^Vx  ^U  ^^^  ultimately  vanish  in  that  case,  and  similarly 


for  «,  — «j. 
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The  figure  is  intended  H^  shew  the  position  of  the  asymptotic 
planes  with  reference  to  the  hyperboli  i  paraboloid. 

Ox  is  parallel  to  tl^e  axis  of  the  generating  parabola,  of 
which  OB  is  one  position  in  the  plane  of  zx. 

PAp,  PAp*  are  opposite  branches  of  a  hjperbolic  section  per- 
pendicular to  Oa?,  the  asymptotes  of  which  BCR,  rCr  are  sec- 
tions of  the  asymptotic  surface,  AA'y  the  transverse  axis,  being 
parallel  to  Oy. 

LL\  U  are  the  traces  on  the  plane  of  yz  of  both  the  para- 
boloid and  its  asymptotic  surface. 

QBq  is  a  branch  of  a  hjrperbolic  section  on  the  negative  side 
of  Oxy  8C\  bGbj  the  asymptotes  are  sections  of  the  asymptotic 
sur£Ace,  and  the  transverse  axis  BC  is  parallel  to  Oz. 

166.  To  shew  thcU  the  eUiptic  and  hyperbolic  paraboloid  are 
particular  cases  of  the  ellipeoidy  and  the  hyperbohid  respectively. 

a?     f^     s? 

be  the  equation  of  an  ellipsoid  or  hyperboloid,  and  remove  the 
origin  to  the  point  (—  a,  0,  0).    The  transformed  equation  is 

?^ft*^c»""  a  ' 
Let  — ,  -  remain  finite  quantities,  while  o,  ft,  c  become  in- 
finite, and  denote  them  by  I  and  V.    The  exjuation  may  then 
be  written 

^  ,  y" ,  z^    « 

which  has  for  its  limit,  when  a  becomes  infinite, 

which  is  the  equation  of  an  elliptic  or  hyperbolic  paraboloid. 

The  assumption  that-  and  —  remain  finite  is  the  same  thing  as 

assuming  that  the  latera  recta  of  the  traces  on  the  planes  xy^  zx, 
respectively,  remain  finite  when  the  axes  become  infinite,  and 
the  corresponding  ellipses  or  hyperbolas  become  parabolas. 

It  is  obvious  from  the  above  that  the  eUiptic  paraboloid  is  a 
limiting  case  either  of  the  ellipsoid  or  the  hyperboloid  of  two 
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sheets,  and  the  hyperbolic  paraboloid  of  the  hjperboloid  of  one 
sheet. 

167.  The  surfaces  of  the  second  order,  which  we  have  been 
discussing,  are  of  the  two  forms, 

A^^-^By^^-CT^^D,  (1) 

and  5y  +  Cz^  =  Ax ;  (2) 

and  it  will  be  shewn  in  a  succeeding  chapter  that  all  surfaces  of 
the  second  degree  may  by  transformation  of  co-ordinates  be 
reduced  to  one  of  these  two  forms. 

The  first  form  of  equation  includes  all  surfaces  which  have 
a  center  at  a  Jtnite  distance,  and  the  second  those  which  have 
a  center  at  an  infinite  distance. 

In  the  equation  (1),  if —  a?,  — y,  — «  be  written  respectively 
for  a?,  y,  z  the  equation  is  not  altered,  therefore,  if  {x,  y,  z)  be  a 
point  in  the  surface,  (—a;,  —  y,  —z)  is  also  a  point  in  it,  so  that 
if  POP*  be  any  chord  through  the  origin  0,  the  chord  is 
bisected  in  0,  and  0  is  a  center  of  the  surface. 

Also,  for  any  values  of  y  and  z,  the  values  of  x  are  equal  and 
of  opposite  signs,  therefore  the  plane  of  ye  bisects  the  chords 
which  are  drawn  perpendicular  to  it ;  and  a  plane  which  bisects 
the  chords  drawn  perpendicular  to  it,  is  called  a  principal  pkme 
of  the  surface. 

Hence,  the  planes  xy,  yz  and  zx  are  principal  planes  of  the 
surface. 

It  is  evident  that  the  planes  ofyz,  zx  are  principal  pknes  of 
the  surfaces  whose  equations  are  of  the  form  (2). 

The  sections  made  by  the  principal  planes  are  called  principal 
sectiona. 

That  the  surface  represented  by  (2)  has  a  center  at  an  infinite 
distance,  may  be  shewn  by  considering  this  equation  as  the 
limiting  form  of  (1)  when  the  origin  is  transferred  to  a  point 
(—a,  0,  0),  a  being  determined  by  the  equation  Aa^  =  I).  The 
equation  will  then  assume  the  form 

Ax^  +  J^+  Oz'^2Aax; 

and  this  surface  has  a  center  on  the  axis  of  x,  at  distance  a  firom 
the  origin. 

Now,  if  we  suppose  A  to  vanish,  while  Aa  remains  finite,  an 
equation  of  the  form  (2)  is  the  result.    But  to  satisfy  these  con* 
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ditions  a  must  be  infinitely  great;  hence,  a  surface  repre- 
sented hj  (2)  has  a  center  at  an  infinite  distance  on  the  axis  of  a;, 
and  also  a  third  principal  section,  parallel  to  the  plane  ofyz^  at 
an  infinite  distance. 


IX. 

(1)  A  straight  line  is  drawn  through  a  fixed  point  0,  meeting  a 
fixed  plane  in  Qf  and  in  this  straight  line  is  taken  a  point  F  such 
that  OP .  OQ  is  equal  to  a  given  quantity  j  shew  that  P  lies  on  a 
sphere  passing  through  0,  and  whose  center  lies  on  the  perpendicular 
from  0  upon  the  plana 

(2)  Investigate  the  equation  of  a  sphere  conceived  to  be  gene- 
rated by  the  motion  of  a  variable  circle,  whose  diameter  is  one 
of  a  system  of  parallel  chords  of  a  given  circle,  to  which  the  plane 
of  the  variable  circle  is  perpendicular. 

(3)  Construct  the  sphere  whose  polar  equation  is 

r  =  a  sin  0  cos  tft, 

(4)  A  straight  line  moves  with  three  fixed  points  A,  £,  C  in 
the  three  co-ordinate  planes ;  shew  that  any  other  fixed  point  P  of 
the  straight  line  will  lie  on  an  ellipsoid  whose  semi-axes  are  PA,  P£, 
and  PC. 

(5)  Find  the  locus  of  a  point  whose  distance  from  a  given  point 
bears  a  constant  ratio  to  its  (Hstance,  (1)  from  a  fixed  plane,  (2)  from 
a  fixed  straight  Hue. 

^6)  Find  the  locus  of  a  point  which  is  equidistant  from  two 
fixed  lines  which  do  not  intersect. 

(7)  The  locus  of  a  point,  whose  distance  ftY)m  a  fixed  plane  is 
always  equal  to  its  distance  from  a  fixed  line,  is  a  cone. 

(8)  The  locus  of  a  straight  line,  intersecting  two  fixed  straight 
lines  and  remaining  parallel  to  a  fixed  plane,  is  a  hyperbolic  para- 
boloid. 

(9)  The  locus  of  the  line  of  intersection  of  two  plsmes  at  right 
angles  to  each  other,  each  of  which  passes  through  one  of  two  straight 
lines,  inclined  at  an  angle  2a  and  whose  shortest  distance  is  2c,  is  a 
hyperboloid  of  one  sheet,  one  of  whose  axes  is  2c,  and  the  others 
are  as  cos  a  :  sin  a. 

(10)  The  surface  generated  by  a  straight  line,  revolving  about 
a  fixed  straight  line,  with  which  it  is  supposed  rigidly  connected, 
will  be  a  cone,  or  a  hyperboloid,  according  as  the  straight  lines  do  or 
do  not  intersect 
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(11)  Shew  that  the  elliptic  paraboloid  taiay  be  generated  by  a 
variable  eUipse,  the  exti<einities  ot  whose  axes  lie  on  two  parabolas 
having  a  Common  axis,  and  whose  planes  are  at  right  angles  to  each 
other. 

(12)  Shew  that  an  hyperboloid  of  one  or  of  two  sheets  degenerates 
into  a  right  elliptic  cone,  when  its  axes  become  indefinitely  small,  and 
preserve  a  finite  ratio  to  each  other. 

(13)  Three  straight  lines,  mutually  at  right  angles,  are  drawn 

(B*     v"     ^ 
from  the  origin  to  meet  the  ellipsoid  -i  +  t;  +  -^  =  1^  shew  thal^ 

if  their  lengths  be  r,,  r„  r^ 

1       11111 

(14)  If  j1,  jS,  C7  be  the  extremities  of  the  axes  of  an  ellipsoid, 
and  AGy  BG  the  sections  containing  the  least  axis,  find  the  equations 
of  the  two  cones  whose  vertices  are  A^  B,  and  bases  BG,  AG  respec- 
tively; shew  that  the  cones  have  a  common  parabolic  section,  and  if 
I  be  the  latus-rectum  of  this  parabola,  and  l^,  l^  those  of  the  sections 
AG,  BG,  then 

i-i.    1 

(15)  The  plane  Ix  +  my  +n« =0  will  cut  the  cone  oof  +  Jy" +«8'=0 
in  two  straight  lines  at  right  angles  to  each  other,  if 

Z"  (5  +  c)  +  m'  (c+  a)  +  »"(a  +  6)  =  0. 

(16)  Through  a  fixed  point  is  drawn  a  straight  line  meeting  an 
ellipsoid  in  two  points,  and  on  this  straight  line  is  taken  a  point 
such  that  its  distance  from  the  fixed  point  is,  (1)  an  arithmetic, 
(2)  a  geometric,  (3)  a  harmonic  mean  between  the  segments  of  the 
straight  line  made  by  the  ellipsoid,  find  the  locus  of  the  point  in  the 
three  cases. 

(17)  Find  the  locus  of  a  point  through  which  three  straight  lines 
can  be  drawn  mutually  at  right  angles,  and  passing  through  the 
perimeter  of  a  given  phuie  curve  of  the  second  order. 

(18)  The  trace  of  an  ellipsoid  on  the  plane  of  xy  is  AB\  shew 
that  a  cone  which  has  AB  for  a  guiding  curve  will  intersect  the  ellip- 
soid in  another  plane  curve,  and  that  this  plane  intersects  the  plane 
of  AB  in  the  polar  with  respect  to  AB  of  the  projection  of  the  vertex 
on  that  plane. 


CHAPTER  IX. 

ON  GENERATION  BT  LINES  AND  CIBCLES. 

168.  In  the  preceding  chapter  we  have  shewn  how  certain 
Bxufaces  of  the  second  order  maj  be  generated  by  the  motion  of 
ellipses,  hyperbolas  and  parabolas.  In  the  case  of  the  cylinder 
and  cone  we  have  investigated  the  equations  by  snpposmg  a 
generation  by  the  motion  of  a  straight  line  subject  to  certain 
conditions :  we  have  also  shewn  that  the  cone  may  be  generated 
in  two  ways  by  the  motion  of  a  variable  circle  which  moves 
parallel  to  a  fixed  plane,  its  magnitade  being  subject  to  fixed 
laws. 

We  shall  in  this  chapter  shew  that  the  hyperboloid  of  one 
sheet,  and  the  hyperbolic  paraboloid,  as  well  as  the  cone  and 
cylinder  are  capable  of  being  generated  by  the  motion  of  a 
straight  line,  and  that  the  ellipsoid,  both  hyperboloids,  and  the 
elliptic  paraboloid  can  be  generated  by  the  motion  of  a  variable 
circle,  which  moves  parallel  to  either  of  two  fixed  planes. 

Oenerating  lines. 

169.  To  find  the  generating  lines  of  an  hiff^hohid  of  one 
sheet* 

The  equation  of  tiie  hyperboloid  of  one  sheet  is 

This  equation  may  be  written  in  the  form 

?^ -|-|J»  toos^  ± -sin<?)"+ (sintf  T  -  cos^" 
cf     cr  c         '       ^  0  ' 

for  all  values  of  6 ; 

.-.  -  =  costf  ±-  sin  0\ 

and   ?  =  sin5T-cofl^ 
o  c  J 

12 
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satisfy  the  equation,  hence  the  two  straight  lines  which,  for  a 

particular  value  of  0,  have  these  for  their  equations,  lie  entirely 

in  the  surface. 

By  the  variation  of  0  we  obtain  two  systems  of  straight 

lines,  which  lie  entirely  in  the  surface,  and  either  of  these  systems 

generates  the  hyperboloid.    These  equations  may  also  be  written 

in  the  form 

x  —  a  cos  ^_y  —  5sin^_     z 

a  sin  ^  —b  cos  ^  ""  ~  c  ' 

irom  which  equations  it  is  manifest  that  parallel  straight  lines 
drawn  through  the  centre  will  lie  upon  the  asymptotic  cone. 
Hence  also,  no  three  generators  of  the  hyperboloid  can  be  parallel 
to  the  same  plane. 

If  «  =  0,  x  =  a  cos  0,  and  y  =  6  sin  ^,  therefore  0  is  the  ec- 
centric angle  of  the  point  of  intersection  of  the  two  straight 
lines  (1)  with  the  trace  of  the  hyperboloid  on  the  plane  of  a?y. 

170.  Any  point  of  the  hyperboloid  may  be  represented  by 
the  co-ordinates 

a  cos  0  sec  ^,     b  sin  ^  sec  ^,    c  tan  0, 

since  these  satisfy  the  equation  for  all  values  of  0  and  <f>.  The 
equations  of  the  generating  lines  through  this  point  may  readily 
be  found  to  be 

a;  —  a  cos  5  sec  0  _  y  —  ft  sin  ^  sec  ^  __  iS  —  c  tan  0  ^ 
osin(d  +  ^)     ~  -&cos(^±<^)  ±c       ' 

which  shew  that  they  meet  the  principal  elliptic  section  in  points 
whose  eccentric  angles  are  ^  +  ^. 

171.  The  projections  of  the  generating  lines  upon  the  principal 
planes  are  tangents  to  the  traces  on  those  planes. 

The  equation  of  the  trace  on  the  plane  of  zx  is 


s 


and  that  of  the  projection  of  a  generating  line  on  the  same  plane 


-  =  cos  ^  +  -  sin  0, 
a  c 
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and  the  points  of  intersection  are  given  by  the  equation 

^  + 1  -  (cos ^  ±  -sin ^*=: 0, 

or      3  cos'^  T  —  cos  (?sin(?  +  sin'(?  =  0, 
<y  c 

which,  giving  coincident  values  of  z,  shews  that  the  projection 
is  a  tangent  to  the  trace  upon  the  plane  of  zx. 

.   Similarly,  the  projection  on  the  plane  of  xi/y  and  the  trace  on 
that  plane,  intersect  in  points  given  by  the  equations 

-cos^  +  ?sin^=l,       ^4-^  =  1, 
a  0  a      o 

whence  [  -  sin  tf  —  ^  cos  5  J  =  0. 

Hence  the  points  of  intersection  coincide,  or  the  projection 
is  a  tangent  to  the  trace  on  the  plane  of  xy. 

172.     To  shew  that  two  generating  lines  of  the  same  system 
do  not  intersect* 

The  equations  of  two  generating  lines  of  the  same  system 
are 

-  =  cos  tf  ±  -  sin  ^,       f  =  sin  ^  T  -  cos  ^ : 
a  c  o  c 

and  -  =  cos^±- sin^,      >  =  8in^T-cosd'. 

a  c  ^      b  c 

If  the  two  lines  meet,  we  have  at  the  points  of  intersection, 

O  =  cos^  —  cos^±-  (sin  0  —  sin  ^'), 

c 

and  0  =  sin  tf  —  sin  d'  T  -  (cos  tf  —  cos  ff) : 

and  the  condition  of  intersection  is 

(cos  0  -  COB  ffy+  (sin  tf  -  sin  ffy  =  0 ; 
which  cannot  be  satisfied  unless  0^ff. 

Hence,  generating  lines  of  the  same  system  do  not  intersect. 
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173.  Ta  shew  ikai  generating  Urns  qfappoe^  egeteme  inters 
eect. 

The  equations  of  two  generating  lines  of  opposite  systems 
are 

-=!COS^±-sin^,      fs^sin^T-ooBd; 

and  -  =  cos^T-sin^>      v  =  8ind'  +  -cofl^. 

a  0  0  "^c 

If  the  two  lines  meet,  we  have  on  the  points  of  inteiaection, 
O»coBir-cos^±~(8m0  +  8in^), 

and  0  =  sintf  —  sin^T-  (cos  5  -f  cos  ^) , 

c 

and  the  condition  that  they  may  intersect  is 

cos^d-co8"^  +  8in"(?-  sinV  =  0, 

which  being  identically  trae,  shews  that  any  two  generating 
lines  of  opposite  systems  intersect. 

174.  No  straight  line  lies  on  an  hyperholoid  whicJi,  does  not 
belong  to  one  of  the  two  systems  of  generating  lines. 

For,  if  possible,  let  a  straight  line  {0)  lie  entirely  on  the 
hyperboloid,  then  since  each  system  generates  the  whole  hyper- 
holoid, {C)  mnst  meet  an  infinite  number  of  straight  lines  of 
each  system ;  let  two  of  these  {A)  and  {B)  of  opposite  systems 
intersect  ((7)  in  two  different  points,  in  which  case  a  plane  can 
be  drawn  intersecting  the  surface  in  three  straight  lines ;  but 
the  section  of  a  surface  of  the  second  order  by  a  plane  must  be 
a  curve  of  the  second  degree,  therefore  no  such  line  as  (C7)  can 
exist. 

175.  To  shew  that  a  hyperholoid  may  he  generated  hy  the 
motion  of  a  straight  linsj  intersecting  three  faced  straight  lines, 
which  do  not  intersect* 

Since  any  generating  line  intersects  all  the  generating  lines 
of  the  opposite  system,  let  us  take  three  fixed  generating  lines 
of  the  same  system :  these  will  therefore  not  intersect.    K  a 


t 
i 
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straight  line  now  be  sappoaed  to  move  in  such  a  manner  aa 
always  to  intersect  these  three  straight  lines,  it  will  trace  out  the 
hjperboloid  of  which  they  are  generating  lines. 

For,  the  three  points  in  which  the  moving  line  meets  the 
three  fixed  lines  are  points  of  the  hyperboloid,  so  diat  it  meets 
the  hyperboloid  in  three  pdnts,  which  is  impossible,  unless 
the  straight  line  lies  altogether  upon  the  surface,  since  the 
equation  determining  the  points  of  intersection  of  a  straight  line 
with  a  snr&ce  of  the  second  order,  being  a  quadratic  equation, 
cannot  be  satisfied  by  more  than  two  roots  without  being  satisfied 
by  an  infinite  number. 

The  straight  line,  therefore,  in  its  different  positions,  will 
trace  out  the  hyperboloid. 

176.  To  find  the  locus  of  the  intersections  of  ttoo  genercUing 
lines  of  opposite  systems,  drawn  through  the  points  in  the  principal 
elliptic  section,  whose  eccentric  angles  differ  hy  a  constant  angle. 

Let  0  +  a,  and  ^  —  a,  be  the  eccentric  angles  of  the  principal 
elliptic  section,  differing  by  a  constant  angle  2a. 

The  equations  of  the  generating  lines  of  opposite  systems  are 

^  =  co8(d  +  a)  ±  ^8iii(^  +  «),   |=pJr(^+a)  T  ^C08(5  +  a); 
and 

•B  f6  H  St 

-  =  cos(d  — a)  T  -  sin(tf  — a),   ^  =  sin(d— a)  ±  -cos  (^— a). 

At  the  points  of  intersection, 

0  =  cos  5  sm  a  T  -  jwrripft-a,      .'.  -  =  ±  tan  a. 

c  c 


Also 


-  =  COS  0  COS  a  i  -  COS  0  sin  a  —  COS  ^  sec  a, 
a  c 


i 


sin  0  COS  a  ±  -  sin  0Mit^=  sin  0  sec  a ; 

c 

.'.  -5  +  f«  =  sec' a. 
a      o 


Therefore  the  locus  of  the  intersections  of  the  two  pairs  of 
opposite  systems  is  the  two  elliptic  sections,  parallel  to  the 
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plane  of  x^y  which  intersect  the  traxses  on  the  planes  of  zxy  yz, 
at  points  whose  eccentric  angles  are  ±  a,  and  0  is  the  eccentric 
angle  of  the  ellipses  at  these  points. 

177.  The  geometrical  construction  of  the  locns  maj  be 
made  as  follows ;  let  PQ^  PQ\  and  FQ^  F  Qf^  be  generating 
lines  at  points  P  and  F  in  the  principal  elliptic  section ;  PT^ 
P'T  their  projections  on  that  principal  plane  will  be  tangents  to 
that  ellipse;  therefore  (Art.  171)  QTQ  will  be  the  line  of  inter- 
section of  the  planes  containing  the  generating  lines,  and  will 
be  perpendicular  to  the  principal  plane. 


The  co-ordinates  of  2^  are  a  cos  6  sec  a  and  b  sin  d  sec  a,  as 
is  easily  shewn  bj  means  of  the  eccentric  angle  of  the  ellipse, 

hence,  -^r—  =  cos*  0  sec"  a  +  sin'  0  sec"  a  —  1  =  tan"  a, 
<r 

/.  QT^  c  tan  a  =  Q'T,  or,  the  loci  of  ^,  ^  are  elliptic  sections 
parallel  to  the  principal  elliptic  section,  at  distances  c  tan  a  from 
its  plane. 

178.    The  figure  is  meant  to  be  a  representation  of  the 
positions  of  sixteen  generating  lines  of  each  system,  correspond- 
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If 


ing  to  eccentric  angles  differing  by  - .    ABcih  is  the  principal 

elliptic  section,  ABdV  and  A'B'a^T  are  the  parallel  elliptic 
sections  which  intersect  the  conjugate  axis  of  the  hyperboloid  at 
its  extremities  C\  (7",  the  axes  of  which  sections  are  in  the  ratio 
V2  :  1  to  the  axes  of  the  principal  sections. 


The  generating  lines  through  the  extremities  of  the  axes  Aa^ 
Bb  intersect  these  two  ellipses  at  the  extremities  of  their  latus 
rectnms,  as  L\  E!^  and  11%  K'\  and  they  are  parallel  to  the 
asymptotes  of  the  principal  hyperbolic  section  through  Bh :  those 
through  the  extremities  of  the  latus  rectums,  as  L^  K^  pass 
through  the  extremities  of  the  axes  of  the  two  ellipses. 
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The  two  ellipses  A  Bel  and  A"S'a"  are  the  lod  of  the  inter- 
sections of  opposite  systems  of  generating  lines  drawn  through 
the  extrasiitie&  of  conjugate  diameters  of  the  principal  elfiptio 
section. 

The  figure  serves  to  represent  that  the  intersection  of  gene- 
rating lines  of  opposite  systems  drawn  through  points  in  the 
principal  elliptic  section,  whose  eccentric  angles  differ  by  a 
constant  angle,  lie  in  an  ellipse  parallel  to  the  principal  plane. 
As  for  example,  such  pairs  of  generating  lines  as  LB^  PD, 
and  BL\  PP. 

179.     To  find  ^  ffenerating  lines  of  a  hyperbolic  paraboloid. 
The  equation  of  the  hyperbolic  paraboloid, 


? 


is  satisfied  by  the  Taloes  of  x,  y,  a  for  eveiy  point  in  the  line 
vhoae  equations  are 

whatever  be  the  value  of  a. 

Therefore  by  giving  a  all  vahtes,  we  obtain  two  series  of 
straight  lines,  all  of  which  lie  entirely  in  the  surface ;  these  are 
the  two  systems  of  lines  which  are  rectilinear  generators  of  the 
paraboloid. 

The  equation  (1)  shews  that  in  the  two  systems  all  the  gene- 
rators are  parallel  respectively  to  the  two  asymptotic  planes, 
whose  equations  are 

i^T— =  0 

180.  To  shew  that  generating  lines  of  a  hyperhoUc  paraboloid 
of  the  same  syHem  do  not  intersect;  and  that  those  of  opposite 
systems  do  intersect. 

Let  the  equations  of  two  generating  lines  of  the  same 
system  be 
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If  the  two  lines  intersect  these  equations  are  simnltaneons, 

therefore      .,,  =  0,  which  is  impossible  since  a  is  not  equal  to 

/9.    Hence  they  do  not  intersect. 

Changing  the  order  of  the  signs  in  the  ambiguities  in  the 
second  set  of  equations,  we  have  the  equations  of  a  line  in  the 
fifystem  opposite  to  that  of  the  first. 

If  then  the  straight  lines  intersect, 

and  the  consistency  of  these  equations  proves  that  two  generating 
straight  lines  will  always  intersect  if  of  opposite  systems. 

181.  It  may  be  shown  by  the  reasoning  employed  in  Art.  174, 
that  no  straight  line  can  lie  on  the  paraboloid  which  does  not  belong 
to  one  of  these  systems,  and,  as  in  Art.  175,  that  the  paraboloid 
may  be  generated  by  the  motion  of  a  straight  line  which  inter- 
sects two  fixed  straight  lines,  and  is  parallel  to  a  fixed  plane ; 
also  by  a  straight  line  which  intersects  three  fixed  straight  lines 
which  are  themselves  all  parallel  to  the  same  plane. 

It  appears  also  firom  the  latter  construction,  that  if  any 
straight  line  intersects  three  fixed  straight  lines,  which  are  all 
parallel  to  the  same  plane,  the  intersecting  straight  line  will  in 
all  its  positions  be  parallel  to  another  fixed  plane. 

182.  To  ahem  that  the  jprojections  of  the  generating  lines  on 
the  jmncipcd  planes^  are  tangents  to  the  principal  sections* 

Since  the  equations  of  the  generating  lines  are 

The  equation  of  their  projections  on  the  plane  of  zxy  is 
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which,  being  of  the  fonn  z  =mx  —  —  is  the  equation  of  a  tan- 
gent to  the  parabola  e*^  —  Tx^  and  similarly  for  the  projection 
on  the  plane  of  ocy. 

183.  The  fignre  is  intended  to  represent  the  manner  in 
which  the  hTperbolic  paraboloid  is  capable  of  being  generated 
by  straight  lines. 


HAKy  ETA'K'  are  portions  of  the  branches  of  a  hyperbolic 
section  made  by  a  plane  parallel  to  that  oiyz^  catting  Oz  on  the 
positive  side;  EGE\  DCU  are  the  asymptotes. 

FBF\  GBG'  are  portions  of  the  branches  of  the  hyperbolic 
section  parallel  to  yz  on  the  negative  side  of  Ox. 

The  two  sections  are  so  chosen  that  the  generating  lines 
through  By  the  extremity'of  the  transverse  axes  of  one  section, 
pass  through  A^  A\  the  extremities  of  the  transverse  axis  of  the 
other. 

dOy  d'Oe  are  the  traces  of  the  paraboloid  on  the  plane  yz^ 
where  the  hyperbolic  sections  degenerate  into  straight  lines. 
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BOB  is  the  trace  on  the  plane  9Xy  and  AOA'  on  the 
plane  xy, 

Chneraiing  Circles. 

184.  To  find  the  condition  that  a  plane  section  of  a  central 
surfitce  of  the  second  order  may  be  circular  j  and  the  locus  of  the 
centers  of  circular  sections. 

Let  aa?  +  Jy*  H-  <»'  =  1,  be  the  equation  of  the  surface, 
and  Ix  +  my-^m  —p,  that  of  a  cutting  plane. 

Any  straight  line  drawn  in  this  plane  through  the  center  of 
the  section  will  be  bisected  hj  that  point. 

Let  ^=- — ^  = '  —  r  be  the  equations  of  any  dia- 

meter, (a?^,  y^y  «J  being  the  center,  the  values  of  r  at  the  points 
in  which  this  straight  line  meets  the  surface  are  given  by  the 
equation 

a(a:,  +  Xr)"+J(y,  +  ^r)*+c(«,  +  vr)*=l, 

and  since  the  values  of  r  are  equal  and  of  opposite  signs, 

also  l\  +  m/A  +  ni/  =  0 ; 

which  equations  being  true  for  an  infinite  number  of  values  of 
X  :  /i  :  I',  we  have 

<^a       ha       CZ^  P 

I        m       n      v      rr^     n? 

a      0      c 

aoR     fyu      csi 
The  equations  _  «  -2  =  —  will  therefore  represent  the  locus 

of  the  centers  of  all  sections  made  by  planes  whose  direction- 
cosines  are  2,  m,  n. 

Now,  the  values  of  r  are  given  by  the  equation 

ax^^  +  iyo+cz*-l  +  {aV  +  V  +  ci^  »^=  0, 
and  since,  for  circular  section,  these  values  of  r  axe  equal  for 
all  values  o{\j  fi,  v  consistent  with  the  equation 

iK  +  mfA  +  ni/  =  0 ; 
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wlieie  M  is  independent  ctf  the  valaes  of  X,  /«,  i^ ;  hence,  elimi- 
nating X,  we  have,  for  an  infinite  number  of  values  of  /bt :  i^, 

(Jf-a)(m/A  +  ny)"+?{(2f-ft)/**+(Jlf-c)i;^}  =  0, 

and  therefore  the  coefficients  of  /;&^  luv^  a.nd  i^  are  each  equal  0 ; 

/.  (Jlf— a)i»n=:0. 

If  Jf  =  a,  either  Z  =  0,  or  Jfef  =  i  =  c,  in  which  case  the  surfiwe 
is  spherical,  and  the  equation  is  satisfied  for  any  values  of  Z,  m,  n, 
i.  e.  for  any  direction  of  the  plane. 

Also  if  m  =  0,  the  coefficient  of /i-*«3f— 6  =  0;  shnilarly,  if 
n  =  0,  Jf-o=0. 

Hence,  if  the  surface  be  not  spherical,  we  must  have 

Z,  m,  or  n=sO. 

Suppose  «i  =  0,  then  jIf=J, 
and  the  coefficient  of  r^  =  (Jf-a) »'  +  (Jf-c)  P=0 ; 

P  n"  1 


•  • 


J— a     c— 6     c— a* 


Similarly,  if   Z=0,  ^»j3S  =  jZ7' 

and,  ifn«0,  ^-c^;::^-^. 

One,  and  only  one,  of  these  three  systems  is  possible,  viz.  the 
first,  if  a,  6,  c  be  in  order  of  magnitude. 

In  this  case,  the  co-ordinates  of  the  center  are  given  by  the 
equations 

±V(J-a)      0      ±J{c-b)       ^{c-a)  • 
The  equations  of  the  locus  of  the  centers  are 

€tx       __hy cz 

Therefore,  any  central  surfiace  may  be  generated  by  the 
motion  of  a  variable  circle  parallel  to  either  of  two  fixed  planes, 
the  center  remaining  on  two  corresponding  lines  which  are 
diameters  of  the  central  surfece. 
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L    The  equation  of  the  elUpBOid  10 

a?     V*     a* 

If  a^hyche  supposed  to  be  in  descending  order  of  magnitade, 
the  only  possible  directions  of  circular  section  are  given  bj  the 
equations 

y~?  (f  p  ?  <^ 

the  section  "being  parallel  to  the  mean  axis. 

n.    The  equation  of  the  hyperboloid  of  one  sheet  is 

'Ha>  bj  the  correiqK)nding equations  are 
m"  n*  1 


,  and  2=:0, 


?"?     ^'^<f     P'^7 


the  section  being  parallel  to  the  greater  real  axis. 

in.    The  equation  of  the  hyperboloid  of  two  sheets  is 

l£b>  e,  the  oonesponding  equations  aie 

P  n«  1  , 

1      1      1      1      1   .  i         ^^*     ^» 

the  section  being  parallel  to  the  greater  conjugate  axis. 

185.    We  may  also  determine  the  plane  circular  sections  as 
follows. 

The  equation  of  the  central  surfistee  being 

aaj^+6y*  +  «5*=*  1> 
we  may  write  it  in  the  form 
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or   {V(a-J)a?  +  V(6-c)«}  {V(a- J)a?- V(*-c)«} 

Ifi  therefore,  a,  ft,  c  be  in  order  of  magnitude,  the  equation  is 
satisfied  by  the  points  of  intersection  of  the  planes  whose  eqna- 

tions  are 

V(a  —  J)  a?  ±  V(^  —  c)  «  =  fc 

and  the  sphere  whose  equation  is 

6  (aj"  +  y"  +  «^  +  A  {V(«  -  J)  aj  +  V(i  -  c)  «}  - 1  =  0. 

Hence,  plane  circular  sections  are  parallel  to  the  mean  axis  in 
the  ellipsoid,  to  the  greater  transverse  axis  in  the  hyperboloid 
of  one  sheet,  and  to  the  greater  conjugate  axis  in  the  hjperboloid 
of  two  sheets,  and  there  are  two  systems  of  such  plane  sections, 
all  having  the  same  inclination  to  the  principal  planes  containing 
these  axes,  in  opposite  directions. 

It  is  obvious  that  these  are  the  only  circular  sections,  since  a 

plane  not  parallel  to  one  of  the  axes,  as  that  of  y,  being  of  the 

form 

Ix  +  my  +  nz  =i  p, 

could  not  reduce  the  expression  (a  —  J)  aj*  —  (J  —  c)  »*,  to  a  linear 
form,  for  the  points  of  intersection  with  the  surface,  which  is 
requisite  in  order  that  they  may  lie  upon  a  sphere. 

186.  Any  two  circular  sections  of  opposite  systems  lie  in  one 
sphere. 

The  equations  of  the  planes  of  two  circular  sections  of 
opposite  systems  are 

or,  (a- J) aj"-(6-c)  «*-(*+&')  V(«-&)  a?- (*-*')  V(6-c)  z+kk'=0. 

Hence,  they  intersect  the  surface  in  a  sphere  whose  equation  is 
b{a?+y'  +  ^^-l  +  {k'{-k')^/{a^b)x-\-{k--k')^{b^-c)z^kk'^0. 

187.  To  find  the  circular  sections  of  the  paraboloids. 

The  equation  of  any  paraboloid  is 

V*     a' 

V  +  —  =  2a?. 

o      c 
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Let  the  equation  of  the  cutting  plane  be 

Ix  +  my  +  m  =/>, 
and  the  equations  of  a  diameter  be 

{x^i  y^i  ej  being  the  center  of  the  circular  section ; 

.*.  tk  +  m/A  +  ni'  =s  0, 
and  lx^  +  fny^  +  nz^:sp. 

At  the  points  in  which  the  diameter  meets  the  surfieuse, 

therefore  the  equations  ^+  ^  -  2X  =  0, 

mfi  +  ni'  +  ZX  =  0, 
are  true  for  an  infinite  number  of  values  of  X :  ft :  v; 

*'  hra     en       I       ft^Tcn*     2  (im*  +  cfi*) +^' 
Alflo       ^  +  —  is  constant  =  Jf,  suppose ; 

/.  JfX«+(if-j)^»+(if-l)i^«0. 

Hence,  eliminating  X,  we  obtain  the  following  equation  which 
is  true  for  all  values  of  the  ratio  /i  :  v, 

JK^(m^  +  w)- +  P  l(^JIf «  i) /.•  +  (if--^)  i^U 0 ; 

if  cannot  ssO,  since  h  and  c  are  not  infinite;  we  must  have, 
therefore,  m  orn  »  0 : 

suppose  m  tti  0,    then  if »  t  » 

and      ifn*H-(if-i)p«0; 

1    r 

.\  7 B  0)  and  h  and  c  must  be  of  the  same  sign. 
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Hence,  the  hyperbolic  paraboloid  has  no  circular  section; 
and,  for  the  elliptic  paraboloid, 

—  =  T  =  7 >  and  wi  =  0. 

c      0     o  —  c 

Similarly,  we  have  the  system 


t 


P     1        m 
0     c     c^b^ 

One  only  of  these  is  possible,  namely^  the  first,  if  5  >  c. 
Hence,  the  circular  section  is  parallel  to  the  tangent  at  the 
vertex  of  the  principal  parabolic  section  which  has  the  greater 
latus  rectum. 

The  co-ordinates  of  the  center  of  a  circular  section  are  given 
by  the  equations  (1),  which  may  be  written, 

The  equations  of  the  locus  of  the  centers  of  all  circular 

sections  are 

z^±2 V{c {b  —  c)},  and y  =  0. 

The  elliptic  paraboloid  may  therefore  be  generated  by  the 
motion  of  a  variable  circle  parallel  to  either  of  two  fixed  planes, 
whose  center  remains  on  two  corresponding  lines,  parallel  to  the 
axes  of  the  principal  parabolic  sections. 

188.  We  may  also  find  the  positions  of  the  circular  sections 
of  the  elliptic  paraboloid  as  follows.  Arrange  the  equation  of 
the  paraboloid  in  the  form 


-T^^'iCc-l)-'^-'^ 


b 

and  let  the  surface  be  cut  by  a  plane  whose  equation  is  of  one 
of  the  forms 


X 


-*VC4V^ 


the  points  of  intersection  lie  on  one  of  the  inheres  whose  equa- 
tions are 


vjfe*V(V)}-'^"^' 


b 

that  is,  the  sections  by  those  planes  are  circular. 


or 
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Also,  these  are  the  only  circular  sections,  for  no  plane,  except 
a  plane  parallel  to  one  of  the  axes  as  thai  of  y,  could,  by  the 
combination  of  its  equation  with  the  equation  of  the  paraboloid, 

/g*  /I     1\ 

reduce  the  expression  -r  —  «*  ( —  t)  to  a  linear  form  for  the 

points  of  intersection  with  the  surface,  which  is  necessary  in 
order  that  they  should  lie  on  a  sphere. 

189.  Any  two  circular  sections  of  an  eUtpttc  paraboloid^  of 
opposite  systems,  lie  on  one  sphere. 

For,  the  equations  of  the  planes  of  two  circular  sections  of 
opposite  systems  are 

f-*+VC-?))f-''-V(^1-«' 

Hence,  they  intersect  the  paraboloid  in  two  dreles  lying  on 
the  sphere  whose  equation  is 


X. 

(1)  The  equations  of  the  generating  lines  of  the  surface 

y«  +  «S6  +  0^  -f  a'  s=  0, 

drawn  through  the  point  1%  am, V  are 

05(1  ifcm)  =  a9»-yBv(m«4-a). 

(2)  At  any  point  where  the  planes 

meet  tiiesur&ce 

ay  +  y«  +  «»  +  a*  =  0, 

the  two  generating  Unes  of  the  sur&oe  are  at  right  angles  to  each 
other. 


(3)    If  ^  be  the  angle  between  the  generating  lines  of  the  hy- 
perboluid 

K9 
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which  pass  through  a  point  at  a  distance  r  from  the  origin,  and  if  p 
he  the  perpendicular  from  the  origin  upon  the  plane  passing  through 
them,  sdiew  that 

2aft<Jcot<^  =  p(r*-a*-6*  +  c^. 

(4)    The  tangent  of  the  angle  between  the  generating  lines  of  the 
surface 

a       b      ^ 
which  pass  through  the  point  {x^,  y^j  '«J,  is 


A 


ab     hx'     flwA 
a-b 


(6)    Genenitmg  linee  of  the  hyperboloid 

are  drawn  through  points  in  the  plane  of  xy,  whose  eccentric  angles 
are  a,  j3 :  shew  Uiat  their  points  are  given  by  the  equations 

X  y  z  \ 

aco8-~-     6sm— ~-     *csm— ^     cos  — ^ 

Also,  the  shortest  distance  (8)  between  two  of  the  same  system  is 
given  by  the  equation 

4Bm'!^     sin'^     coe**^     --•-^ 


COB' 


2  2  2        ^^     2 


(6)  The  ecce^itric  angles  of  the  points  in  which  the  principal 
hyperbolic  sections  are  met  by  any  generating  line  are  complemen- 
tary, and  that  of  the  point  in  which  it  meets  the  principal  elliptic 
section  is  equal  to  one  of  these. 

(7)  In  the  hyperboloid 

no  three  generating  lines  can  be  mutually  at  right  angles,  unless 

1       11 

and,  if  this  condition  be  satisfied,  an  infinite  number  of  such  systems 
exist. 

(8)  The  generating  lines  of  the  hyperboloid 


a*     V     c* 
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at  aDj  point  where  it  is  met  by  the  cone 

are  both  perpendicular  to  aome  other  generating  line. 

If  the  generating  lines  be  themselTes  at  right  angles,  the  point 
lies  also  on  the  sphere  o^  +  y*  4-  2*  =  a'  +  6'  —  c*.  Shew  that  the  con- 
dition 1  +  T>  =  ;3  is  necessary  for  the  consistency  of  these  equations. 

(9)  If  three  generating  lines  of  the  same  system  in  a  hyperboloid 
be  mutually  at  right  angles,  the  shortest  distances  between  any  two 
will  also  be  generating  lines. 

(10)  If  three  generating  lines  of  the  same  system,  mutually  at 
right  angles,  be  made  the  edges  of  a  rectangular  piuallelopiped :  shew 
that  the  angular  points  of  the  parallelepiped  which  are  not  on  the 
hyperboloid,  lie  on  the  sur&ce  a;'  +  y*  +  js^  =  a'  +  6'—  c*,  and  on  the 
surface  whose  equation  is  obtained  by  eliminating  h  between  the 
equations 


A'  +  a*      A*  +  6"     A'-c*  '   (A«+a*)*      (V  +  6y     {h*-if)' 

(11)  If  two  planes  be  drawn,  passing  respectively  through  two 
generating  lines  of  the  same  system  at  the  extremities  of  the  migor 
axis  of  the  principal  elliptic  section,  and  intersecting  in  any  third 
generating  line,  the  traces  of  these  planes  on  either  of  two  fixed 
planes  will  be  at  right  angles  to  each  other. 

(12)  If  a  ray  be  reflected  between  two  plane  mirrors,  inclined  at 
any  finite  angle,  shew  that  all  the  reflected  rays  lie  on  a  hyperboloid 
of  revolution;  and  find  its  position. 

(13)  The  equations  of  the  generating  lines  of  the  hyperboloid 
which  pass  through  the  point  {x^  y^  z^,  are 


yz      bx 
0   0  j, 

e        0        0        a 


r 


(14)  The  angle  between  two  planes,  each  passing  through  the 
center,  and  through  one  of  the  generating  lines  at  any  point  of  an 
hyperboloid,  is  given  by  the  equation 

abc  cot  <^  _  1       1      1      1 

r  being  the  distance  fi:x>m  the  center  of  the  point  and  p  that  of  the 
plane  containing  the  generating  lines. 

(15)  The  perpendiculars  from  the  origin  upon  the  generating 
lines  of  the  hyperboloid 

a'      6'     c 
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lie  upon  the  cone 

(16)  The  perpendiculars  from  the  origin  on  the  generating  lines 
of  the  paraboloid 

lie  upon  the  cone 

(17)  If  0  be  the  angle  between  the  perpendicnlars  from  the 
center  on  the  generating  lines  of  an  hyperboloid  which  pass  through 
the  point 

(a  cos  Oy  6  sin  a,  0)| 

^(f      ~~      sin*  a  cos' a 

tan  2 

(18)  A  straight  line  moves  so  as  to  intersect  the  parabolas 

and  remains  parallel  to  one  of  the  planes 

^/a  Jb  ' 

shew  that  its  locus  is  the  paraboloid 

a      b 

(19)  Find  the  locus  of  a  variable  circle  which  is  perpendicular  to 
the  plane  of  an  ellipse,  and  of  which  a  diameter  is  one  of  a  system  of 
pandlel  chords  of  the  ellipse.  Shew  that  the  same  locus  may  be 
similarly  generated  by  using  another  system  of  parallel  chords. 

(20)  A  series  of  parallel  circles  are  described  on  parallel  chords 
of  a  fixed' circle  as  diameters;  shew  that  their  locus  is  an  ellipsoid, 
the  squares  of  whose  axes  are  in  arithmetical  progression. 

(21)  Xf  *T^  =  —  ^  ^  central  section  of  the  hyperboloid 

and  a,  a  the  eccentric  angles  of  the  points  in  which  two  generating 
lines  of  the  same  system  at  the  extremities  of  a  diameter  of  this  cen- 
tral section  meet  the  principal  eUiptio  section,  then 

.      a .      d      m  +  n 

tanrrtan^r  = • 

2        2      m'-'fi 


CHAPTER  X.    • 

MODULAR  AND  UMBILICAL  GENERATION  OP  SURFACES  OF  THE 

SECOND  DEGREE. 


Modular  Oeneration. 


190.  In  this  chapter  we  shall  give  some  account  of  the  inge* 
nions  methods  of  generation  of  surfaces  of  the  second  degree  which 
have  been  invented  by  Professor  Mac  Cullagh  and  Mr  Salmon, 
and  the  student  who  wishes  to  examine  these  methods  from  a 
more  extended  point  of  view,  is  recommended  to  read  some 
most  valuable  memoirs  by  Mr  B.  Townsend,  published  in  the 
third  volume  of  the  Catniridffe  and  Dublin  Mathematical 
Journal. 

The  locus  of  a  point  whose  distance  from  a  fixed  point  is  in 
a  constant  ratio  to  its  distance  from  a  fixed  straight  line,  mea- 
sured parallel  to  a  fixed  plane,  is  a  surface  of  the  second  de* 
gree. 

Since  this  locus  contains  ten  disposable  constants,  viz.  three 
dependent  on  the  position  of  the  fixed  point,  four  on  that  of  the 
fixed  straight  line,  and  two  on  the  direction  of  the  fixed  plane, 
and  one  more,  namely,  the  constant  ratio,  hence,  the  locus  may, 
in  general,  be  made  to  coincide  with  any  surface  which  can  be 
represented  by  an  equation  of  the  second  degree  in  an  infinite 
number  of  ways,  since  there  will  be  nine  equations  only,  con- 
necting the  ten  disposable  constants. 

If  it  were  possible  to  eliminate  all  but  the  three  co-ordinates 
of  the  fixed  point,  there  would  result  two  final  equations  de- 
termining a  curve  locus  of  such  points. 

Similarly,  if  it  were  possible  to  eliminate  all  but  the  four 
constants  which  determine  the  position  of  the  fixed  line,  we 
should  obtain  three  final  equations  which,  with  the  equations 
of  the  straight  line,  determine  a  ruled  surface,  which  is  tlie  locus 
of  the  fixed  line. 
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THe  fixed  point  is,  from  analogy  with  the  focal  generation 
of  Conies,  called  a  modular  JvcuSf  the  fixed  line  a  directrix,  the 
constant  ratio  the  maduluSf  and  the  plane  the  directing  plane, 

191.  To  find  the  locus  qfapoint,  whose  distance  from  a  focus 
IS  in  a  constant  ratio  to  its  distance  fivm  a  directrix j  measured 
parallel  to  a  given  directing  plane. 

Let  8  the  focus  be  taken  for  origin,  Szj  8y  parallel  to  the 
directrix  DNsxA  the  directing  plane  respectivelj,  a,  fi  the  co- 
ordinates of  2>  in  xg^  e  the  modnlns,  and  w  the  angle  of  in- 
clination of  the  directing  plane  to  xg. 

Let  PN  be  drawn  from  the  point  {x^g^z)  to  the  directrix 
parallel  to  the  directing  plane,  NM  parallel  to  8g,  and  FM 


perpendicular  to  NM;  then  PMNvnil  be  parallel  to  the  directing 
plane.  Hence  we  shall  have  MN=  g-rfi,  and  FM=  (a;  —  a)  sec  «• 
Then,  P  being  a  point  in  the  locus,  8P^  c  •  PN. 

.'.  aj"  +  y"  +  «"  =  fl^{(aj-a)'^sec"©+(y-/8)'}, 

this  is  the  equation  of  the  locus  required,  which  is  always  a 
surface  of  the  second  order. 

Since  z=^x  tan  a>  +  &  is  the  equation  of  any  section  parallel 
to  the  directing  plane,  we  have,  at  the  points  of  intersection  with 

the  surfSEU^, 

a^sec'  (o  +y*  -cxf+g'  +  («  -  A)', 
which,  substituted  in  the  equation  of  the  locus,  shews  that  the 
curve  of  intersection  lies  on  a  sphere,  except  when  tf^l,  in 
which  case  it  lies  on  another  plane. 
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Hence,  all  sections  parallel  to  tiie  directing  planes  are  cir- 
cular sections ;  or  straight  lines,  when  6  =  1. 

Also,  the  form  of  the  equation  shews  that  the  focns  lies  in 
the  principal  plane  perpendicular  to  the  directrix. 
The  equation  may  be  reduced  to  tiie  two  forms 

(l-«*sec"»)a?'+(l-e^y'  +  iB'  +  2e*ase<J*tt)a?  +  2e"/9y 

=  e*asec'©*+6*i8*  (1), 

and   (l«.'sec-.)(.  +  5^?^)V(l«e^(y4.j^^^^^ 

""l~6»sec'«*  "^l-e*  ^^^• 

K  escos  a>,  (1)  shews  that  the  surface  is  in  general  an 
elliptic  paraboloid;  an  elliptic  cylinder  if  asO,  and  a  parabolic 
cylinder  if  also  a>  =  0. 

If  6  s  1,  it  is  a  hyperbolic  paraboloid,  or  cylinder  if  /9  s  0. 

If  e  have  not  those  critical  yalues,  (2)  shews  that  it  is  an 
ellipsoid  or  hyperboloid  of  one  or  two  sheets,  reducing  to  a 
cone,  or  a  point,  if  a  =  0,  /8=0. 

The  modulus  is  in  every  case  tiie  eccentricity  of  the  prin- 
cipal section,  real  or  imaginary,  whose  axes  are  parallel  re- 
spectively to  the  directrix  and  to  the  directing  plane. 

Since  in  surfaces  of  revolution  tiie  circular  sections  are 
parallel  to  principal  planes,  therefore  »  =  0,  or  90^ 

If  10=0,  we  obtain  the  oblate  spheroid  or  the  hyperboloid 
of  revolution  of  one  sheet  according  as  e  is  less  or  greater  than 
unity. 

If  CD  s  90^  the  equation  (2)  reduces  to  (a?  —  a)'s  0. 

Therefore  the  prolate  spheroid  and  the  hyperboloid  of  revolution 
of  two  sheets  cannot  be  generated  by  the  modular  method. 

192.  To  find  the  modular  focal  and  dirigeTii  conies  in  the 
case  cf  central  surfaces. 

Let  f  ,  1?  be  the  co-ordinates  of  a  focus  in  the  principal  plane 
0!^  of  a  central  surface,  Oz  being  parallel  to  the  directrix,  I',  rf 
those  of  any  point  in  the  directrix. 

Thus  using  tiie  notation  of  equation  (2) 

a6*sec'a>        -,        ,   fit? 

' i — t~==f>  and -5 i^Vf 

l-6Bec"a>     *'         l-« 
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and  the  equation  of  the  central  snrfaoe  is 
Comparing  this  with  the  equation 

^+2^  +  ^  =  1 

we  obtain  a?(l— ^sec'o))  =c*  =  J*(l— e*); 

•^  M         Ji         *-9 


which  is  the  equation  of  the  locus  of  the  focus  in  that  plane 
called  a  modtdar  focal  conic. 

This  conic  passes  through  the  foci  of  the  principal  sections 
containing  the  directrix,  and  is  confocal  with  the  principal  section 
in  which  it  lies. 

This  is  true  whether  the  foci  be  real  or  imaginary. 

Similarly,  if  the  directrix  be  taken  parallel  to  Oaj,  the  cor- 
responding modular  focal  conic  has  for  its  equation 

-r^  +  x5r^  =  l,     ande**!-.^. 
c  --a      o  —or  0 

Again,  f  rrg  +  g=      J      =— — -f, 


e*  sec*G>     a*  —  (? 
V  =17+ ^  =  -7  =  55 — ^317, 


•  • 


which  is  the  equation  of  the  locus  of  the  directrix  in  that  direc* 
tion,  or  of  its  trace,  called  a  modular  dirigent  cylinder  or  conic  ; 

gS ^8  Tt a 

that  of  the  other  is  — j —  ^  H 4—^?'*  =  !• 

By  changing  the  signs  of  a*,  i'  and  c'  we  obtain  the  focal 
and  dirigent  conies  for  all  central  surfaces,  including  cones  and 
cylinders,  if  one  or  all  of  these  quantities  become  infinite. 

A  third  focal  conic  exists  corresponding  to  imaginary  cir- 
cular sections,   and  is  called  indifferently  a  non-fnodulary  or 

umbtUcal  focal  conic^  its  equation  is  "r~^  +  TrM  =  ^>  *^^  i* 
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has  received  the  latter  name  from  the  &ct  that,  when  real,  it 
passes  through  the  mnbilici  of  the  surface,  or  the  points  at  which 
the  circular  section  becomes  a  tangent  plane. 

The  modular  focal  conies  do  not  intersect  the  surfaces,  but 
the  non-modular  focal  conies  do.  .  • 

Def.  That  principal  axis  which  is  parallel  to  the  directing 
planes  is  called  the  directive  axis. 

193.  The  Jbcal  and  diriffent  conies  are  reciprocals  of  each 
other  toith  respect  to  the  principal  section  in  the  plane  of  which 
they  lie^  and  the  line  joining  the  foot  of  any  directrix  with  the 
corresponding  focus  is  a  normal  to  the  focal  conic* 

The  equation  of  a  focal  conic  being 

the  equation  of  the  tangent  at  the  point  (^,  17)  is 

xP*     yn      ^ 
or  -^+^=1 

a        o 

whence  it  is  the  polar  of  (f ',  17'),  the  foot  of  the  corresponding 
directrix  with  respect  to  the  section  in  xy. 

Also,  since      cf  (f '  -  f )  =  c^f ,  and  i"  (1;'  -  1;) «  c'l?', 
the  equation  of  the  tangent  may  be  written 

«(r-f)+y(V-'7)=c«, 

it  is  therefore  perpendicular  to  the  line  joining  (^,17)  and  (f,  17'), 
whence  the  second  part  of  the  proposition. 

194.  To  find  the  focal  conies  for  conical  surfaces. 

If  a,  hj  c  be  finite  quantities  proportional  to  the  infinite 
principal  axes  of  a  conical  surface,  we  obtain  from  the  equation 

a?     V*     2*  .  . 

-y  — ^  — -jfssO,  in  which  h  corresponds  to  the  directiye  axis, 

the  two  modular  focal  conies  are 

x'  -^ 


-IT— 1  =  0,     and  T-r-3+w-r:ji=0> 


and  the  non-modular  or  umbilical  focal  conic 

a«  +  6>  +  y-.c«-^- 
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The  cone  has  therefore  the  propertj  that  all  the  three  focal 
conies  are  real,  having  a  common  point  in  the  vertex,  two  of 
them  being  evanescent  ellipses  in  their  transitions  between  real 
and  imaginary  existence,  and  the  third  the  limit  of  an  hyper- 
bola consisting  of  two  right  lines  intersecting  in  the  vertex. 

The  vertex  is  therefore  not  only  modular,  but  doubly  mo- 
dular, since  it  is  a  point  in  two  modular  focal  curves,  and  it  is 
also  an  umbilical  focus,  arising  from  the  fact  that  it  is  the  limit 
of  the  two  species  of  hyperboloids,  for  both  of  which  the  real 
focal  hyperbola  is  modular,  and  for  one  the  real  focal  ellipse  is 
modular,  while  for  the  other  it  is  umbilical. 

Of  the  two  moduli  in  the  modular  generation  of  the  cone, 
the  less  modulus  belongs  to  the  focal  lines,  and  is  called  by 
Mac  Cullagh  the  Unear  modulus^  while  the  other,  to  which  only 
a  single  focus  corresponds,  is  called  the  singular  modulus. 

195.  Eocamination  of  the  nature  of  the  two  moduli  and 
modular  conies  in  the  principal  central  surfcuces. 

I.  In  the  ellipsoid,  h  is  intermediate  between  a  and  c,  the 
directrix  which  gives  a  real  modulus  and  real  focal  and  dirigent 
conies,  is  parallel  to  the  least  axis. 

If  the  directrix  be  parallel  to  the  greatest  axis  the  modulus 
and  modular  conies  are  imaginary. 

n..  For  the  hyperboloid  of  two  sheets,  write  —  ft*  and  —  ^ 
for  }?  and  &  in  the  equation  of  the  surface,  h  supposed  >  o. 

If  the  directrix  be  parallel  to  an  imaginary  axis  the  modulus 
and  modular  conies  are  real. 

If  the  directrix  be  parallel  to  the  real  axis  the  modulus  is 
real,  and  the  modular  conies  imaginary. 

in.  For  the  hyperboloid  of  one  sheet,  vrrite  —  c*  for  c*  in 
the  equation  of  the  ellipsoid,  when  5  >  a. 

If  the  directrix  is  parallel  to  either  axis  the  modulus  and 

modular  conies  are  real,  the  less  modulus  corresponding  to  the 
focal  hyperbola. 

196.  To  find  the  relation  between  the  moduli  in  central 
surfaces. 

Let  e,  e'  be  the  moduli  corresponding  to  the  two  directions  of 
the  directrix. 
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C0B*a>        a'  ^  Bin'»         i? 


Then  --r- « 3 — 3*  «id 


cob' 09     sin'o  _<^-^<^_, 

which  is  the  general  relation  between  the  moduli. 

197.     To  find  the  modular  conies  for  non^central  surfaces. 

I.     For  the  elliptic  paraboloid,  in  which  « >»  cos  »• 
The  equation  (1)  reduces  to 

sin'»  (y  + /9 cot*«)"  +  «"  =  -  2aaj  +  a"  +  iS"  cot* », 

and  comparing  it  with  the  equation  ^  H —  »  2a;,  we  shall  have, 

^f  ri  being  the  co-ordinates  of  a  focus, 

-.        a'  +  iS'cot'a  «      • 

f= ^ ,   i7=^coi"»,  a  =  -c, 

8in*cp_  1     coB*a» 

.M,-  =  2cco^«(f.|)=2.(J-c)(f-|). 

The  focal  conic  is  therefore  a  parabola  having  its  vertex  in 
the  focus  of  the  parabolic  section  parallel  to  the  directrix,  and 
oonfocal  with  the  other  parabolic  section,  since  the  abscissa  of  its 

focus  is-+-y-,  or-. 

If  {",  fi  be  the  co-ordinates  of  the  corresppnding  directrix, 

f  «f  +  a  =  f-c,  andV  =  ^  +  ^  =  j^i/; 

•••''-^0  («■-!)■ 

which  is  the  reciprocal  of  the  focal  parabola  ivith  respect  to  the 
section  ^  s  2bx. 

EL  For  the  parabolic  cylinder  »  » 0  and  €  » l,  and  the 
equation  (1)  becomes 

«•+ 2aaj +  2i8y  =s  a"  + /S", 
and  comparing  with  the  equation  «" »  iaxj  we  have  /3  s  0,  and 
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if  f  be  the  abscissa  of  the  focus 

the  focal  conic  becomes  a  straight  line  parallel  to  the  generating 
lines,  and  containing  the  fod  of  all  the  parabolic  principal 
sections, 

f  =  ?  +  a=-a, 

or  the  dirigent  conic  is  the  locus  of  the  feet  of  the  directrices  of 
these  parabolic  sections. 

III.    For  the  hyperbolic  paraboloid,  6=1,  and  the  equation 
(1)  becomes 

s?  —  tan*  ©  (a;  —  a  cosecf  o>)'  =  —  2)8y  —  a*  cosec*  <»  +  ^. 

Comparing  this  with  the  equation =  2y,  we  have, 

f  ,  17  being  the  co-ordinates  of  the  focus, 

sin'  w     cos'  ck>        1 


a        a  +  c 


,  and  ^  = — c. 


^                  a           a-fc                ^  — a*cosec'« 
f=-acosec'©  = —d,  1;  = ^ ; 

.-.    r  =  -2(a  +  c)(i;-|). 

The  focal  conic  is  therefore  a  parabola  having  its  vertex  in  the 
focus  of  the  principal  parabolic  section  parallel  to  the  directrix 
and  its  focus  in  that  of  the  other ;  since  its  abscissa  is 

c     a  +  c__     a 
2         2  2' 

If  f ',  17'  be  the  co-ordinates  of  the  directrix 

2a' 


•••  «'-rh(''-l). 


which  is  the  reciprocal  of  the  focal  conic  with  respect  to  the 
section  a^  =  —  2ay. 

In  both  cases  the  line  joining  the  focus  and  directrix  is  a 
normal  to  the  focal  curve. 
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Since  tan  o^  maj  have  any  valne,  the  plane  containing  a  focal 
cnrre  may  be  either  of  the  principal  planes  containing  the  diie^ 
tive  axis. 

198.  To  trace  the  changes  of  the  surfaces  and  real  focal 
conies  corresponding  to  changes  of  the  modulus  from  0  to  oo . 

e^Oy  Surface  an  infinitely  small  sphere. 

Focal  conic  an  infinitely  small  ellipse. 

e  <  cos  09,  Surface  an  ellipsoid. 

Focal  conic  an  ellipse. 

e  ^  cos  a>,         Surface  an  elliptic  paraboloid. 

Focal  conic  a  parabola. 

€>cosa»<  1,    Surface  at  first  an  hyperboloid  of  two  sheets, 

passing  through  a  cone,  to  an  hyperboloid 
of  one  sheet,  conjugate  axis  perpendicular 
to  the  directrix. 
Focal  conic  at  first  an  hyperbola,  transverse  axis 
perpendicular  to  the  directive  axis,  passing 
through  the  asymptotic  limit,  two  straight 
lines  to  an  hyperbola,  transverse  axis  pa- 
rallel to  the  directive  axis. 

e  =3 1,  Surface  an  hyperbolic  paraboloid. 

Focal  conic  a  parabola. 

«>  1,  Suppose  an  hyperboloid  of  one  sheet,  conju- 

gate axis  parallel  to  the  directrix,  includ- 
ing an  hyperboloid  of  revolution. 
Focal  conic  an  ellipse,  transverse  axis  parallel 
to  the  directive  axis. 

If  a>^  0  the  ellipsoid  becomes  an  oblate  spheroid.  The  pro- 
late is  inadmissible  because  the  directrix  cannot  be  parallel  to 
the  directing  plane. 

The  hyperboloid  of  revolution  of  two  sheets  is  lost  between 

e  =  1  and  e  =  cos  co. 

Umbilical  generation. 

199.  The  locus  of  a  point,  the  square  of  whose  distance 
firom  a  fixed  point  bears  a  constant  ratio  to  the  rectangle  under 
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the  perpendicular  distances  from  two  directing  planes,  is  a  surface 
of  the  second  degree. 

This  locos  contains  ten  disposable  constants ;  three  dependent 
on  the  position  of  the  fixed  point,  three  on  the  position  of  each 
of  the  directing  planes,  and  one  more,  namely,  the  constant 
ratio. 

The  fixed  point  will,  therefore,  not  generally  be  unique^  but 
may  be  on  any  point  of  a  curve  locus. 

The  fixed  point  is  called  an  umbilical  focua^  the  intersection 
of  the  planes  a  directrix^  and  the  constant  ratio  the  umbilical 
modulus. 

200.  To  find  the  locus  of  a  point,  the  square  of  whose  dis^ 
tance  from  a  focus  is  in  a  constant  ratio  to  the  rectangle  under 
the  distances  from  two  fixed  directing  planes. 

Let  the  focus  B  be  taken  for  the  origin,  the  planes  bisecting 
the  angles  between  the  directing  planes  being  parallel  to  the 
planes  of  xy,  yz. 

Let  also  »  be  the  inclination  of  the  directing  planes  to  the 
plane  of  xy^  a,  7  the  co-ordinates  of  any  point  in  the  directrix, 
and  e  the  constant  ratio. 

From  any  point  P,  let  PQ,  PR  be  drawn  perpendicular  on 
the  directing  planes ; 

.-.   SP^ePQ.PB, 

the  equations  of  the  directing  planes  will  be 

(«  —  a)  sin  »  ±  («  —  7)  cos  «  =  0 ; 
therefore  if  a?,  y,  z  be  the  co-ordinates  of  P, 

03^  '\-j^'\'9?^e  {(«—  a)*  sin*  w  —  («  —  7)"  oos^ »} 

will  be  the  equation  of  the  locus,  which  is  of  the  second  degree. 

If  the  surface  be  cut  by  a  plane,  parallel  to  either  directing 
plane,  whose  equation  is 

(a?  —  a)  sin  ©  ±  («  —  7)  cos  ts  =/?, 

the  curve  of  intersection  obviously  lies  on  a  sphere,  and  is  there- 
fore a  circle. 
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The  equation  may  be  written  in  the  fonns 
(1  — eBin*«)a^  +  y"+(l+«co8*o»)«'+  2€Bin"«.0KC  — 2«coaP«.7« 

=  c(a"Bin'»  — t'cos'©) (1), 

^  '\      1— asm"©/    ^     ^  '\      1+6C08(»/ 

6  sin*  OF      -        acos'fli      •  ,^. 

«t :~i-  a"  — r— i—  7^ (2), 

Hence,  the  focus  lies  in  the  principal  plane  perpendicular  to 
the  circolar  sections. 

The  equation  (1)  shews  that  when  6=scosec*a>  or  —  sec'a>, 
the  surface  is  an  elliptic  paraboloid  or  evanescent  cylinder. 

And  the  equation  (2)  that,  for  other  values  of  6,  the  surface 
is  an  ellipsoid  or  hyperboloid  of  two  sheets  or  cone. 

If  o>  B  0,     6  is  negative, 

and  if  eo  a  90^,  e  is  positive. 

In  both  cases  the  surface  is  a  prolate  surface  of  revolution^ 
either  a  spheroid,  hyperboloid,  or  paraboloid,  including  an  evan- 
escent circular  cylinder  as  a  limiting  case. 

201.  To  find  the  umbilical  focal  and  diriment  conies  in  the 
case  of  central  surfaces. 

Let  (fihe  the  co-ordinates  of  the  umbilical  focus  referred  to 
the  principal  planes  of  a  central  surface ;  {',  ^  those  of  any  point 
in  the  coixesponding  directrix. 

Then,  using  the  notation  of  the  last  article, 

foe  sin*  01  ■,  ^  7acos'o» 

l  —  e  sm" »  1+6  cos  o» 

and  the  equation  of  the  surface,  referred  to  its  center,  is 

a*  •   %    •    /«           1    \  ^.  ^     1— 6  8in*» -^    l+ecos*©-^. 
-  e  sm* »)  a?+  (l+c  cos*  ©)  a;"4y  = r-, f* 1 f*. 

Comparing  this  with  the  equation  -f+^  +  7«l,  we  obtain 
c^ (1  -e  sin*a) «  J*  =  (?  (1  -f  6 co8*«) ; 
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and        ^  ^     z=l 

the  equation  of  the  umbilical  focal  conic  which  is  confocal  with 
the  section  hy  its  plane,  and  passes  through  the  foci  of  the  other 
sections,  and  also  the  umbilici. 

Again,        f'  =  f  +  «  =  f(i+^.)=^.?, 

the  equation  of  the  umbilical  dirigent  conic,  which  is  obviouslj 
the  polar  reciprocal  of  the  focal  conic  with  respect  to  the  principal 
section  in  the  same  plane. 

202.  In  the  case  of  the  cone,  a  and  7  vanish,  and  the  equa- 
tion becomes 

(1  -  c  sin* tt))  aj"+y*+  (1  +e  cos*©)  «*  =  0, 

and  comparing  this  ynth  the  equation 

e  sm' «  =  1  +  -^ ,    and  e  cos' »  =  -y  —  1 ; 

and  the  dirigent  passes  through  the  focus  which  is  at  the  vertex. 

203.  To  find  (he  umbilical  focal  and  dirigent  conies  in  the 
case  of  non-'Central  surfaces. 

If  e  sin*(k>  =  1,  the  equation  (1)  becomes 

y*+e0"  +  2aaj  — 2e  cos'©  .7«  =  a*  —  e7*cos'«. 

Comparing  this  eqtiation  with  the  equation 

^  +  -  =  2a;, 
0      c 
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if  ^,  ^he  the  co-ordinates  of  the  focus, 

a  =  —  i,    6  =  - ,    and  sin*  ©  =  t  • 

c  0 

Also        P  —  ^'f^^^^^^"^  _  y  — 7*008*01 
*       *"  2a  "         2i 

and  f=»  — 7COB*o>; 

b 


.-.   C  =  -C08»tt>.2jff-|) 


=  -2(i-o)(f-|). 


the  abscissa  of  whose  focns  is =  - ,  therefore  the  umbili- 

2         2        2' 

cal  focal  conic  is  a  parabola,  confocal  with  the  parabolic  section 

in  whose  plane  it  lies,  and  haying  its  vertex  in  the  focus  of  the 

other  principal  section. 

If  f ',  f  be  the  co-ordinates  of  the  directrix, 


•••f-J^olf  +  l). 


which  is  the  reciprocal  of  the  focal  curve  with  respect  to  the 
section  ^^^cx. 

204.    Suffoces  capable  of  generation  by  the  vmbiUcal  method. 

With  a  real  focus  and  directrix  the  only  surfaces  which  can 
be  generated  axe  the  ellipsoid,  the  hyperboloid  of  two  sheets,  and 
the  elliptic  parabolpid,  which  is  the  limit  of  both ;  also  the  corre- 
sponding particular  cases  of  these  surfaces,  viz.  a  cone,  the  limit 
of  the  hyperboloid  of  two  sheets,  a  point  or  evanescent  ellipsoid, 
and  an  infinitely  slender  cylinder  or  evanescent  elliptic  para- 
boloid. 

The  surfaces  of  revolution  capable  of  being  generated  by  this 
method  are  the  prolate  spheroid  and  the  hyperboloid  of  revolution 
of  two  sheets. 

Def.  a  surface  of  the  second  degree  shall  in  future  be  de- 
nominated a  Conicoid. 

L2 
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Drcperties  cfconicotds  dedticed  by  the  modular  and  umbilical 

methods  of  generation. 

205.  If  a  section  of  a  conicoid  he  made  by  apUme  coTUainr 
ing  two  directrices^  the  sum  or  difference  of  the  distances  of  any 
point  of  the  section  from  the  corresponding  foci  is  constant. 

Let  P  be  any  point  of  the  section  whose  plane  contains  the 
directrices  QD,  QU^  and  let  Fy  F'  be  the  corresponding  foci. 

Draw  QPQf  perpendicular  to  the  directrices  and  DPiy  paral- 
lel to  a  directive  plane. 

Then,  since  the  modulus  is  the  same  for  both  fod, 

FP  :  PD  ::  FT  :  PD'; 
.-.  FP  I  F'P  ::  PD  :  PD'  ::  PQ  :  P^, 
and    FP  *  FT  i  PQ^PQ  :;  FP  :  PQ. 

Now,  PQ  +  PQ'  or  PQ  -  PQ  is  constant,  according  as  P  is 
or  is  not  between  the  directrices,  and  FP  :  PQ  is  constant, 
since  PQ  :  PD  is  so ; 

.••  FP  *  FT  is  constant. 

206.  If  a  straight  line  be  drawn  through  any  point  in  a 
directrix  intersecting  a  conicoid  in  any  two  points y  the  line  joining 
the  corresponding  focus  with  ike  point  in  the  directrix  bisects  the 
angle  between  the  focal  distances  of  the  points  of  intersection,  or  the 
supplement  of  that  angle. 

Let  the  focus  F  correspond  to  the  directrix  DQ,  and  QPP' 
intersect  the  surface  in  P,  P; 

then,  FP:  PQ  ::  FP :  PQ; 

.\  FP  :  FP  ::  QP  :  QP, 

which  proves  the  proposition. 

Cor.  If  QP  be  a  tangent  to  the  surface,  QFP  is  a  right 
angle. 

207.  If  a  straight  line  touching  a  conicoid  meet  two  parallel 
directrices^  it  makes  equal  angles  with  the  lines  drawn  from  the 
point  of  contact  to  the  corresponding  foci. 

For,  if  P  be  the  point  of  contact,  Q,  Q  the  points  in  which 
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the  tangent  meets  the  directrices,  F^  F*  the  corresponding  foci, 
since  the  modnliis  is  the  same  for  both  foci^ 

FP :  PQ  ::  F'P  :  PQ. 

Also  the  angles  PFQ^  PF'  Q  are  right  angles,  therefore  the 
triangles  are  similar,  and  the  angles  QPF^  QPF*  are  equal. 

2Q8.  If  a  cone^  having  tt$  vertex  in  any  directrixy  envelope 
a  coniooidj  the  plane  of  contact  passes  through  the  corresponding 
Jbcus^  and  ia  perpendicular  to  the  line  joining  it  wUh  the  vertex. 

For  if  Fbe  the  yertex,  and  F  the  focos,  VP  any  side  of  the 
cone  touching  the  sur&ces  in  P,  PFVta  a  right  angle. 

Hence,  the  locus  of  P  which  is  the  plane  of  contact  is  a  plane 
through  F  perpendicular  to  VF. 

209-  If  the  vertex  of  a  cone  be  any  point  in  a  focal  curve  of 
a  conicoidj  and  the  hose  he  any  plane  section  of  the  conicoid,  the 
Une  joining  the  focus  toith  the  point  in  which  the  directrix  meets 
the  plane  of  section  is  an  axis  of  the  cone. 

Let  the  plane  section  cut  the  directrix  in  Ey  and  EP  be  a 
tangent  at  P  to  the  section,  then  FP  is  perpendicular  to  FE^ 
which  is  therefore  an  axis. 

C!oR.  1.  The  second  plane  of  section  of  the  cone  intersects 
the  corresponding  directrix  in  the  same  point  as  the  first  plane. 

COK.  2.  If  the  first  plane  section  passes  through  the  directrix, 
the  second  will  also  pass  through  the  directrix^  and  in  this  case, 
since  there  will  be  an  infinite  number  of  axes  of  the  cone,  it  will 
be  one  of  revolution. 

210.  If  the  vertex  of  an  enveloping  cone  of  a  conicoid  be 
a  point  on  a  foccd  curve  of  the  surface^  the  cone  is  one  of  re- 
vohition^  and  its  internal  axis  is  the  tangent  to  the  focal  curve 
at  the  vertex. 

Let  Fbe  the  vertex  of  the  cone,  FP,  VP'  the  tangents  to  the 
trace  of  the  surface  on  the  plane  of  the  focal  curve,  then  PP  is 
a  tangent  to  the  dirigent  conic  at  the  foot  of  the  corresponding 
directrix,  (Art.  193) ;  and  since  the  plane  of  contact  is  perpendi- 
cular to  the  plane  of  the  focal  curve,  it  will  contain  the  corre- 
sponding directrix,  and  therefore  by  Cor.  2  of  the  last  article 
will  be  a  cone  of  revolution. 
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Also,  since  the  tangent  at  V  is  perpendicular  to  the  directrix, 
and  to  the  line  joining  V  and  the  foot  of  the  directrix  (Art*.  193), 
it  is  perpendicular  to  the  plane  of  circular  section,  and  is  the 
internal  axis  of  the  cone. 

Prcperties  of  Cones  of  the  Second  Degree. 

211.  The  sines  of  the  angles^  which  any  side  of  a  cone  makes 
with  a  focal  line  and  the  corresponding  dirigent  plane,  are  in  a 
constant  ratio. 

Let  a  plane  pass  through  any  directrix  DQ  and  the  corre* 
sponding  focus  F,  and  let  P  be  any  point  in  the  section  of  the 
cone  made  by  this  plane :   V  the  vertex  of  the  cone. 

Draw  FJBj  PQ  perpendicular  to  the  dirigent  plane  and 
directrix. 

Then  FP  :  PQ  and  PR  :  PQ,  and  therefore  FP :  PB  are 
constant  ratios ;  and  J)F  being  perpendicular  to  VF,  therefore 
VF  is  perpendicular  to  the  plane  of  section,  and  PFV  is  a  right 

angle. 

PF     PR 
Hence,  the  ratio  of  the  sines  proposed  is  -p^  :  pp. ,  and  is 

therefore  constant. 

212.  The  product  of  the  sines  of  the  angles  which  any  side 
of  a  cone  makes  with  the  directing  planes  is  constant. 

If  Fbe  the  vertex  of  a  cone,  Pany  point  on  the  cone,  PX, 
Pi'  perpendicular  on  the  directing  planes  through  V,  then  by 
the  umbilicar  generation  of  the  cone,  (Art.  202),  PF^  is  propor- 

pr      pri 

tional  to  PL .  PL';  or  -^pr.  -np  is  constant,  which  is  the  property 
enunciated. 

213.  The  tangent  plane  of  a  cone  makes  equal  angles  wOJi  the 
planes  through  the  side  of  contact  and  each  of  the  focal  lines. 

For,  let  the  tangent  QPQ  perpendicular  to  the  side  VP  meet 
the  dirigent  planes  in  the  points  Q,  Qf,  and  take  F,  F'  the  foci 
corresponding  to  the  directrices  through  Q,  Q ;  then  FQ  is  perpen- 
dicular to  VF,  and  also  to  PF,  and  therefore  to  the  plane  VPF\ 
also  VP  is  perpendicular  to  i^^and  PQ,  and  therefore  to  FP; 
hence  FPQ  is  the  inclination  of  the  planes  VPF,  VPQ,  and  being 
equal  to  FP(^ ,  the  proposition  is  proved. 
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C!o]L  If  a  sphere  be  described  having  its  center  at  the  vertezi 
and  meeting  the  focal  lines  in  8,  J7,  and  the  side  of  the  cone 
in  Pj  the  great  circle  touching  the  curve  of  intersection  in  P 
makes  equal  angles  with  the  arcs  BPf  HP. 

214.  The  sum  of  the  angles  which  a  side  of  the  cone  makes 
with  the  focal  lines  is  constant. 

The  statement  of  this  proposition  amounts  to  saying  that  the 
sum  of  the  arcs  8Py  HP,  in  the  corollaiy  of  the  preceding  article,  is 
constant.  This  may  be  shewn  immediately  by  limits,  as  in  the 
case  of  the  plane  ellipse. 

Bedprocal  Cones. 

215.  If  a  cone  he  constmcted  whose  sides  are  perpendicular 
to  the  tangent  planes  of  any  given  cone,  the  tangent  planes  will  also 
be  perpendicular  to  the  sides  of  the  given  cone. 

For,  let  two  tangent  planes  be  drawn  to  a  cone  A^  then  two 
corresponding  sides  of  the  other  cone  B,  perpendicular  to  those 
tangent  planes,  will  be  perpendicular  to  their  line  of  intersection  i 
the  line  of  intersection  of  the  tangent  planes  to  ^  is,  therefore, 
perpendicular  to  the  plane  containing  the  corresponding  sides  of  j9. 

Proceeding  to  the  limit,  the  line  of  intersection  becomes  a  side 
of  the  cone  A,  and  the  plane  containing  the  sides  of  j8  a  tangent- 
plane  to  B  ultimately.    Whence  the  truth  of  the  proposition. 

From  this  reciprocal  property  the  cones  are  called  recipro^ 
cal  cones. 

If  aa^  +  &^  +  cs'sO  be  the  equations  of  a  cone, 

«•     v"     «" 
a      o      0 

is  that  of  the  reciprocal  cone. 

216.  Hie  directing  planes  of  any  cone  are  perpendicular  to 
the  focal  lines  of  the  reciprocal  cone. 

The  directing  planes  of  the  cone  aaf  +  i;^  +  c«'aO  arein* 
clined  to  the  plane  of  zx  at  angles  whose  tangents  are 


v(f::i)' 
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snd  the  equations  of  the  focal  lines  of  the  redpioeal  oone 
— +^  +  -=:0,     are r-r— i==Oi 

which,  therefore,  are  perpendicular  to  the  directing  planes. 

Hence,  the  focal  lines  of  a  cone  correspond  to  the  directing 
planes  of  the  reciprocal  cone. 

217.  The  curves  in  which  a  sphere  whose  center  is  in  the 
common  vertex  of  reciprocal  cones  intersects  the*cones,  are  called 
reoiprocai  spherical  contcs* 

The  reciprocal  property  connecting  the  two  may  be  stated 
thus :  *^  Every  point  of  a  spherical  conic  is  the  pole  of  a  great 
circle  which  touches  the  reciprocal  spherical  conic." 

218.  If  two  lines  correspond  respectively  to  two  planes  per- 
pendicular to  them,  drawn  through  the  common  vertex  of  reci- 
procal cones,  the  plane  which  contains  the  two  lines  corresponds 
to  the  line  of  intersection  of  the  corresponding  planes. 

Hence,  theorems  relating  to  any  cone  have  reciprocal  theo- 
rems in  the  reciprocal  cone. 

219.  The  following  examples  of  theorems  and  their  reciprocal 
theorems  will  be  sufficient  to  illustrate  the  method  of  derivation. 

Theorem.  The  intersections  of  a  tangent  plane  to  a  cone 
with  the  directing  planes  make  equal  angles  with  the  side  of 
contact. 

Eeciprocal  Theorem,  The  planes  containing  a  side  of  a  cone, 
and  the  two  focal  lines,  make  equal  angles  with  the  tangent  plane 
along  the  side  of  the  cone. 

Theorem.  The  sum  or  difference  of  the  angles,  which  a  side 
of  a  cone  makes  with  the  focal  lines,  is  constant 

Beciprocal  Theorem.  The  sum  or  difference  of  the  angles, 
which  a  tangent  plane  to  a  cone  makes  with  the  directing  pluies, 
is  constant. 

Theorem.  The  product  of  the  sines  of  the  angles,  which  any 
side  of  a  cone  makes  with  the  directing  planes,  is  constant. 

Bedprocal  Theorem.  The  product  of  the  sines  of  the  angles, 
which  any  tangent  plane  of  a  cone  makes  with  the  focal  lines,  is 
constant. 


PB0BUSH8.  168 

Such  redpzooal  theorems  aie  easily  translated  into  the  co]> 
responding  theorems  for  reciprocal  spherical  conies. 


XL 

1.  If  two  ooniooids  have  a  common  focus  S^  and  a  common 
direetrixy  and  if  a  tangent  to  one  of  the  sorfiices  at  P  meet  the  other 
Borfiice  ia  Q^  Of  and  the  directrix  in  B^  8F  will  bisect  the  angle 

2.  If  the  sur&ces  in  (1)  be  condirectire,  the  angle  QSQ^  will  be 
constant. 

3.  A  diameter  of  constant  length  revolving  in  a  given  central 
surface  describes  a  cone,  a  tangent  plane  to  which  cuts  the  surface 
in  a  curve  of  which  one  axis  is  the  line  of  contact ;  and  the  right 
lines  in  which  the  tangent  plane  outs  the  directing  planes  make  equal 
angles  with  the  side  of  contactb 

4.  A  spherical  triangle  has  a  given  area»  and  two  sides  in  a 
given  direction,  prove  that  its  base  touches  a  spherical  conic,  and  is 
bisected  hj  the  point  of  contact. 

5.  If  two  planes  be  drawn  through  any  point  of  a  cone  parallel 
to  the  directing  planes,  the  side  of  the  cone  passing  through  the  point 
makes  equal  angles  with  the  tangents  to  their  sections  of  the  cona 
State  the  reciprocal  theorem. 

6.  A  paraboloid  is  cut  by  any  plane,  prove  that  the  cylinder 
passing  through  the  curve  of  section,  and  having  its  sides  parallel  to 
the  axis  of  the  paraboloid,  will  be  condirective  with  the  surfiftoe. 

7.  A  cone  and  a  conicoid  are  concentric  and  condirective,  prove 
that  their  curve  of  ilitersection  lies  in  a  sphere,  and  a  cylinder  con- 
taining this  curve  and  having  its  axis  parallel  to  an  axis  of  the 
conicoid,  will  be  condirective  with  both. 

8.  K  a  conicoid  be  intersected  by  a  sphere  whose  center  lies 
in  a  principal  plane,  the  cylinder  containing  their  ciuve  of  inter- 
section, and  whose  axis  is  perpendicular  to  de  given  plane,  will  be 
condirective  with  the  given  sujd&ce. 

9.  Every  sphere  inscribed  in  a  cone  of  revolution  circumscribing 
an  ellipsoid,  will  cut  the  ellipsoid  in  a  plane  cur^e. 

10.  When  a  series  of  ellipsoids  are  inscribed  in  a  cone  of  revolu- 
tion,  so  as  to  touch  it  along  the  same  curve,  .,.  , — riwTi — io  will 
be  constant  for  alL 
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1 1.  The  distance  between  a  focus  and  the  oorreBponding  directrix 
of  the  section  of  an  ellipsoid,  made  by  the  plane  of  contact  with  any 
enveloping  cone  of  revolntion,  is  constant 

12.  If  a  sphere  intersect  an  ellipsoid  in  two  plane  curves^  the 
sphere  and  ellipsoid  will  have  two  common  enveloping  oones^  whose 
vertices  lie  on  opposite  branches  of  the  umbilical  focal  curve. 

13.  Any  point  in  the  plane  of  a  focal  curve  of  an  ellipsoid  will 
be  the  focus  of  two  plane  sections  perpendicular  to  that^  which  will 
be  real  only  when  the  point  lies  within  the  trace  on  that  plane  and 
without  the  focal  curve. 

Also,  if  the  point  lie  on  the  focal  curve,  these  planes  will  coincide 
and  will  contain  the  normal  to  the  focal  curve  at  that  point 

14.  The  fod  of  a  series  of  parallel  sections  of  an  ellipsoid  perpen- 
dicular to  the  plane  of  a  focal  curve  will  lie  on  an  eUipee  which 
touches  the  trace  on  that  plane,  and  the  focal  cui-ve. 

15.  The  cone  described  with  its  vertex  on  one  focal  curve>  and 
its  base  on  the  other,  with  respect  to  any  conicoid,  will  be  a  cone 
of  revolution.  This  cone  will  intersect  the  conicoid  in  two  planes 
which'  both  pass  through  the  directrix  corresponding  to  the  vertex 
of  the  cone,  and  each  tibrough  a  fixed  point  in  the  common  axis  of 
the  focal  curves. 

16.  If  a  section  of  an  ellipsoid  be  taken  passing  through  a  focus 
P,  and  the  corresponding  directrix,  and  if  P'  be  the  point  on  the 
trace  of  the  sur&oe  such  that  the  eccentric  angles  of  P,  F'  in  the 
focal  curve  and  the  trace  respectively  are  equal;  i),  iX  the  ex- 
tremities of  the  diameters  conjugate  to  these  points,  the  eccentricitv 

of  the  section  is  ^ .  jrj: ,  0  being  the  center,  a,  ^,  the  semi-axes  of 

the  focal  curve,  and  a,  6,  of  the  trace  of  the  sur&ce. 


CHAPTER  XL 


DISCUSSION  OF  THB  OENEBAL  EQUATION  OF  THE  SECOND 

DEOREE.  A 


220.  Ous  object  in  this  chapter  is  to  investigate  the  origin 
and  axes  of  rectangular  co-ordinates,  to  which,  when  referred,  the 
equation  of  a  surface  represented  bj  a  proposed  complete  equa- 
tion of  the  second  degree,  will  assume  its  simplest  form,  and 
to  investigate  the  relations  among  the  coefficients  which  discrimi- 
nate the  various  kinds  of  surfaces  capable  of  being  represented  by 
this  equation. 

The  extent  of  the  simplification  which  may  be  effected  by 
transformation  of  co-ordinates  may  be  anticipated  from  the  fol- 
lowing considerations. 

By  a  change  of  origin  we  introduce  three  arbitrary  constants, 
which  will  enter  only  into  the  coefficients  of  the  terms  of  one 
dimension  in  a?,  y,  and  je,  (Art.  116),  and  by  which,  unless  a  cer- 
tain relation  between  the  coefficients  subsists,  these  coefficients 
may  be  made  to  vanish. 

By  a  change  of  the  direction  of  the  axes,  we  introduce  nine 
constants,  connected  by  six  equations^  or  three  independent 
arbitrary  constants,  which  will  enter  into  all  the  coefficients  of 
the  transformed  equation.  We  may  determine  these  constants 
by  assuming  any  three  relations  among  the  coefficients,  provided 
such  relations  furnish  equations  independent  of  and  compatible, 
with  the  six  necessair  relations  connecting  the  constants  of  traps- 
formation.  The  three  relations  which  we  shall  choose  are,  that 
the  coefficients  of  yz^  ssx^  and  xy  in  the  transformed  equation 
shall  seversiUy  vanish ;  and  if  these  relations,  together  with  the 
six  connectiiig  equations,  furnish  real  values  of  the  constants  of 
transformation,  the  desired  simplification  will  be  effected. 

The  method  which  we  shall  adopt  requires  a  preliminary 
investigation,  which  is  effected  in  the  two  following  articles. 
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221.  To  determine  the  condition  necessary  in  order  thai  the 
equation 

I7=(iaP  +  Jy"  +  c«"  +  2a'y«  +  2i'«aj  +  2c'a!y  =0, 

may  repreeenJt  two  real  or  imaginary  planes. 

Jf  a  1)6  finite,  the  proposed  equation  is  equivalent  to 

(aaj  +  c'y+y«)"=(c'»-ai)y*  +  2(yc'-oa')y«  +  (6'*-ca)«"  =  t?, 

or  ax  +  dy  +  Vz^±s/v. 

]^t,  if  the  equation  represent  two  planes,  x  must  be  capable 
of  being  expressed  as  a  linear  function  of  y  and  z  in  two  ways, 
which  can  only  happen  when  v  is  a  complete  square  with  respect 
to  y  and  z.    The  condition  for  this  is 

(ftV  -  aa'Y  =  (c"  -  ah)  (^  -  ca), 
or  aiflbc^- 2a'JV -aa*- W - cc'^)  =  0, 
or  abc  +  2a'JV - oa** -  W" - cc^^  0 ; 
since  a  was  assumed  to  be  finite. 

The  important  function  of  the  coefficients  of  ET  which  forms 
the  left-hand  member  of  this  equation,  we  shall,  after  Mr  Salmon, 
denote  by  ir(Z7). 

222.  When  the  equation  U^  0  rq^resents  ttvo  planes,  to  efe- 
iermine  their  line  of  intersection. 

The  line  of  intersection  of  the  two  planes  will  manifestlj  lie 

oh  the  plane 

ax  +  cy  +  Vz  =  0, 

and  by  symmetiy  will  also  lie  on  the  planes 

c'x  +  5y  +  az  =  0, 

Vx  +  a'y  +  c»  =  0. 

If  we  eliminate  z  from  the  first  two  of  these  equations,  and 
X  &om  the  last  two,  we  obtain  the  equations 

X  (iV  ''aa')=y  (cV  -  hV)  =  z  {a'V  -  cc'), 

which  are  the  eqjoations  of  the  line  of  intersection. 

It  is  obvious  that  H{U)  ia  the  eliminant  of  these  three 
equations. 

223.  To  determine  the  coefficients  of  the  transformed  equaiion^ 
when  U^  0  is  referred  to  stush  a  system  of  axes  that  the  pro^ 
ducts  of  the  variables  vanish 
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Aflsnme  a»  /S,  7  to  be  these  coeffidents;  then  amoe,  by  this 
teansfonnation,  {/becomes 

and  since  the  expression  os^  +  ^+2^  is  nnaltered  bj  any  trans- 
formation, the  expression 

will  become    A(a?+y*  +  «^-aa?-/8^-7«"=  TT, 
whatever  be  the  yalne  of  h.    Hence,  if  we  give  h  such  a  value 
that  Fshall  be  separable  into  linear  factors,  TTwill  also,  for  the 
same  valne  of  A,  be  separable  into  linear  factors. 
Therefore  the  equations 

ir(F)s(A-a)(A-J)(A-c)-a'"(A-a) 

and        J5r(TF)  s(A-a)  (A-/8)  (A-7)  =0, 
have  the  same  roots. 

Hence,  a,  /9,  7  are  the  roots  of  the  equation 

(A-a)(A-i)(A-c)-a''(A-a)-r(A-J)-c'»(A-c)-2aW=0. 

This  equation  is  called  the  ''  Discriminating  Cubic"  We 
shall,  for  the  present,  assume  what  will  hereafter  be  proved, 
(Art.  228),  that  its  roots  are  always  real ;  and  proceed  to  investi- 
gate the  position  of  the  axes  to  which  the  equation  is  now 
referred,  with  respect  to  the  original  axes. 

224.  To  determine  the  equixtions  of  the  axes,  to  whu^  U  must 
be  referred^  tn  ordj&r  to  aesvme  the  form 

When  A  =a,  TFbecomes  (a  — /8)y'+  (a  — 7)  «*,  and  the  two 
planes  represented  by  TF=0  intersect  in  the  new  axis  of  x. 
Hence,  the  new  axis  of  x  is  the  line  of  intersection  of  the  two 
planes  represented  by  F=  0,  with  the  same  value  of  A. 

Its  equations  are  therefore,  referred  to  the  original  axes, 

a5{yc'+a'(a-a)}=y{cV  +  y(a-J)}=«{a'i;  +  c'(a"c)}; 
and  similarly,  the  equations  of  the  new  axes  oiy  and  z  are 
X  [Vc'  +  a'  08-  a)]  =y  {cV  +  V  {fi-  b)]  =  z  [a'b'  +  c'  08-c)}, 
a:(yc'  +  a'(7-a)}=y{cV+y(7-&)}=«{ai'  +  c'(7-c)}. 
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If  two  of  the  roots  of  the  discriminating  cubic,  as  a,  i9,  l)e 
equal,  two  of  these  sjstems  of  equations  .appear  to  become  coin- 
cident. They  are  in  reality  indeterminate,  as  might  be  inferred 
from  the  circumstance  that  TF,  which  in  that  case  becomes 

will  not  be  altered  by  any  transformation  of  x  and  y  in  their  own 
plane.  This  case,  and  the  case  of  three  equal  roots,  will  be 
separately  considered  afterwards, 

225.  To  find  (k&  direcHan  cosines  of  the  new  axes^  re/erred  to 
the  old. 

It  will  be  convenient  here  to  denote 

(a-J)(a-c)-a'«,    (a-c)  (a-a)-^^    (a-a)  (a-J)-c'«, 
by  X,  /i,  V  respectively,  and 

JV  +  a'(a~a),  c'a'  +  y(a-J),  a'b' +c' {a-c), 

by  X',  fi\  V  respectively.  We  shall  then  have,  if/(A)  =0  be  the 
discriminating  cubic,  /(a)  =0,  which  may  be  written  in  any  of 
the  forms 

XX's=/LfrV,  /x/a'=v'X',  w'  =  XV>  X'"=sfu;,  ^"si/X,  p^^Xfi. 
Also,         \  +  fi  +  v=f{a). 
Now,  if  7, 9i»,  n  be  the  direction  cosines  of  the  new  axis  of  x, 
tK'^mfi  =inv  ;     .'.  Pfiv  ^  m^v^  =  n*\fi, 
P_»i^_7^__P+w'  +  »'        I  1 


\     fjL      V       X-hfi  +  v     f{a)     (a-/8)(a-7)' 

^^'''^"     (a-i8)(a-7)     '  "^  ^     (a-/8)(a-7)     ' 

^,_(a-a)(a-&)~c^ 

(a-i8)(a-7)     ' 
which  may  be  written 

P^+^  =  0,  &c.,  since  X+^  =  0. 
aa  dcL  da 

Similarly  for  the  direction  cosines  of  the  axes  oiy  and  z. 

226.     To  find  the  conditions  that  the  discriminating  cubic  may 
have  two  equal  roots. 

If  the  equation /(A)  =  0  has  two  roots  equal  to  a,  we  shall  have 

/(a)=0  and/(a)=0. 
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These  give  ns,  with  the  same  notation  as  in  the  last  article, 

Hence,  we  have 

^+^  +  ^'  =  0  or  ^V  +  J/'^'"  +  XV  =  0. 

This  equation  can  only  be  satisfied  by  the  vanishing  of  two 
of  the  quantities  X',  /*',  v\ 

Assuming  then  X'  s  0,  ^'  s  0,  and  substituting  in/'  (a)  =  0  for 
a  —  a  and  a  -  &,  we  obtain,  if  a'  and  b'  be  finite,  c'  (a— o) +a  &'sO. 

Hence  if  /(A)  =»  0  have  two  roots  equal  to  a,  we  have  the 
three  equations 

a'  (a-a)  +  JV  =  y  (ot- J)  +cV  =  c'(a-c)  +  a'y  =  0. 
K  o'  also  be  finite,  this  supplies  the  two  conditions 


iff  t  i  tjf 

c      y     ca  ah 

a r=v — jj  =c— —r* 

a  o  0 


The  equations  of  the  new  axes  of  x  and  y  become  in  this  case 
indeterminate,  and  since 


bj  the  conditions  already  fulfilled,  the  equations  of  the  new  axis 
of  z  will  be 

a'x^Vy^cz.  (Art.  224). 

If  a',  h\  or  c'  vanish,  these  conditions  in  this  form  become 
indeterminate;  we  will  therefore  obtain  equivalent  equations 
which  shall  remain  finite  in  this  case. 

Since  each  of  the  equal  quantities  a r  >  6  — jn- ,  c 

is  equal  to  a,  we  have 

be  ca      J  ab 

— J-  sxa"^  OL,       TT  =  0  —  ot,       — T"  =  c  —  a, 

a  b  c 

and  hence, 

a'»  =  (i-a)(c-a),  ft'«=(c-a)  (a-a),  c'«=»(a-a)  (J-a)  ...  (1). 

From  these  equations  we  obtain 

b   — c    .         c  --a    .  ,      a  —0    . 

-y |-a= h6  = T'  +  c^cu 

b  —  c  c^a  a-^b 


'V 
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From  equation  (1)  we  see  that  if  a'=:0,  a^b  or  a^c,  and 
consequentlj  o'  or  &' »  0 :  if  then  a'  and  &'  sO,  we  have 

a  ==  0  and  o'^=={a  —  c)  (J  —  c). 

If  a\  b\  and  c  all  vanish,  we  must  have  two  of  the  three 
a— a,  i  — a,  c  — a  zero,  or  two  of  the  three  a,  i,  o  equal,  which  is 
otherwise  obvious. 

227.  To  find  the  conditions  that  the  diacriminaUng  cubic 
may  have  three  equal  roots. 

In  this  case,  the  transformed  expression  for  U  will  be  of  the 
form 

but  this  is  incapable  of  being  affected  bj  transformation,  and  must 
therefore  have  been  originally  in  the  same  form.  We  shall  there- 
fore have 

assj  =  c,     a'  =  y  =  c'  =  0. 

These  conditions  may  of  course  be  deduced  from  the  cubic 
itself    We  shall,  in  fEMSt,  have  the  equations 

a  +  &  +  C3=  3a, 
be  -  a'^  +  ca  -  b**  +  ab-o'*=^3of, 

abc'^2a'b'c'^aa'*^bb'*^cc'*^of. 

Hence,    (a  +  J  +  c)*=:9o?=3(Jc-a''  +  ca-ft''+aJ-c'^, 

or      (a-J)'+(6-c)«+(c-a)*+6(a'*+ft'*  +  O«0, 

which,  for  real  coefficients,  necessitates  the  before-mentioned 
conditions. 

228.  To  shew  that  the  discriminaiinff  cubic  has  always  real 
roots. 

We  will  first  obtain  a  different  form  of  the  cubic,  and  one 
which  is  more  convenient  for  its  general  discussion. 

T   .  »  b'c'         ,     ,  c'a'       -  aV 

IietA  — asr« h'-'b^q — 57-,     h-^c^r ^. 

a  o  c 

On  substitution,  the  equation  becomes 

Vc            da*         till          -  ,^x 

tt=l^.-_jr  _  _rp--p.|,j  =  0   (1), 
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It 


or,     1 


V6 


a 


A^ 


a 


n  + 


ft' 


a 


•b' 


-r7  +  - 


c 


7F'' 


or 


abc 


rT  + 


a'^A-aH-^)     5'.(a_j+^'^     o" 


7V\' 


y) 


(.-..-) 


Now,  assume  that  a r  >  &  —  -rr .  and  c  — y  are  in  de- 

'  aft'  c 

Bcending  order  of  magnitade,  and  that  aVc  is  positive. 

We  may  now  trace  the  changes  of  sign  of  u  for  different 
Yalues  of  h.    They  are  exhibited  in  the  following  table : 


h 

P 

i 

r 

u 

QC 

+ 

+ 

+ 

+ 

a 

0 

+ 

+ 

9 

,     ca 

— 

0 

+ 

+ 

'      c' 

— 

— 

0 

— 

We  thus  see  that,  when  clVc  is  positive,  there  is  one  value 
of  h  greater  than  the  greatest  of  the  three 


5t  f  It  111 

c       ,      ca  J         ao 

a r  >    0  — 37" )   and  c r  > 

a  o  c 

and  one  lying  between  each  consecutive  pair.  Similarly,  when 
a'b'c  is  negative,  we  may  shew  that  there  is  one  root  less  than 
the  least  of  the  three,  and  one  between  each  pair.  There  are 
then  always  three  real  roots. 

229.  To  determine  the  surfaces  which  may  he  re^esented  by 
the  general  equation  of  the  second  degree. 

We  may  now  assume  that  any  surface  which  can  be  repre- 
siented  by  an  equation  of  the  second  degree  may  also  be  repre- 
sented by  the  particular  form  of  this  equation, 

M 
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««?  + /8y"+72'  + 2a"aj  +  2i8"y  +  ay  « +/=0, 
and  proceed  to  discuss  the  nature  of  these  surfaces. 

I.  K  a,  )9,  7  be  all  finite,  we  may  by  a  change  of  origin, 
destroy  the  terms  inyolying  the  first  powers  of  x,  y,  and  z^  and 
reduce  the  equation  to  the  form 

«c"+i8/  +  7«*+  8  =  0. 
It  has  already  been  seen  that  this  equation  represents  an 

ff  Q  fLS 

ellipsoid  if  jr ,  S ,  ^  be  all  negative,  an  hyperboloid  of  one  sheet 

if  one  of  them  be  positive,  and  an  hyperboloid  of  two  sheets 
if  two  be  positive.  If  all  three  be  positive,  the  locus  is  im- 
possible. 

Also,  if  S  vanish,  the  locus  is  either  a  cone,  or  a  point, 
according  as  a,  )9,  7  have  not,  or  have  all  the  same  sign. 

n.  If  a  »  0,  and  a"  be  finite,  one  of  the  co-ordinates  of  the 
center  becomes  infinite,  and  we  cannot  refer  the  surface  to  axes 
through  its  center.  We  may  however  determine  the  origin  in 
this  case,  by  making  the  constant  term  vanish,  and  the  equation 
80  transformed  becomes 

iay+7«'  +  2a"aj  =  0, 

which  represents  an  elliptic,  or  hyperbolic,  paraboloid,  according 
as  ^,  7  have  or  have  not  the  same  sign. 

HL  If  a  =  0  and  a"  =  0,  we  can  reduce  the  equation  to  the 
form 

fil/'  +  ys^  +  S^O, 

which  represents  an  elliptic  cylinder,  if  « ,  ?  be  both  negative, 

an  hyperbolic  cylinder  if  one  be  negative,  an  impossible  locos  if 
both  be  positive. 

If  8  vanish,  the  locus  is  two  planes,  or  a  straight  line, 
according  as  )9, 7  have  not,  or  have  the  same  sign. 

One  of  the  co-ordinates  of  the  center  is  in  this  case  inde- 
terminate, or,  there  is  a  straight  line  eveiy  point  of  which  is 
a  center. 
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IV,  K  a=0,  /S=»0,  and  a",  ff'  be  finite,  we  may,  by  a 
cliange  of  origin,  reduce  the  equation  to  the  form 

which,  again,  bj  a  change  of  the  direction  of  the  axes  of  x  and  y 
in  their  own  plane,  maj  be  further  reduced  to  the  form 

and  therefore  represents  a  parabolic  cylinder.  In  this  case,  there 
is  a  line  of  centers  at  an  infinite  distance. 

y.  If  a sO,  /3sO,  ol'  «  0,  /8"  =  0,  the  equation,  being  a 
quadratic  in  s  only,  represents  two  parallel  planes. 

230.  We  have  now  shewn  that  the  only  real  surfaces  repre- 
sented by  any  equations  of  the  second  degree  are  the  ellipsoid^ 
bypevboloid  of  one  or  two  sheets,  including  cones  as  a  limiting 
case;  elliptic  and  hyperbolic  paraboloids;  elliptic,  hyperbolic, 
and  parabolic  cylinders ;  and  a  pair  of  intersecting  or  parallel 
planes.  We  shall  proceed  to  discuss  the  conditions  to  be  satis- 
fied by  the  coefficients  of  the  general  equation  of  the  second 
degree,  in  these  several  cases.  These  may  be  most  conveni- 
ently investigated  by  considering  the  properties  of  the  center,  or 
centers,  of  each  surface.  We  will  first  consider  the  case  of  cen- 
tral sur&ces. 

231.  To  inveat^ate  under  what  coruIMons  the  general  equc^ 
tion  of  the  eecond  degree  toill  repreeent  any  one  of  the  central 
eurfaces. 

The  general  equation  of  the  second  degree  is 

f{x,yjZ)saa?+bj^-\-cz*  +  2a'yz  +  2Vzx  +  2c  xy 

+  2a  x  +  2Vy  +  2c' «  +  rf  =  0. 

Let  a,  /9,  7  be  its  center ;  which  is  determined  by  the  con« 
dition  that  it  bisects  all  chords  passing  through  it.  Hence  the 
equation 

/(a+Zr, /S  +  wr,  7  +  wr)  =  0 

must  give  equal  and  opposite  values  of  r,  for  all  values  of  the 

m2 


164  DISCUSSION  OP  THE  QENERAL  EQUATION 

ratios  I  :  m  :  n;  or  ^;^+^^  +  **;7  =^>  for  all  valoes  of 

This  leads  to  the  equations  ^=  0,    ^  =  0,    i^= 0, 

or  aa  +  c'fi+by  +  a"  =  0-\ 

c'a+i/8+a'7+ft"  =  ol  (A), 

h'a+a/3+cy  +  c"=-0J 

for  determining  the  center.  Since  for  central  sur&ces  this  must 
be  at  a  finite  distance,  we  have  the  condition 

oJo  +  2a' JV  -  oa**  -  iJ*  -  CO**  >  or  <  0 

for  all  central  snrfaces.  This  might  have  been  anticipated  from 
the  fact  that  the  roots  of  the  discriminating  cubic  are  in  this 
case  all  finite. 

Now  remove  the  origin  to  the  center,  and  the  equation  be- 
comes 

aa?^bt^  +  cs^  +  2ayz  +  2Vzx  +  2c xy  +/(«,  ^8,  7)  =  0, 
and /(a,  A  ^)  =l^a^+^g  +  ,y^)+  a"a+J"/9+c"7+c?, 

or/(a,/8,7)  =  «"a  +  i"/9  +  c'7  +  <^sA. 

If  the  values  of  a,  0,y  be  obtained  from  (A),  and  substi- 
tuted, the  value  of  A  will  be  found  to  be 

^^  aa'^-\'hV^^cc^''ahc-2a;Vd 

If  this  value  of  A  be  zero,  the  equation  of  the  surface  be- 
comes homogeneous  in  {x,  y,  z)^  and  the  surface  will  therefore 
be  either  a  cone,  or  a  point.  If  a  point,  the  sections  by  the 
co-ordinate  planes  must  also  be  points,  and  we  must  therefore 
have  be  —  a'*,  ca^-b**^  ah^c^  all  positive.  Also  the  roots  of  the 
discriminating  cubic  must  be  all  of  the  same  sign,  or 
{a'\-b-\-c)  [abc-\'2a!Vc'-aa*-'bb'*-C(f) 

must  be  positive. 

If  anj  of  these  conditions  be  not  satisfied,  the  surface  will 
be  a  cone. 

If  however  A  be  finite,  the  equation  of  the  surface  becomes 
Aa?-\-B}^+Csf'\^2AyZ'¥2EzX'\-2C'oty^l, 
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substituting  A  for  —^  ^  and  similarly  for  the  other  coefficients, 
Beferring  this  to  its  principal  axes,  we  have 

where  ^^  s^  s^  are  the  roots  of  the  equation 

BC  .  C'A'  AB 

A'  (flf-  A)+BG''^B  (/S-  B)  +  G'A'  '^  C  {8^  C) +A'B7'  ^' 

(Art.  228). 
Now  two  of  fhe  roots  of  this  equation  lie  between 

.     BC     «     (7 A'         ,  ^    A'B 
A--jj-y   B-'-j^f  and  C; — ^, 

and  the  third  is  greater  than  the  greatest,  or  less  than  the  least 
of  these,  according  as  ABO*  is  positive  or  negative  (Art.  228). 

Henoe,  remembering  that 

ABG-^  ^ABC'-AA'^^BB^^  (7(7'*=  H 

is  the  product  of  the  roots,  we  shall  have  the  following  cases, 
X,  My  N  denoting  the  above  limits  of  the  roots  in  descending 
order  of  magnitude. 

(1)  H>Oy  ABO'>Q. 

L>Of  M>  0,  ^^  0,  three  positive  roots,  and  the  sur- 
face is  an  ellipsoid. 

i^O,  J!f<0,  N<Oi  one  positive,  and  two  negative 
roots,  and  the  surface  is  an  hjperboloid  of  two 
sheets. 

(2)  ir<0,  ABC>0. 

L>Oy  M>Oy  N>Of  inconsistent  with  the  other  as- 
sumptions. 

L>Oy  -8f<0,  -^r<0,  one  negative  and  two  positive 
roots,  and  the  surface  is  an  hyperboloid  of  one 
sheet. 

L<Oj  2f  <  0,  ^<  0,  three  negative  roots,  and  the  locus 
is  impossible. 
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(3)  J7>0,  A'BC'<0. 

i  >  0,  M>  0,  N>  0,  three  positiye  roots ;  an  ellipsoid. 

i>0,  if<0,  N<Of  one  positiye  and  two  negatiye 
roots ;  an  hjperboloid  of  two  sheets. 

L<Of  M<Oy  ^<0|  inconsistent  with,  the  other  as* 
sumptions. 

(4)  JT<0,  A'ffC<0. 

L>Of  2f>0,  -N^<0,  two  positiye  and  one  negatiye 
root ;  an  hjperboloid  of  one  sheet. 

Xf^O,  Jlf<0,  N<Of  three  negative  roots;  locus  im- 
possible. 

Hence,  the  locus  will  be  an  ellipsoid,  if 

jr>0,  A'B'G'>Oy  i>0,  Jf>0; 
J5r>0,  A'B'G'<0,  i>0,  jlf>0,  ^>0: 

an  hjperboloid  of  one  sheet,  if 

H<0,  A'ffG'>0,  i>0,  N<0; 
S<0,  A'JffO'<0,  i>0,  Jf>0: 

an  hyperboloid  of  two  sheets,  if 

E>0,  A'B'C'>0,  ir<0,  -N'<0; 
ir>0,  A'ffG'<0,  L>0,  N<0: 

and  impossible,  if  |^^  ^^^^  ^,^^,  ^^^  ^^^^^  ^^^^ 

232.     To  fini  the  conditions  that  the  general  equation  of  the 
second  degree  shall  he  an  elliptic  or  hyperbolic  paraboloid. 

These  surfLces  haye  each  one  center  at  an  infinite  distance. 
The  equations  determining  the  center  are 

aaj  +  cy  +  y«  +  a"  =  0,     • 
c'x  +  by  +a'«+6"  =  0, 
Vx  +  a'jf+cz  +c"»0. 

If  these  determine  one  point  at  infinity,  we  must  have 
then 

aJc  +  2aW-aa'*-M'*-cc'*«0 (1), 

and    a"(Jc-a'^  +  y'(a'y-cc')  +c"(cV-M')  >  or  <  0, 
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of  which  the  latter  maj,  by  means  of  the  former,  he  expreBsed 
in  the  form 

a"  h"  c" 

T'-^.'^'jj.'+Jv >>or<0 (2). 


6V  —  aa'     col  —  W     aV  -^od 

The  paraboloid  will  be  elliptic,  or  hyperbolic,  according  as 
the  two  finite  roots  of  the  discriminating  cubic  are  of  the  same 
or  opposite  signs :  that  is,  according  as 

ic  +  ca  +  a6-a''-6'"-c''>  or  <0. 

But  the  three  quantities  ^— a'*,  ca-^V^^  ab^c'*  must  be  of  the 
same  sign,  in  order  that  the  condition  (1)  may  hold  (Art.  221)^ 
Hence,  for  an  elliptic  paraboloid  ftc  —  a'*  >  0,  and  for  an  hyper- 
bolic paraboloid  bc^a'^K  0,  the  conditions  (1)  and  (2)  being  also 
necessaiy. 

233.  To  find  the  condvtiona  that  the  general  eqtuUian  of  the 
second  degree  shall  he  an  elliptic  or  hyperbolic  cylinder. 

In  this  case,  there  is  a  line  of  centers  at  a  finite  distancCi 
or  the  three  planes  whose  equations  determine  the  center  must 
intersect  in  one  straight  line  at  a  finite  distance.  The  conditions 
ttat  this  may  be  the  caae  ««  that 

dbc  +  ia'h'e'^aa'*-hb'*-ec'*^0 (1), 

a"  h"  c" 

c^aa      ca  ^00      ao-^cc  ^' 

and  the  three  quantities  iV  —  aa\  ca*  —  hb\  dV  —  cd^  must  be 
finite;  for  (Art.  221)  if  one  vanish,  at  the  same  time  that  (1) 
holds,  the  others  will  also  vanish,  and  in  that  case  the  three 
planes  determining  the  centet  will  be  parallel.  The  equations 
of  the  line  of  centers,  when  conditions  (1)  and  (2)  hold,  may  be 
found  to  be 

X  (iV  -  aa")  -  a  V  =  y  (cV  -  W)  ^  J'ft"  «  z  [a'V  ^cc*)-  cV. 

The  cylinder  will  be  elliptic,  or  hyperbolic,  according  as 
he  —  a'*^  0,  for  the  same  reasons  as  in  the  last  article. 

234.  To  find  the  condition  that  the  general  eguation  of  the 
second  degree  shall  he  a  parabolic  cylinder. 
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The  parabolic  cylinder  has  a  line  of  centers  at  an  infinite 
distance,  and  therefore  the  three  planes  detenpining  the  center 
must  be  parallel. 

The  conditions  for  this  are 

four  conditions  which  however  are  equivalent  to  the  three 

Vc'^aa!,    c'a!  =^ib\    b'c'^cc'.... (1). 

These  are,  as  we  have  seen,  the  conditions  for  the  vanishing 
of  two  roots  of  the  discriminating  cubic. 

It  is  also  necessary  that  the  planes  shall  not  become  coinci- 
dent, as  in  that  case  a  plane  of  centers  would  exist,  and  the 
surface  could  only  represent  two  parallel  planes.  Now  the  planes 
will  become  coincident,  if  in  addition  to  the  above  conditions, 
we  have 

*'  **  J   C  O  T      f    n        TlTtl  t   ti 

—  =  Tr7  f     Wld  T7=-77#Oriiaa    =00    =^cc  • 

a      o  be 

Hence,  for  a  parabolic  cylinder,  aV,  VV\  cc*  must  not  be 
all  equal,  and  the  conditions  (1)  must  hold. 

235.  To  find  the  conditions  that  the  general  equation  of  A^ 
second  degree  may  represent  two  planes. 

The  conditions  for  two  parallel  planes  are,  by  the  last  article, 

be  ^aay   ca  =sbb  f   ab  ^cc]     a  a  =bb  :=^cc  , 

The  conditions  for  two  planes  not  parallel  may  be  obtained 
from  the  consideration  that  such  a  surface  is  the  limit  of  a  hyper- 
bolic cylinder,  Vhen  its  line  of  centers  lies  on  the  surface.    Now 

the  centers  being  given  by  the  equations 

« 

CX+  by+a'z  +  b"=.0, 
Vx  -{-dy-V  cZ'\'  c"  =  0; 

if  a;,  y,  0,  be  a  point  on  the  surface,  satisfying  these  equations, 
we  shall  have,  midtiplying  by  a?,  y, «,  adding,,  and  simplifying  by 
using  the  equation  of  the  surface, 
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Hence,  tlie  conditions  will  be 

abc  +  2a'yc'-  oa"- W-  cc'*=0, 

g"     ,     v       _c;;_ 

—'>«"•  l^'JL"*  wt 

and  £7-7 7+T-i — ri'  +  "7|T ?  +  a  =  0. 

We  must  also  have  ic  —  a*< 0.  If  Jc  —  a** >  0,  the  sur&ce 
will  be  an  evanescent  elliptic  cylinder. 

XII. 

1.  Find  the  nature  of  the  sotfftoea  represented  by  the  following 
equations: 

(1>    3«'-a*-y'  +  4ay  =  a«, 

(2)  aj'-2y*  +  2«'  +  3«B~ay-2aj  +  7y-5»-3  =  0, 

(3)  a5'+y*+2(y«  +  «aj  +  ay)  =  a", 

W        =««, 

(5)  a'  +  2(y«  +  «aj  +  a!y)  +  2(«-y-l)  =  0, 

(6)  «»+6y«-2«(a?  +  y)  =  a*, 

(7)  «•  +  (!  -m)y«  +  (l  +  m)  a? (y  +  «)  =  oo^ 

In  (5)  shew  that  the  eccentricity  of  the  principal  elliptic  section 

is  V  2  -  Js/2,  and  in  (7)  examine  the  cases  m  =  -  4,  5m  =  1,  and  m  =  1 
respectively. 

2.  The  equation  7a' +  Sy*  +  4«*-  7ya  - 1  l«a>  —  7xy  =  a*  represents 
an  hyperboloid  of  one  sheets  whose  greater  real  axis  makes  with  the 
axis  of  z  an  angle  tan'~*;y2. 

3.  The  equation 

«*  +  y*  +  3«*  +  3y«  +  a»  +  ay-7aj-14y-25«  +  rf=0 

will  represent  an  eUipsoid,  a  pointy  or  an  impossible  locus^  according 
BB  d'<  =  >  55. 

4.  The  equation 

00*+  4y*+  9^  +  12y»+  6«B+  4ay  +  2a"j»  +  26''y  +  2</'z  +  rf=  0 

will  in  general  represent  an  elliptic  paraboloid,  a  parabolic  cylinder, 
or  a  hyperbolic  paraboloid,  according  as  a  >  =  <  1. 

What  surfaces  will  be  represented  in  the  foUowing  cases, 
(1)    3y'=2tf",  axl,  (2)    6a''=36"=2c",a  =  l. 

5.  The  equation  yz-^zx-\-xy^a*  represents  an  hyperboloid  of 
revolution  of  two  sheets,  the  eccentricity  of  the  generating  hyper- 
boloid being      / -=. 
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6.  The  equation  a^ -h  f^  •\- sf  4- yz -k- zx -h  xy  ==  cf  represents  an 
oblate  spheroid,  whose  polar  axis  is  to  its  equatoreal  as  1  :  2. 

7.  The  equation  (y-«)*  +  («-aj)*+  («-y)*  =  a*  represents  a  right 
circular  cylinder,  the  equations  of  whose  axis  are  x=y  =  z, 

8.  The  equation  (cy  —  hzy  +  {az  —  ca?)"  +  (5aj — ay)*  =  1  represents 

OB        V        Z 

a  right  circular  cylinder,  the  equations  of  whose  axis  are  -  =  ^  =  - . 

9.  The  equation  a  (y  —  «)"  +  6  («  —  as)*  +  c  (aj  —  y)*  =  cP  represents  a 
cylinder,  which  is  hyperbolic  when  bc+ca+ab  la  negative ;  and  which, 
when  bc-^ca-^ah  is  positiye,  is  elliptic  or  impossible  according  as 
a  +  6  +  c  is  positive  or  negative. 

If  a  +  i  +  e  =  0,  the  principal  section  is  a  rectangular  hyperbola. 

10.  The  surfistoe  represented  by  the  equation 

aV+  6y + c***  —  2bcyz  -  2cazx  —  2aibasy  =  1, 

is  an  hyperboloid  of  one  sheet,  and  the  sum  of  the  squares  on  its  real 
axes  is  equal  to  the  square  on  its  conjugate  axis. 

11.  The  equations 

(ooj  +  6y ,  -f  czY  +  {afx  +  b'y  +  c^z)*  +  {a"x  +  V'y  +  c"«)*  =  1 

and 

{ax  +  a'y  +  a''zy  +  {bx  +  Vy  +  6''«)"  +  (ca;  +  c'y  +  </'«)■=  1 

represent  similar  and  equal  ellipsoids,  which  degenerate  into  elliptic 
cylinders^  if 

12.  If  the  general  equation  of  the  second  degree 

oa;"  +  6y*  +  <»•  +  2ay«  +  26«aj  +  2ca!y  +  2a"x  +  26"y  +  2c"z  +  rf  =  0 
represent  a  paraboloid  of  revolution,  shew  that 

ab'</b&(^e(^V^ 

and  that  aV,  bV\  dd'  must  be  not  all  equal 

13.  The  equation  oo*  +  6y*  +  c«"  +  2a'y»  +  2y«c  +  2c'ay  =  0  will 
represent  a  right  cone,  whose  vei-tical  angle  is  0,  if 

aa'-ye     W-da'     cc'-aV     ,      ^      .l+oosfl 
— Z7 —  = — IT —  ^ — -J —  =(a  +  6  +  c)-= 5 2j. 

14.  The  equation  aaf-^bi^  +  ci^^l  may,  when  referred  to 
oblique  axes,  be  transformed  into  the  equation  2m(yz+zx-i-xy)  =  l 
in  an  infinite  number  of  ways.  If  a',  V,  </  be  the  cosines  of  the 
angles  between  the  axes,  shew  that 

a     b      c  2 
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and 

If  the  oblique  axes  be  mntiiaUy  inclined  at  angles  of  60^  shew 
that  either -2a=: 6  =  e,  a  =  -2i=c,  ara=b-"2e. 

15.  If  the  equation  aa^  +  ft^  +  e«*  =  1,  when  referred  to  oblique 
axes,  inclined  at  angles  whose  cosines  are  a\  V,  d^  assume  the  form 
rf(«*  +  y'-«^  =  l,  shew  that 

--=-  +  -  +  -;  and  that r = — \ 3  =  /t nr* 

d    a     h     c  a^-h-^-c         a-^h-^c-d     (60+00+06)* 

16.  Shew  that  the  hyperboloid,  whose  equation,  referred  to 
oblique  axes  inclined  at  angles  cos~  V,  oos'^d'y  oos~  V,  is 

(l-a')y»  +  (l-6')«aJ+(l-^ay  =  <^ 
is  an  hjperboloid  of  revolution,  whose  equation^  referred  to  its  principal 

"  ^  +  ^    g(l-aO(l-ftO(l-<0   ^,gj-o 

'^^^^l-a''-6'--c^+2a'6V'^^^''    *^- 

17.  If  the  equation  of  an  hyperboldd,  referred  to  oblique  axes 
inclined  at  angles  a,  j8,  y  such  that  a  +  jS  +  ys^r,  be 

*^  co8a  +  «r  oosjS  +  o^  oo6y»<r, 

shew  that  the  length  of  one  of  its  axes  is  ^d :  and  that  the  eocentriciiy 
(0)  of  its  principal  elliptic  sections  is  given  by  the  equation 

46*       l-8oo6ttoosffcosy 

l-s*"    cos*  a  cos"  ^  cos"  y 

18.  Disoofls  the  different  sur&ces  represented  by  the  equation 

a^  +  (2f»"+l)(y*  +  «')-2(y»  +  «B+ay)«2iii"~8fii+l, 

as  m  varies  fiom  -  qo  to  +  so  :  considering  particularly  the  critical 
values  '1|  ^9  and  1. 


CHAPTER  XIL 

DIAMETRAL  SURFACES.      DIAMETRAL  PLANES.      CONJUGATE 

DIAMETERS. 


236.  Def.  a  diametral  aurfoce  is  the  locus  of  the  middle 
points  of  a  series  of  parallel  chords  of  a  given  surface. 

There  are,  therefore,  for  anj  given  surface,  an  infinite  number 
of  corresponding  diametral  surfaces,  varying  in  magnitude  and 
position  with  the  direction  of  the  chords  which  they  bisect. 
These  surfaces  are  however  all  of  the  same  degree,  as  is  shewn 
by  the  following  article. 

237.  ITie  degree  of  any  surfojce  which  is  diametral  to  a  given 
surface  of  the  n^  degree,  w  ^n  (n  —  1). 

Eveiy  straight  line  meets  a  surface  of  the*  n^  degree  in  n 
real  or  imaginary  points;  these  points,  taken  two  and  two, 
give  Jn  (n  —  1)  chords  of  the  surface,  on  each  of  which  chords 
lies  one  point  of  the  corresponding  diametral  surface :  hence  the 
whole  number  of  real  and  imaginary  points  in  which  this  straight 
line  meets  the  diametral  surface  is  ^n  (n  —  1),  which  is  therefore 
the  degree  of  the  diametral  surface. 

If  we  suppose  the  equation  of  the  n***  degree  determining  the 
points  of  intersection  to  have  2r  imaginary  roots,  there  will  be  r 
real  roots  on  the  diametral  surface,  corresponding  each  to  a  conju- 
gate pair  of  these  imaginary  roots,  and  the  whole  number  of  real 
points  on  the  diametral  surface  will  be  r  +  i  (n  —  2r)  (n  —  2r  —  1), 
and  therefore  the  number  of  imaginary  points  will  be 

Jn(n-l)-i(n~2r)  (n-2r-l) -r  =  2r (n-r). 

In  surfaces  of  the  second  degree,  the  diametral  surfaces  be- 
come planes,  and  meet  the  corresponding  straight  lines  in  real 
points,  whether  these  straight  lines  meet  the  given  surfSeu^  in 
real  or  imaginary  points.  We  shall  discuss  these  diametral  planes 
in  the  cases  of  central,  and  non-central  surfaces,  separately. 
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238.  To  find  the  diameiral  planCy  corresponding  to  a  given 
series  of  paraJld  chords^  in  a  given  central  surfa/ce  of  the  second 
degree. 

Let  the  equation  of  the  sntiface  be 

Zy  my  n  the  direction-cosines  of  each  of  a  series  of  parallel  chords, 
^^^  (^09  Vffi  O  the  middle  point  of  anj  one  of  them. 
The  equation  of  this  chord  will  he 


a?-a?o 


^JLnVst^lZli^r, 


I  m  n 

and  we  shall  have,  for  the  points  in  which  it  meets  the  stufacey 
the  equation 

But,  since  {x^yjs^  is  the  middle  point  of  the  chord,  the  values 
of  r  obtained  from  this  equation  will  be  equal^  and  of  opposite 
signs,  and  we  obtain  therefore  the  equation 

as  the  locus  of  the  middle  points  of  all  such  chords,  or  the  dia- 
metral plane. 

The  form  of  this  equation  shews  that  it  passes  through  the 
center,  as  it  manifestlj  ought  to  do. 

We  shall  have,  conversely,  that  any  central  plane  whose  equa- 
tion is  Xx+fiy-^-pz^Oy  will  bisect  a  series  of  chords  parallel  to 

the  straight  line  -—  =  S:  —  «.  which  is  called  the  diameter  con* 

jttgate  to  the  plane.  It  appears  from  (Art.  184)  that  the  locus 
of  the  centers  of  a  series  of  sections  of  the  surface  parallel  to  a 
given  central  plane  is  the  diameter  conjugate  to  that  plane. 

If  a  surface  of  the  second  degree  be  referred  to  a  diametral 
plane  as  that  of  xy^  and  the  corresponding  conjugate  diameter 
as  the  axis  of  Zy  then  since  every  straight  line  parallel  to  Oz  is 
bisected  by  the  plane  of  xy^  the  equation  of  the  surface  can  only 
contain  even  powers  of  z.  Hence  if  we  can  find  three  planes, 
such  that  the  intersection  of  any  two  is  conjugate  to  the  third, 
the  equation  of  the  surface  referred  to  these  planes  will  be  of 
the  form  aa?  +  5y"  +  c«'  =  1-  We  will  investigate  the  conditions 
of  the  existence  of  such  planes. 
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239.  To  find  the  conditions  ihaij  cf  three  central pUmea  of  a 
central  eurfuce  of  the  second  order ^  each  may  he  diametral  to  the 
intereection  of  the  other  two. 

Let  the  direction-coalnes  of  the  planes  be  ({"^^n^nj,  ijj^^i 
and  {Ijnjn^. 

The  equations  of  the  diameters  conjugate  to  the  first  are 

and  if  this  be  parallel  to  the  intersection  of  the  other  two,  and 
therefore  to  both  of  them,  we  shall  have 

Hence,  if  the  three  conditions 

a         b  c        a         b  o 

a         be 

be  satisfied,  the  planes  will  be  snch  as  required. 

These  planes  are  called  conjugate  planes^  and  their  intersec* 
tions  corgugate  diameters. 

Since  we  have  only  three  relations  between  the  six  quantities 
which  determine  the  planes,  there  will  be  an  infinite  number  of 
such  systems,  and  we  can  determine  such  a  system  satisfying 
any  three  other  relations  which  we  may  choose,  provided  the 
resulting  equations  are  not  inconsistent  with  those  already  ob- 
tained. For  example,  we  can,  in  general,  determine  a  system 
of  conjugate  planes  each  of  which  shall  pass  through  one  of 
three  given  points. 

240.  To  find  the  relations  between  the  co-ordiuUes  of  the  ex^ 
tremities  of  a  system  of  conjugate  diameters  of  a  central  surface  of 
the  second  degree. 

The  equation  of  the  surface  being 

and  the  co-ordinates  of  the  extremities  of  the  diameters 

(«iyi«i)>  («.y«»i)»  {^M!f^^f 
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we  sliall  hav6|  since  the  points  lie  on  the  su&oe, 

«^i*  +  ^1*+  <^i  =  <^t  +  ht-^^i  =  oaj,'+  Jy,*  +  c«,"=  1,     (1) 
and,  since  the  diameters  through  the  points  are  conjugate, 

=  00:^0?, +ftyjy,+c2fj«,  =  0.  (2) 

The  systems  (1)  and  (2)  shew  that 

a?i Va,  yi Vft,  «iV<5;  «,V«,  y^V^  «, Vc;  a^aV^,  y,V*, «, V<5; 

are  the  direction-cosines  of  three  straight  lines  at  right  angles 
to  each  other,  and  we  know  therefore  (Art.  117}  that  thej  are 
equivalent  to  the  systems 

yA+yA+yA=«i«i+«A+«A*=«^iyi+a?«ys+««yt=o. 

Hence,  in  the  ellipsoid, 

««  +  ?  +  ?  =  ^' 
we  shall  have 

x;+x;+x;^a\  y,'+y,'+y,"=i*,  «t*+V+^/=^^ 

or  the  sum  of  the  squares  of  the  projections  of  three  conjugate 
diameters  on  one  of  the  axes  is  equal  to*the  square  of  the  prin- 
cipal diameter. 

Bj  adding  these  equations,  we  obtain,  if  r^  r,,  r^  be  the 
lengths  of  these  semi-conjugate  diameters, 

which  with  other  relations  will  be  investigated  independently 
hereafter. 

241.  To  find  the  relatwns  which  exist  hetween  the  lengths  of 
a  system  of  conjugate  diameters  of  a  central  mrface^  and  the 
angles  between  them. 

Let  the  equation  of  the  surfsu^  referred  to  its  principal  axes 
he  aaf  +  b^  +  csf^lf  and  its  equation  referred  to  a  system  of 
conjugate  diameters,  inclined  at  angles  a,  /9,  7,  be 

a'a?  +  fty  +  cy  =  l. 
Then  the  expression 
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will,  hj  transformation  from  the  former  to  the  latter  ajstem, 
become 

h{a?+j^  +  z*  +  2yz  cob  a  +  ^zx  coa  /9  +  Sajy  cos  7) 

A  being  any  constant.     Hence,  the  values  of  h  which  make 

H{  U)  vanish,  will  also  make  H[  V)  vanish ;  that  is,  the  equa- 
tions 

(A-a)(A-&)(A-c)=0, 
and 

(A-.a')(A-y)(A-c')-A*co8'a<A-a')-A'co8«/S(A-J') 

—  A*cos*7  (A  — c')  +2A'cosacos/3cos7  =  0| 

will  have  the  same  roots. 

The  conditions  for  this  are 

1.11111 

~+r'  +  r'  =  ::+i+-> 

a      0      c      a     0     c 

sin*a     sin'ff     8in*7  _  _1    ,    1   ,  J[_ 
b'c         ca         ab'  "be     ca     ab* 
and 

1— co8*a  — cos')8  — cos*7  +  2cosaco8/9cos7      1 


•    a  b'c'  abc ' 

If  r^,  r„  r,be  the  lengths  of  the  corresponding  semi-diameters, 
a,  i,  0  of  the  semi-axes,  these  equations  become 

r,'  +  r,'  +  r;=^a'  +  V  +  <?, '• W, 

(r,r,8ina)*+  (r,r,sini8)«+  (r,r,8in7)^=s  JV+c*a*  +  a»i'...  (2), 

and    r^  r,'  r,*  ( 1  —  cos*  a  —  cos*  fi  —  cos'  7  +  2  cos  a  cos  )8  cos  7) 

=^a*b^c* (3). 

If  the  surface  be  an  ellipsoid,  so  that  all  these  lengths  are 
real,  we  see  that  (1)  the  sum  of  the  squares  of  three  conjugate 
radii  is  constant ;  (2)  the  sum  of  the  squares  of  the  faces  of  a 
parallelopiped  having  three  conjugate  radii  as  conterminous 
edges  is  constant ;  and  (3)  the  volume  of  such  a  parallelopiped 
is  constant. 

In  the  hyperboloid  of  one  sheet  a*b^c?  is  negative,  and  con- 
sequently, since 

1  — cos'a  — cos*^  — cos*7  +  2cosacos/8cos7 
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18  poaitiTe,  r/  r^  r*  is  n^atiTe^  but  t^j  r*^  r^  oannot  b^  all  nega- 
tive, hence  one  and  onlj  one  ia  negative:  that  is^  in  a  hypelr-* 
holoid  of  one  sheet,  two  of  a  system  of  conjugate  diameters  meet 
the  sm&oe  in  leal  points,  and  the  third  does  not. 

In  the  hjperboloid  of  two  sheets,  for  £',  c^,  substituting 
—  i*,  —  c^,  we  see  that  r^  r*  r/  is  positive,  hence  two,  or  none,  of 
tiie  three  r/,  r/,  r,*  are  negative.  If  none  be  negative,  we  must 
have  cf^V-^i?  positive,  and  also  i'  c*  —  a*  (i*  +  c^ ,  which  are 
easily  shewn  to  be  inconsistent.  Hence  two  must  be  negative ; 
or,  in  the  hjperboloid  of  two  sheets,  one  and  only  one  of  a 
system  of  conjugate  diameters  meets  the  surface  in  real  poibts. 

242.  The  relations  (1)  and  (8)  may  be  obtained  geometri-* 
cally,  and  (2)  from  the  relations  between  the  co-ordinates  of  the 
extremities  obtained  in  the  last  article.  We  will  give  the  proof 
in  the  case  of  the  ellipsoid,  and  leave  the  other  two  cases  as 
exercises  for  the  student. 

Let  OXf  Oy^  Oz  be  the  directions  of  the  axes  of  the  surface, 
(h!^  Oy\  Oz*  those  of  a  system  of  conjugate  diameters ;  Ay  B^  (7, 
A\  B\  G\  the  extremities  of  the  diameters  along  those  axes : 
a,  ft,  0,  a',  i',  c'  their  lengths.  Also  let  the  sections  AB^  A*B* 
intersect  in  -4^,  let  OB^  be  the  semi-diameter  conjugate  to  OA^ 
in  the  section  A*B^  and  let  CB^  meet  AB  in  B^x  OA^^^a^^ 
OB.^h,,  OB^^b^ 


Then,  the  plane  A*JB'  being  conjugate  to  0G\  OA^^  OB^ 
Off  will  be  a  system  of  conjugate  radii,  or  OA^  will  be  con* 

N 


nS  PIAMETBAL  SUBFACEB. 

jugate  to  the  plane  G*jS^  and  since  OA^^  lies  in  a  principal  plane, 
G'OB^wiVL  be  perpendicular  to  that  plane,  and  will  therefore 
contain  00;  and  00,  OB^  being  the  principal  semi-axes  of  the 
section  B^0\  OA^,  OB^,  00  will  be  a  system  of  conjugate 
diameters,  and  OA^,  OB^  will  be  conjugate  in  the  section  AB, 

Hence  we  have  the  equations 

and  from  these  we  obtain  the  relation 

a'«  +  J'«+c'»  =  a*  +  i'  +  c». 

Also,  since  the  parallelogram  of  which  0A\  OBI  are  con- 
terminous edges,  is  equal  to  that  of  which  OA^,  OB^  are  con- 
terminous edges,  and  similarly  for  the  section  J?,  G\  ABy  we 
haye 

^       vol  {a\  b\  d)  =  vol  (a^,  J„  c')  =  vol  (a^,  5^,  c)  =  vol  (a,  J,  c) ; 

denoting  any  parallelopiped  by  three  conterminous  edges.  This 
is  equivalent  to  relation  (3)  of  the  last  article. 

If  now  (ajjyi^i),  {^tVi^iji  (^sya^s)  ^  ^^  extremities  of  the 
three  conjugate  diameters,  we  shall  have 

(JVsina)*=(yA-y.«»)*+  (^A-««»J"+  {^^z^^Jf^*  (Art.  26), 
and  if  we  put  x^  =  aZ^,  y,  =  bm^^  z^  =  cm^y  and  similarly  for  the 
rest,  we  obtain,  as  in  Art.  235,  the  direction-cosines  of  a  system 
of  rectangular  co-ordinates,  and  therefore 

(iV  sina)*  =  JV(m,n3-W3W^«  +  c"a*  W,-n,y«+aW(Z,m,-2;fii,)', 
=  JV  I,*  +  (?a^  m^  +  aW  n,".     (Art.  118). 
Similarly, 

(cVsini8)«  =  JVZ|"  +  c»a»m,«+aWn,", 
and  (a'ysin7)«  =  5VZ,«  +  c*a«n,«+aWm,*. 

Hence,  adding  these,  we  have  the  relation  (2)  of  the  last 
article, 

(JV  sin  a)»  +  (cV  sin  fiY  +  {a'V  sin  7)'  =  ftV  +  ^cf  +  a^V. 

243.  To  find  the  diametral  plane  bisecting  a  given  system  of 
parallel  chords,  in  the  case  of  non-central  surfaces. 

Taking  the  equation  of  the  surface  to  be 

h-c-^'  (1) 
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fKnd  {ly  m,  n)  the  diiection  of  the  chords,  the  eqtuttion  of  the 
diametral  plane  will  be^ 

mUn^^l,  (2) 

o        c 

shewing  that  all  the  diametral  planes  are  parallel  to  the  axis  of 
the  principal  parabolic  Bections;  a  fact  which  might  be  antici- 
pated from  the  consideration  that  these  surfSaces  have  their  center 
on  that  axis  at  an  infinite  distance* 

We  cannot  therefore,  in  these  surfaces,  have  a  system  of 
three  conjugate  planes  at  a  finite  distance,  but  we  can  find  an 
infinite  number,  such  that,  for  two  of  them,  each  bisects  the 
chords  parallel  to  the  other  and  to  a  third  plane.  By  taking 
the  origin  where  the  intersection  of  these  two  meets  the  para- 
boloid, and  referring  to  these  three  planes,  the  equation  of  the 
surfjEu^  wlQ  assume  the  form 

0       c 

Let  the  equations  of  the  two  diametral  planes  be 

and  m,y  +  n/sl,  (2) 

and  let  the  direction  of  the  third  plane  be  (2|W,nJ.  The  direc- 
tion-cosines of  the  chords  bisected  by  (1)  are  in  the  ratios 

and  if  these  be  parallel  to  (2)  and  the  third  plane,  we  shall 
have 

Similarly,  in  order  that  (2)  may  be  conjugate  to  the  inter<- 
section  of  the  other  two,  we  shall  hare 

One  of  these  is  coincident  with  one  of  the  former,  and  there 
being  thus  only  three  relations  necessary,  between  the  six  quan- 
tities determining  the  planes,  an  infinite  number  of  such  systems 
can  be  determined. 

244.     To  find  the  equaticm  of  a  diametral  phme  hmcting  a 
given  system  of  chords  of  any  convcaid. 
Let  the  equation  of  the  conicoid  be 

/(^>  y,  «)=aajP  +  8y*+c«*+ ^ayz  +  ib'zx  +  2o'ay 
+  2a"a?  +  2b" y  +  2c"«  +  rf  =  0  ; 

N2 
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and  let  (Z,  m,  n)  be  the  direction  of  the  chorda  to  be  biaected, 
^  (^0'  If  of  O  ^^  middle  point  of  anj  chord* 
Then  the  equation 

most  haye  roots  equal  and  of  opposite  signs,  or  the  coefficient 
of  r  must  vanish.     This  gives  the  condition 

if  +  mf  +  nf^O, 
dx^         dy^        dz^ 

or  Z(aa?,4-c'yo  +  ft'«o  +  0+^(c'^o  +  *yo+«X  +  n 

+  n  (J'a?o  +  ay,  +  cz^-\-g)  =  0, 
the  equation  of  the  diametral  plane. 
This  plane  passes  through  the  point 

whatever  be  the  values  of  7,  m,  n,  or  every  diametral  plane 
passes  through  the  center,  as  is  otherwise  obvious. 

245.     To  determine  the  principal  planes  of  any  conicoid, 

A  principal  plane  is  perpendicular  to  the  system  of  chords 
which  it  bisects  (Art.  167) ;  hence  we  shall  have,  for  the  diieo^ 
tion  of  a  principal  plane,  the  equations 

al  +  c'm  +  Vn  ■=  «^ 

c'l+  bmi-a'n^  «w, 

Vl+a'm  +  cn=8n; 
8  being  some  constant. 

Eliminating  the  ratios  2 :  m  :  n,  we  obtain  the  equation 

(,-a)(a-J)(«-c)-a'»(j-a)-&'*(«-i)-c'*(*-c)-2a'AV«0, 

the  diacriminaMnff  cubic  already  discussed.  This  supplies  three 
values  of  By  and  to  each  corresponds  one  system  of  values  of 
l:m:  n;  or  there  are  in  general  three,  and  only  three,  principal 
planes*  . 

The  reduction  of  the  general  equation  of  the  second  degree 
may  be  effected  in  this  manner,  remembering  that  if  a  surfEioe 
be  referred  to  a  principal  plane  as  that  of  xy^  the  equation  can 
only  contain  even  powers  of  z. 
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It  will  be  necessary  however  to  supply  the  proposition  that 
these  three  principal  planes  are  mutnallj  at  right  angles,  as  we 
shall  now  prove. 

246.  To  shew  that  the  three  principal  pUmee  cfany  canicaui 
are  mutually  at  right  angles. 

Let  s^y  «,,  «,  be  the  three  roots  of  the  discriminating  cnbic, 
«nd  let  the  corresponding  yalaes  of  /,  m,  n  be  denoted  bj  the 
same  snffixes. 

We  shall  then  have 

a/j  +  ifm^  +  h\  =*  sjt^j 

i7j  +  a!fn^  +  cn^  =  ^i^i* 
Multiplying  by  ?,,  m,,  n,  and  adding,  we  obtain 

or  ?j .  #,?,  +  f»j .  sji^+n^ .  s^  «  «i  (^8  +  flWjWi, -f  nj^O, 

whence  (»j  —  s^  {IJ^  +  WiWt,  +  n^n^  =  0. 

Hence,  if  the  roots  of  the  discriminating  cubic  be  unequal, 
the  three  principal  planes  are  mutually  at  right  angles ;  and  the 
equation  of  the  surface  referred  to  them  as  co-ordinate  planes, 
must  assume  the  form 

-4aj*  +  jB^*  +  CiB"  +  rf  =  0. 

It  may  readily  be  shewn  also  that  Ay  Bf  0  sxe  the  roots  of 
the  cubic ;  for  the  coefficient  of  a?  in  the  transformed  equation 
will  be 

which  is  equal  to 

that  is,  to  «j(Zj*  +  Wj*  +  nj")  or  ^j!  and  similarly  5  =  ^,,  C^s^. 

The  discussion  of  the  cases  of  vanishing,  or  of  equal  roots, 
may  now  be  proceeded  with  as  in  Chap.  xii. 

247.  Another  method  of  determining  the  principal  planes, 
and  the  lengths  of  the  axes,  may  be  noticed,  depending  on  the 
fact  that  these  lengths  are  the  maxima  and  minima  values  of 
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ladii  drawn  from  the  center.  Let  the  equation  of  a  central 
conicoid  be 

<M^  + V+  ^*+  2a'y«  +  2i'«aj  +  2c'xtf^df  (1) 

then,  if  xyz  be  the  co-ordinates  of  the  extremity  of  a  radios,  of 
length  rj  we  shall  have 

a^  +  y'  +  z'^r^,  (2) 

and  for  the  principal  axes,  r  must  be  a  maximum  or  minimum 
by  yariation  of  a?,  y,  z^  subject  to  (1).  This  gives  the  equations, 
employing  an  undetermined  multiplier  \ 

ax  +  c'tf-^Vz^^Xx,  c'x-i-btf  +  az^Xyy  b'x  +  ay  +  cz^\z.     (8) 

Multiplying  by  oj,  y, «?,  and  adding,  we  have  by  (1)  and  (2), 

and  eliminating  x^  y,  z  from  (3)  we  obtain  the  cubic  equation 

-a'(|-.)-S'(^-j)-e-(^-.)-8«W-0, 

the  roots  of  which  are  the  lengths  of  the  principal  axes. 

We  shall  be  able  to  obtain  from  (3)  the  equations  of  any 
principal  axes,  in  the  form 

,    fd         .  Vc'\      ,,   fd      ,  ,  cV\       ,   fd  a'b\ 

which,  taking  the  three  values  of  r^,  are  the  equations  of  the 
three  axes.  These  coincide,  as  they  ought  to  do,  with  the  equa- 
tions found  in  Art.  224. 

Plane  Sections  of  Oofiicoida. 

248.  To  determine  the  nature  of  the  section  of  a  conicoid 
made  hy  any  given jflane. 

This  may  of  course  be  done  by  the  substitutions  of  Art.  121, 
but  for  surfaces  of  the  second  degree  whose  plane  sections  will 
be  curves  of  the  second  degree,  simpler  methods  may  advan- 
tageously be  employed.  If  it  be  required  only  to  discover  to 
what  species  of  conies  the  section  belongs,  we  may  effect  this 
immediately  by  taking  any  orthogonal  projection  of  the  curve 
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of  section,  since  an  ellipse,  parabola,  or  hjrperbola,  will  be  pro- 
jected into  a  cmve  of  the  same  species,  though  in  genenJ  of 
different  eccentricity*  The  only  exception  is  when  the  plane  6f 
section  is  perpendicular  to  the  plane  of  projection,  but  as  no 
plane  can  be  perpendicular  to  all  the  co-ordinate  planes,  there  is 
at  least  one  of  the  co-ordinate  planes  which  may,  in  any  pro- 
posed case,  be  taken  as  the  plane  of  projection,  and  which  will 
not  be  perpendicular  to  the  plane  of  section. 

As  an  example  of  this  method,  we  may  take  the  section  of 
the  paraboloid  ay* + &«*  =  x  made  by  the  plane  Zr  +  wty  +  n«  =  0. 
The  equation  of  the  projection  of  the  curre  of  section  on  the 
plane  of  yz.  is  Z(ay'  +  &^') +my  +  n2;=:0,  which  is  always  an 
ellipse,  or  always  an  hyperbola,  according  as  a  and  b  have  like 
or  tmlike  signs.  If  Z  =  0,  the  exceptional  case  above  mentioned 
arises,  and  taking  the  projection  on  zx  we  have  the  equation 

or  the  section  id  parabolic,  unless  n*a  +  m*b  »  0,  when  it  reduces 
to  a  straight  line.  Hence,  in  the  paraboloids^  all  sections  pa- 
rallel to  the  axis  of  the  principal  sections  are  parabolas,  and  all 
other  sections  ellipses  for  the  elliptic  paraboloid,  and  hyperbolas 
for  the  hyperbolic  paraboloid. 

If,  however,  a  more  exact  determination  is  required,  we  may 
conveniently  use  the  angle  between  the  asymptotes,  real  or  im- 
possible, as  fixing  the  species  of  the  curve* 

Let  the  equation  of  the  conicoid  be 

/(a5,  yfZ)  =  aa?+ht^  +  cz^  +  2ayz  +  2Vzx  +  2<ixy 
+  2a  X  +  2b"y  +  2c"«  +  (Z  «  0, 
and  that  of  the  plane  of  section  be 

Then  if  (a,  /9,  7)  be  any  point  in  the  plane,  and  (X,  /»,  v)  the 
directions  of  a  line  drawn  in  the  plane  through  this  point,  we 
shall  have  the  equation 

to  determine  the  points  where  the  line  meets  the  curve  of  section, 
X,  /i,  V  being  subject  to  the  condition 

ZX  +  w/A  +  w  =  0.  (2) 
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If  now  (X/iv)  be  the  dixection  of  an  aaymptote,  one  Talne  of 
r  in  (1)  most  be  infinite,  or  the  coefficient  of  r^  mnat  yaniAh. 
This  gives  for  the  directions  of  the  aejmptotea 

The  equations  (2)  and  (3)  completely  determine  the  direc* 
tions  of  the  asymptotes,  and  the  section  will  be  elliptic,  para- 
bolic, or  hyperbolic,  according  as  these  directions  are  impossible, 
equal,  or  possible  and  unequal. 

If  Xj :  /i^ :  v^j  and  \:  fi^^i  v^he  the  ratios  obtained  firom  (2) 
and  (3),  then,  to  being  the  angle  between  the  asymptotes, 

this,  being  a  symmetric  function  of  the  roots,  will  always  be 
real,  and  the  sections  will  be  elliptic,  parabolic,  or  hyperbolic, 
according  as  it  is  >  ==  or  <  1*  The  ratio  of  the  squares  of  the 
axes  of  the  section  will  be  cos  a>  + 1  :  cos  q>  —  1,  and  the  species 
of  the  section  will  be  completely  determined. 

Thus  in  the  paraboloid  ay'  +  J^  =  a,  we  shall  have  the 
equations 

and  we  may  readily  form  the  equations 

arf+bmf      bl^      aP        -2Afo»  0  -2anZ 

_     w+/iji,+  v,v,     _  VfO*.",  - /*^J* } 

Hence  cotca-  «K+0  +  ^ (?'  +  »»') 

(1)  For  hyperbolic  aectioos,  ab  must  be  negatiye,  and  I 
finite. 

(3)    For  parabolic  sections,  co  »  0,  and  tberefore  1=0. 

(3)  For  elliptic  sections,  ab  must  be  positive,  and  I  finite. 

(4)  For  rectangular  byporbolic  sections, 

a(»*  +  n  +  *(^  +  »»*)*0, 

(5)  For  drcular  sections,  cot  o>  =  ^/(-.  i),  or 

«•  (n*  +P)*  +  b*  {I*  +  my  +  2ab  {«V  - 1*  (jP + «»•  +  n')}  -  0, 
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and  Urn  may  be  obtained  in  the  form 

{(i«  +  «*)a^(i*+wi")J}»+4a6wV-0, 
and  since  hj  (3)  ab  is  positive,  we  have  the  systems 

a .  b—a  '    ft     a— J 

Of  these  only  one  is  possible,  and  the  results  coincide  with  those 
of  Art.  187. 

It  appears  from  (1),  (2),  (3)  that  the  elliptic  paraboloid  has 
no  hyperbolic  sections^  and  the  hyperbolic  paraboloid  no  elliptic 
sections,  and  that  all  sections  parallel  to  the  axis  in  either  stir* 
face  are  parabolas.  To  the  latter  there  is  one  case  of  exoeptioni 
namely,  when  2=0,  and  an*  +  fti»*  =  0,  in  which  case  cotw 
assumes  an  indeterminate  form.  We  hare  however  for  all  sec* 
tions  satisfying  the  condition  on*  +  bm^  «■  0, 


C0t0)s= 


V(-4a6)' 


which  gives  for  Z = 0,  co  =  - ,  or  a  rectangular  hyperbola.    The 

section  is  however  in  this  case  really  two  straight  lines,  one  at 
a  finite  distance,  and  one  at  infini^.  For  we  may  write  the 
equation  of  the  plane  of  section 

y^/a±z^/{-b)  =  ky 

and  when  this  meets  the  surface  a^  +  Is?  «=  x^  we  shall  have 

or  the  only  points  at  a  finite  distance  in  which  the  plane  meets 
the  surface  lie  on  the  straight  line 

These  sections  are  parallel  to  the  asymptotic  planes  of  Art.  165, 
and  are  themselves  asymptotic  in  the  same  sense. 

In  the  central  surface  aa?  ^b]^-{-csfx:^k^  the  eqnatiops  for  the 
directions  of  the  asymptotes  are 

The  first  of  these  shews  that  every  asymptote  is  parallel  to  a 
generating  line  of  the  asymptotic  cone;  hence  for  parabolic 
sections,  in  which  the  directions  of  the  asymptotes  coincide,  the 
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cutting  plane  must  be  parallel  to  a  tangent  plane  of  the  asymp- 
totic cone.  The  section  of  an  hjperboloid  made  by  such  a 
tangent  plane  will  be  two  parallel  straight  lines,  since  the  center 
of  the  hyperboloid  must  be  a  center  of  the  section,  and  the  sec- 
tion p^bolic. 

We  shall,  in  general,  have  the  equations 

M  +  cm*     cP  +  an*     am*  +  hf 
—  amn  —  hnl  —  dm 


a  (wiM-  n»)  +  J  (n*  +  P)  +  c  [V  +  m*) 
—  4aio 


^v+-- " ■■■■■■■■■] 


„  ^  g  (CT'+n*)  + a  (n'+n  +  c  (?'  +  «»*) 

Hence  cot « =      '  i,  /W       »      *\\  * 

(1)  The  section  will  be  hyperbolic,  parabolic,  or  elliptic, 
according  as  l*lc  +  ifr?ca-{'vfdb  is  negative,  zero,  or  positive. 
This  of  course  coincides  with  the  conditions  that  the  parallel 
plane  through  the  center  shall  meet  the  asymptotic  cone  in  real 
and  different,  coincident,  or  impossible  straight  lines. 

(2)  For  a  rectangular,  hyperbolic  section, 

unless  at  the  same  time  Z'^  +  m'ca+n'a&  =  0,  but  it  is  easily 
shewn  that  these  conditions  are  inconsistent  for  any  real  finite 
values  of  a,  i,  c. 

(3)  For  a  circular  section, 

{a  (m«  +  n«)  +  i  (n*  •\'1*)'{'C  (P+  w")}* 

« 4  (P  +  w»  +  n')  {Vhc^-m^ca  +  n*db), 

or  V (ft - c)*+ ...  +  2wiV  (a-  J)  {a-c)  + =  0. 

If  a,  ft,  c  be  in  order  of  magnitude,  this  may  be  written 
{?(ft-c)  +  m«(c-a)-n"(a-ft)}"  +  4ZW(a-c)(ft-c)  =  0, 
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whence  we  hare  two  systems  of  circnlar  sections, 


-•  P         n" 


/-sO,  — r= — ;  «»  =  o, 


of  which  onljone  is  possible.    Compare  the  results  of  Art.  184. 
It  appears  from  (1)  that  all  sections  of  an  ellipsoid  are  ellipses, 
bat  that  for  the  hjperboloids  we  maj  have  all  three  species  of 
conies. 

249.  The  gectumSf  made  by  parallel  planes^  of  similar  and 
timilarly  situated  oanicoidi^  are  similar. 

This  appears  from. the  fact  that  the  equations  determining 
the  direction  of  asymptotes  inyolve  only  the  coefficients  of  the 
terms  of  two  dimensions  in  x^  y^  and  z^  so  that  the  asymptotes  of 
a  section  of  the  sorfiEkce 

a(a:-a)*  +  J(y-)3)»  +  c(«-7)"  =  rf, 

made  by  any  plane,  are  determined  in  direction  by  equations 
depending  only  on  a,  b^  o  and  on  the  direction  of  the  plane. 
Hence  the  sections  by  parallel  planes  of  all  the  surfaces  repre- 
sented by  this  equation  for  different  values  of  a,  fiy  y,  and  d 
will  be  similar :  and  a  like  proof  holds  for  non-central  surfaces. 

In  the  similarity  here  determined,  we  consider  an  hyper- 
bola and  its  conjugate  as  similar  curves.  Indeed,  in  the  sections 
of  the  same  surface  by  a  series  of  parallel  planes  which  cut  it 
in  hyperbolas,  though  the  asymptotes  of  all  the  sections  are 
parallel,  the  curve  of  section  lies,  for  one  portion  of  the  surface, 
in  one  pair  of  angles  made  by  the  asymptotes,  and  in  the  other 
t)ortion  in  the  second  pair,  the  two  series  being  separated  by 
the  plane  section  for  which  the  curve  degenerates  into  two 
straight  lines. 

250.  To  determine  the  area  of  a  section  of  a  central  coni" 
coid  made  by  a  given  plane. 

Let  the  equation  of  the  conicoid  be  aa?  +  Jy*  +  cs*  =  1,  and  of 
the  given  plane  Ix  +  my  +  nz  ^p. 

'    Let  (a;^,  y^,  is^)  be  the  center  of  the  section,  and  r  the  length 
of  any  central  radius  whose  direction-cosines  are  X,  fi^  v. 
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We  shall  then  have  the  equations 

^.^  =  ei»  =  _J^_„     (Art  184), 

a      o       c 

Then,  for  the  lengths  of  the  principal  axes,  we  shall  hare 

P 
a  maximum  or  minimum  by  yariation  of  X,  /ti,  v^  subject  to 
the  couditiona 

O^ZX  +  w/A  +  ny. 

This  giyes  us  the  equations 

oKctK  +  IfidfA  +  cvdv  =;  0, 
\^+  fjidfi  +  cdv  =  0, 

or,  using  two  undetermined  multipliers  h^  k\ 

(a+A:)X+Zfe'  =  0,  {1>  +  k)fi+mk'^Q,  (c  +  fc)  v  +  n&'  =  0. 

Multiplying  by  \,  |*,  i^  and  adding  we  obtain,  -5  +  A? « 0, 

and  therefore 

X         I         /M         m         V  _      n 

p^"^  -,-j  ^^c 

whence  the  equation 

^=•1 •*"  7-7-^1 ' 

P  P  P 

whose  roots  are  the  lengths  of  the  semi-axes. 
The  rectangle  under  these  lengths  is  then 

//     p  +  ^'  +  n*     \ 

and  the  area  of  the  section  is 
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or,  subBtitutiiig  for  acij,  y<^,  0^, 

//     l^  +  m^  +  n^     \  f p^ahc         N 

(1)  In  the  case  of  the  ellipsoid,  this  may  1)e  pnt  into  a  con- 
^venient  fonn  as  follows^  Let  the  plane  move  parallel  to  itself 
till  the  elliptic  section  vanishes,  and  let  cr  be  the  perpendicular 
upon  it  from  the  center  when  in  that  position.  The  center  of  the 
section  being  then  a  point  on  the  snrface  we  shall  hare 

^^•a+T  +  7' 

and  if  ^,  jil'  be  ihe  areas  of  a  central  section,  and  of  a  parallel 
fBection  at  a  distance  j>,  we  have 

(2)  Similarly,  in  the  case  of  the  fayperboloid  of  two  sheets, 

j:.a{$-{). 

(3)  In  the  hyperboloid  of  one  sheet,  the  section  can  never 
vanish,  but  if  we  take  %t  the  perpendicular  on  the  parallel  plane 
for  whiph  the  section  in  the  conjugate  hjperboloid  of  two  sheets 
vanishes,  we  shall  have 


A^A 


(•-&■)• 


(4)  If  We  take  two  conjugate  hyperboloids  a^-\-h^+ti?^±  1, 
and  the  asymptotic  cone  to  both,  aa^  +  £y'+c«'«sO,  the  area  of 
the  section  of  the  latter  may  be  found,  from  those  of  the  former, 
by  making  a,.  5,  c  infinitely  large,  preserving  their  ratios.  Hence 
if  A^j  A^j  A^ht  the  sections  of  the  three  surfaces  made  by  any 
plane  cutting  them  all  in  ellipses,  and  A  the  area  of  the  parallel 
central  section  of  the  hyperboloid  of  one  sheet,  we  shall  have 

whence  -4^  +  ^, «  2-4,,  or  the  section  of  the  cone  is  an  arithmetic 
mean  between  the  sections  of  the  two  hyperboloids* 


19Q  PLANE  SECTIONS  OF  OONIOOIDB; 

AlsOy  if  Fbe  the  Yolume  of  the  cpne  cut  off  by  a  plane  tonch<? 
ing  the  hyperboloid  of  two  sheets,  we  shall  have 

i\/ {roc +  nfrca -{-11:00)  a      b      c' 

/.  F=  -  -77-Y-T  ,  and  is  constant. 
3  »J{flbc) 

251.     To  find  the  area  of  a  section  of  an  eUipHc  paraboloid 

made  by  a  given  plane. 

if     ^ 
Let  the  equation  of  the  paraboloid  be  ^  +  -r- «  20;,.  and  of  the 

given  plane  £b  +  my  +  w«  s=|>. 

Let  (o^o,  ^0)  O  ^  ^^  center  of  the  section,  and  r  the  length 
of  anj  central  radius  of  the  section  whose  direction-cosines 
are  X,  /tt,  v. 

We  shall  then  have  the  equations 

iffa^rifb-Vlp     —ma     — « J     Z  *     ^ 

Hence,  for  the  semi-axes,  we  shall  have  ^  +  t  =  ^  ^  maxi- 

.  a      b 

mum  or  minimum  bj  yariation  of  /i,  p  subject  to  the  con- 
ditions 

X*+/A'  +  i^sa:l,  Ik-hmfi+nv^O, 
This  leads,  as  in  the  last  article,  to  the  equation 

l—au     1  —  6u 
If  tt^,  u,  be  th^  roots  of  this  equation,  ujti^  =  — p-r — =  71-?  , 
and  the  area  of  the  section  is 

m^a  +  n^b  +  2lp  nrJiqh)  ,   ,         n     ^1  \ 
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If  the  plane  move  parallel  to  itself  till  the  Bection  yanishes, 
and  w  be  the  perpendicular  npon  it  in  that  position,  we  shall 
have  0  =  m^a  +  n^b  +  2hry  and  the  area  of  the  section  may  be 
written  in  the  form  2ir  »i/{ah)  (jp  —  w). 

Hence  the  areas  of  all  sections  are  equal,  which  are  made  bj 
planes  at  equal  distances  from  the  tangent  planes  parallel  to 
them  respectively. 


XIIL 

(1)  If  Oy  /3,  7  be  the  angles  between  three  equal  oonjugate  radii 
of  an  ellipsoid,  shew  that  cos'  a  4*  cos'  fi  +  oos'y,  and  oos  a  oos  ^  cosy, 
are  constant;  and  that  a  +  )3  +  y  will  always  be  equal  to  tt,  if  a 
certain  relation  holds  between  the  lengths  of  the  axes, 

«*     y*     «* 

(2)  In  the  hyperboloid  i  +  Tt  -  ;ji  =^  !>  shew  that  if  a*  and  b* 

be  each  >  e\  the  equation  of  the  8ar£Eu;e  may  be  put  into  the  form 
f^-^^  —  af^cPy  and  if  a.  /?,  y  be  the  angles  between  (vz\  («rV  (xy) 

m  this  case^   cos  a  (oos  p  cosy -cos  a)  =  ^ gj-j — .,    ^  1, % 

(3)  If  (a?iyi«j),  («,y,«J>  («.y.«a)  ^  ^®  extremities  of  thiee 

^m9  a«*  ^V 

oonjagate  diameters  of  the  ellipsoid  --§  +  ti  +  nr  ~  !>  the  equation 
of  the  plane  passing  through  these  points  is 

(4)  Also  the  locus  of  the  center  of  graTitj  of  the  triangle  formed 
by  joining  their  extremities  is 

.  «•     y»     a»      1 

and  the  loons  of  the  intersection  of  planes  drawn  through  their  ex- 
tremities parallel  to  the  conjugate  planes  respectively,  is 

T  +  ^  +  5  =  3. 
a"     o"     cr 

(5)  The  section  of  a  hyperbolic  paraboloid  by  a  plane  which 
makes  angles  a,  /3  with  the  planes  of  the  principal  parabolic  sectiona, 
whose  latera-recta  are  a,  (,  wiU  be  a  rectangular  hyperbola  if 

asin'asisin*)?. 


192  FB0BLE1C8. 

(6)  ThA<)OK»diiiaAMoftheVerteaLof  iheaeetioiiofthepateM 

-  +  X  -  ** 

a      0 
made  bj  the  plane  y  cos  a  +  «  sin  a  =  j^  are  given  bj  tke  equations 

<c         y  z  P  . 

|>      a  COS  a     b  sm  a     a  cos  a  +  6  sin'  a 

and  the  latos-rectum  of  the  section  is = .    ,■!■■* 

a  COST  a  +  6  sin'  a 

(7)  In  a  paraboloid  of  revolution,  the  eccentricify  of  any  section 
is  the  cosine  of  the  inclination  of  the  plane  to  the  axis  of  the  sarface, 
and  the  foci  of  the  section  are  the  points  of  contact  with  spheres  in- 
scribed in  the  surface. 

(8)  The  section  of  the  sur£ace  yz'^sgc-hasy-^-a^^Of  by  the 
plane  Ix-^mp't-naf^Pf  will  be  an  ellipse^  parabola^  or  hyperbola, 
according  as  2'4'm*  +  9»'<»Qr>2 {mn 4- n2  +  kn).  What  will  be 
the  condition  for  a  rectangular  hyperbola? 

(9)  If  6  be  the  eccentricity  of  the  section  of  the  cone 

Jx  +  Jy  +  Jz'^O 
made  by  the  pla&e  Ix  +  my  +  n«  =  p,  shew  that 

d^        (?»»-r  +  7iZ-w'  +  ?w-w')' 
1-e'      (P  +  *»'  +  w')  {mn-\-nl-\'kn) 

(10)  Shew  that,  if  any  section  of  the  sur&ce  given  in  (9)  make 
angles  a,  )3,  y  with  the  co-<Mxiinate  planes,  the  eccentricity  of  the 
Section  will  be  constant  if  coe a  +  cos/$  '4-  cosy  be  constants 

Shew  also  that  the  section  will  be  hyperbolic  if  cosa+cosjS+oosy 
lie  between  +  1  and  —  1,  parabolic  at  these  limits,  and  elliptic  for  aU 
other  possible  values. 

(1 1)  The  section  of  the  conicoid 

oa?'-*- iy' +  (»■+  2a'y«-f  2i'aaj+  2(fity-\-2a"9i^^^"y  +  2<f'»^-d^  0, 

by  the  plane  hi  +  my  +  na  =py  will  be  an  ellipse^  parabola,  ov  hyper* 
bola,  according  as 

as(6c-a'')P+ -2(aa'-6'(/)»»»- * 

is  positive,  zero,  or  negative,  and  a  rectangular  hyperbola,  if 

i83?(6  +  <j)+ -2a'wn- =0. 

a 

Shew  that  the  angle  between  the  asymptotes  is  oot~^  — ~ 

(12)  The  fod  of  the  section  of  the  ellipsoid  ^  +  ?C  +  ^  =  1 

made  by  the  plane  b^-^my-^nz^^O^are  given  by  the  eqtiatio&a 
x{mz-ny)    y{im^h)  Imn 

a\V^if)  "y(c'-a')"'P»'  +  »'^+n'c'^  ^  +  »wy+»»«=0. 


FBOBLEMS.  193 

(13)    A  plane  drawn  through  the  origin  perpendionlar  to  an^ 
generating  Ime  of  the  cone 

of     %f     :f 
will  intersect  the  ellipeoid  -i  +  p+;3  =  l  in  ft  section  of  constant 


(14)  A  plane  touching  the  asymptotic  cone  of  an  hyperboloid 
will  intersect  a  oonfocal  ellipeoid  in  a  section  of  constant  area* 

gf       ^       ^ 

(15)  If  sections  of  an  ellipsoid  --i+Ti+nf=l  he  made  by  planes 

passing  through  the  center,  and  through  another  given  point  (a^VOi 
the  sections  of  greatest  and  least  area  will  be  at  right  angles  to  each 

other,  and  the  areas  will  be ,   ,  r^  r^  being  the  semi-axes 

of  the  section  made  by  the  plane  —  +  =^  +  —  =0, 

Shew  that  the  product  of  the  areas  will  be  constant,  if  the  point 
lie  on  the  curve  of  intersection  of  the  ellipsoid  and  a  concentric 
sphere. 


CHAPTER  XIII. 

DfiORfilES  OF  SHBFACEB  AND  CURVES.  iNTEBSECTIONd  OF  SUR- 
FACES. NUMBER  OF  CONDITIONS  TO  WHICH  SURFACES  CAK 
BE  SUBJECTED.      CLASSES  OF  SURFACES. 

252.  Havino  already  folly  investigated  tlie  nature  of  the 
surfaces  represented  by  the  general  equation  of  the  second  degree, 
we  will  proceed  to  the  loci  of  equations  of  higher  degrees,  which 
we  may  consider  as  equations  either  in  three  plane  or  four  plane 
co-ordinates:  in  the  latter  case,  we  may  consider  the  equations- 
homogeneous,  without  loss  of  generality. 

253.  Surfaces  which  are  represented  by  rational  and  integral 
algebraical  equations  are  arranged  according  to  the  degrees  of 
these  equations. 

A  surface  is  of  the  n^  degree,  if  the  equation  of  which  it  is 
the  locus  is  of  the  n^  degree  in  the  co-ordinates  of  any  point  of 
the  locus ;  or,  if  any  arbitrary  straight  line  meets  it  in  n  points, 
real  or  imaginary,  which  is  the  geometrical  equivalent. 

Curves  are  also  arranged  according  to  degrees,  a  curve  of  the 
n^  degree  being  one  which  intersects  any  arbitrary  plane  in  n 
points,  real  or  imagiiuay. 

254.  Among  the  methods  of  treating  of  curves  which  have 
been  proposed,  one  is  to  consider  them  as  the  intersection  of  sur- 
&ces  whose  equations  are  given.  In  this  method  the  difficulty 
arises  to  which  allusion  has  been  made  (Art.  18),  viz.  that  extra- 
neous curves  may  be  introduced,  which  are  not  the  subjects  of 
investigation. 

If  any  curve  be  supposed  to  be  given  in  space,  it  is  impossi- 
ble generally  to  determine  two  surfaces,  which  shall  contain  no 
other  points  but  points  which  lie  on  the  proposed  curve,  but 
among  all  the  surfaces  which  might  be  drawn  through  a  curve,  it 
is  desirable  to  obtain,  where  it  is  possible,  the  simplest  forms  of 
surfaces  of  which  the  curve  shall  be  the  partial  intersection. 
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255«  The  number  of  points  in  which  three  surfaces  inter- 
sect, which  are  of  the  rn^y  n***,  and  p^  degrees  respectively,  is 
mnp,  unless  they  intersect  in  a  common  curve,  in  which  case 
it  is  infinite. 

For  the  proof  of  this  proposition  the  student  is  referred  to 
Salmon's  treatise  on  Higher  Algebra  (Art.  39),  on  the  number  of 
solutions  of  three  equations  in  three  unknown  quantities. 

The  student  may  be  able  to  satisfy  himself  of  the  truth  of  the 
proposition,  by  considering  that  the  number  of  points,  in  which 
the  surfaces  intersect,  will  by  the  law  of  continuity  be  unaltered, 
if  we  substitute  particular  instead  of  the  general  forms  of  the 
Bur&ces.  If  the  surfaces  be  equations  of  m,  n,  p  arbitrary  planes  it 
is  obvious  that  their  common  points  of  intersection  are  in  number 
fnnp,  each  point  being  the  intersection  of  three  planes,  taken  one 
from  each  system. 

• 

256.  The  complete  intersection  of  two  wrfotcee  of  the  m^  and 

nf^  degrees  respectively^  is  a  curve  of  the  mn^  degree. 

Let  a  plane  intersect  the  surfaces,  the  number  of  points  of 
intersection  of  the  plane  with  the  surfaces  is  mn,  and  this  is 
therefore  the  number  of  points  in  which  the  plane  cuts  the  curve, 
or  the  curve  is  of  the  mn^  degree, 

257.  To  fnd  the  number  of  conditions  which  a  surface  of 
the  n^  degree  nuxy  be  made  to  satisfy. 

The  number  of  constants  in  the  general  equation  of  the  n^ 
degree  is  evidently  the  number  of  homogeneous  products  of  four 
things  of  n  dimensions,  and  is  therefore 

_4.5...  (4  +  n-l)_(n+l).(n  +  2)(n4-3). 
1.2...n         ~  1.2.8  ' 

but  in  estimating  the  number  of  constants  with  reference  to  the 
number  of  conditions  which  the  locus  can  be  made  to  satisfy,  we 
must  diminish  this  number  by  one,  since  the  equation  is  un- 
altered if  we  divide  by  any  one  of  the  constants. 

The  number  of  disposable  constants  so  obtained  is 

(n  +  l)(n4-2)(n-f3)  w  (n'4-6n-h11)  ,  .  .  x 

1.2.3  ^    ""  6  -V>U- 

02 
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Thus  ^(2)  =  9,     ^(3)=:19,     (AW=S4» 

if)  (5)  =  55,     ^  (6)  s:  83,     and  so  on. 

Since  when  a  point  is  given  we  may  substitute  its  co-ordi- 
nates in  the  general  equation  of  a  given  degree,  and  thus  obtain 
a  linear  equation  of  condition  between  the  constants ;  a  surfiEtce 
of  the  third  degree  may  be  made  to  pass  through  19  arbitrarily 
chosen  points,  and  one  of  the  fourth  through  34,  &c.,  and  <f>  (n) 
arbitrarily  chosen  points  will  completely  determine  the  position 
and  dimensions  of  a  surface  of  the  n^  degree. 

A  surface  of  the  n^  degree  is  also  determined  by  4>  (**)  iiide- 
pendent  linear  equations  of  any  kind  between  its  coefficients. 

258.  All  surfaces  of  the  n^  degree  which  pass  through 
^  (n)  —  1  given  points  have  a  common  curve  of  intersection. 

Let  t«  =  0,  r  =  0  be  the  equation  of  two  surfaces  passing 
through  the  given  points,  Xu +/Eit7  =  0  is  the  equalioii  of  another 
surface  of  the  n***  degree  which  passes  through  the  ^  (n)  —  1  given 
points ;  and  since,  by  giving  proper  values  to  the  ratio  X  :  /*, 
this  surface  may  be  made  to  pass  through  any  additional  point 
which  is  not  common  to  the  two  surfaces  m  *==  0,  v  =  0,  this  equa- 
tion will  be  the  general  equation  of  all  surfaces  which  contain 
the  ^  (w)  —  1  given  points,  if  X  :  /i  receive  all  values  from  —  oo 
to  +  00  •  But  this  equation  is  also  satisfied  by  the  co-ordinates  of 
all  points  which  lie  on  the  curve  of  intersection  of  u  s  0  and  v  =  0, 
which  is  therefore  a  common  curve  of  intersection  of  all  sur&oes 
containing  the  ^  (n)  ^  1  points,  and  is  of  the  degree  n*. 

259.  By  reasoning  similar  to  the  above  it  can  be  seen  that, 
if  a  surface  be  of  such  a  nature  that  m  points  or  m  linear  equa- 
tions of  condition  completely  determine  it>  we  may  assert,  that  if 
m  —  1  such  conditions  be  given,  all  surfaces  of  this  kind  which 
satisfy  these  conditions  will  have  a  common  curve  of  intersection. 

260.  Conversely,  if  ^  (n)  ^  1  points  be  given,  we  may  elimi- 
nate from  the  general  equation  of  the  surface  of  the  n^  degree  all 
the  constants  but  one,  which  will  enter  into  the  resulting  equation 
in  the  first  power  only.  This  equation  will  then  be  of  the  form 
M  -f  Xt?  =  0,  where  w,  v  are  of  the  n*  degree,  and  X  an  undeter^ 
mined  constant.    All  surfaces  represented  by  this  equation  wiU 
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pass  through  the  curve  given  hj  the  equations 

tt  =  0,  t?  as  0 ; 
which  curve  is  therefore  t^ompletelj  determinecL     For  examplci 
eight  points  determine  a  curve  which  is  the  complete  intersection 
of  two  conicoids. 

In  the  case  of  complete  intersection  of  surfaces  the  nature  of 
the  curve  is  not  given  when  the  degree  is  given,  except  in  the 
case  of  prime  numbers,  in  which  it  is  a  plane  curve. 

For  example,  a  curve  of  the  twelfth  degree  might  be  the  com- 
plete intersection  of  pairs  of  surfaces  of  ihe  degrees  (1,  12),  (2,  6), 
(3,  4),  and  these  different  species,  belonging  to  the  same  degree, 
.would  require  a  different  number  of  given  points  completelj  to 
determine  the  surfaces.  ^ 

The  following  proposition  serves  to  obtain  the  number  of 
given  points  sufficient  to  determine  a  surface  of  the  n^  degree 
which,  by  its  complete  intersection  with  a  surface  of  a  lower 
degree,  gives  a  curve  of  the  nq^  degree :  this  is  given  by  Plucker, 
tut  may  also  be  proved  directly  by  a  theorem  given  by  Cayley, 
Nouvdlea  Annalea,  xil.  p.  396. 

261.    All  8uirface8  of  the  n^  degree  which  petes  through 

^(n)-^(n-j)-l 

given  points  of  a  surface  of  the  if^  degree  cut  this  last  surface  in 
one  and  the  same  curve. 

Of  ^  (n)  —  1  given  points,  ^  {p)  lie  on  a  surface  of  the  p^ 
degree  whose  equation  is  tfp»0,  and  if  the  rest,  viz. 

lie  on  a  sur£Eu»  of  the  ^  degree,  where  n  ^p  +  j,  whose  equa- 
tion is  tif  =  0,  then  uju^  =  (^  is  one  of  the  surfaces  which  contain 
the  ^  (n)  —  1  points,  and  may  be  obtained  by  giving  a  certain 
value  to  the  ratio  X  :  /i  in  the  equation  Xu  +  /it?  =  0,  so  that 

Xtt  +  /*v  =  w,ttg. 

The  curve  of  intersection  of  all  the  surfaces  of  the  »***  degree 
containing  these  points  lies  on  the  surfaces  u^,  =>  0  and  u^ «  o. 

Hence  if  ^{n)  —  ^  (n  —  g')  -- 1  points  be  taken  on  any  fixed  sur<- 
£bu»  u^  =  0,  all  surfiaces  of  the  n^  degree,  which  pass  through  these 
points,  intersect  the  surface  of  the  ^  degree  in  the  same  curve. 

Thus,  if  J  =  1 ,  the  proposition  is  reduced  to  the  following : 
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All  8iir£aceB  of  the  n^  degree  wUch  paas  ttnough 

(n  +  l)(w  +  2) 
1.2 

given  points  in  a  plane  determine  a  fixed  curve  of  the  n^  degree, 

1{  qss2y  the  proposition  becomes. 

All  surfeces  of  the  n^  degree  which  pass  through  n(n  +  2) 
points  on  a  conicoid,  intersect  the  conicoid  in  the  same  curve. 

A  curve  of  the  sixth  degree,  which  is  the  complete  in-* 
tersection  of  surfaces  of  the  second  and  third  degrees,  is  deter- 
mined bj  15  given  points ;  if  the  surfaces  be  of  the  first  and 
sixth,  27  points  are  required. 

One  of  the  tenth  degree  requires  65  or  35,  according  as  it  is  a 
plttne  curve  or  lies  on  surfaces  of  the  second  and  fifUi  degrees. 

262.  When  it  is  said  that  a  curve  is  determined  bj  a  cer« 
tain  number  of  points,  these  points  must  be  supposed  arbitrarily 
taken,  for  it  is  possible  to  select  the  same  number  of  points,  which 
would  not  be  sufficient  Thus,  a  plane  cubic  is  generally  deter* 
mined  by  9  points,  but,  if  those  be  the  nine  points  of  intersection 
of  two  of  such  curves,  an  infinite  number  may  be  drawn  through 
them.  A  curve  of  the  fourth  degree  of  one  species  can  be  deter- 
mined completely  by  8  arbitrary  points,  but  if  these  given  points 
are  the  intersections  of  three  conicoids  which  have  not  a  common 
curve  of  intersection,  taking  these  sur£Eices  two  and  two,  we  may 
obtain  three  curves  of  that  species  passing  through  the  same 
eight  points. 

263.  1£  a  curve  of  the  p^  degree  be  the  complete  inter- 
section of  two  surfaces  of  the  m^  and  n^  degrees,  so  that  p  =  mn, 
and  if  m>nf  then  the  number  of  points  which  determine  the 
curve  is 

^(m)  — ^(m— «)  —  1, 

or     ^(m-»  +  4)  +  i(n-l)(n-2)(n-3)  =  /i  (Art.261), 

and  since  «»n>  (n— 1)  (n— 2),  p>  p\    Hence,  as  n  increases, 
while  mn  remains  constant,  p  increases. 
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If  therefore  mn  can  be  divided  in  a  different  manner  as  mn\ 
the  nearer  n  ia  to  m  the  smaller  is  the  number  of  points  requisite 
to  determine  a  cnrve  of  the  mn^  degree. 

Thus  mn  ^  60, 

60.1  requires  1890  points, 

30.2  960  

30.3  630  

15.4  451  

12.5  334  

10.6  250  

NouveUes  Atmales^  xi.  p.  361. 

264.  An  extension  of  the  theorem  of  Art.  261,  is  also  given 
by  Plucker,  as  follows. 

If  of  the  ^  (n)  —  1  given  points,  ^  (^)  +  m  points  lie  on  a 
surikce  of  the^^  degree,  and  the  remainder  ^(n)  —  ^(ji)  ^m  —  1 
exceed  the  number  which  is  sufficient  for  determining  a  surfEU^e 
of  the  (n  —J?)***  degree,  so  that 

^  (n)  -  <^  (2?)  -  m  - 1  =  <^  (n  -  p) , 

and  therefore, 

it  follows  that,  if  of  ^  (n)  —  1  points  through  which  surfaces  of  the 
n^  degree  pass  4^{p)-\-m  lie  on  a  surface  of  the  p^  degree,  and 

^  ^^(n-j?)(n  +  4) 

the  curves  of  intersection  of  all  the  sur£Ekces  lie  on  two  surfaces 
respectively  of  the  degree  p  and  n  —p. 

265.  The  theory  of  partial  intersections  of  surfaces  is  dis« 
cussed  by  Salmon  in  Vol.  v.  of  the  Quarterly  Journal.  Without 
an  examination  of  such  partial  intersections  it  is  not  possible  to 
analyze  different  species  of  curves  of  the  same  degree.  If  we 
considered  only  compUie  intersections  of  surfaces,  curves  of  the 
third  degree  could  only  be  considered  as  plane  curves,  whereas 
it  will  be  seen  that  they  may  also  be  partial  intersections  of 
conicoids. 

266.  In  order  to  find  the  surfaces  which  may  contain  a  curve 
of  the  9n^  degree,  it  is  observed  that  through  ^(A;)  points  a 
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anrfaoe  ot  the  J(^  degree  can  be  made  to  pass.  Now,  the  total 
]ium1>er  of  points  which  are  common  to  a  proper  corye  of  the  m^ 
degree  with  such  a  surface,  supposed  not  to  contain  the  car?e 
entirely,  are  mk^  since  this  is  tiie  number  of  points  in  which  k 
planes  intersect  the  curve ;  and  the  law  of  continuity  makes  the 
statement  general. 

I£  <f>{k)=s  mk  + 1,  one  such  surface  can  be  drawn  containing 
the  curve,  if  ^  (X;)  >  mk  + 1,  two  surfaces  of  the  k^  degree  can 
be  drawn,  and  therefore  an  infinite  number.  Thus,  for  a  curve 
of  the  third  degree,  if  A  =  2,  ^  {k)  =  9  >  3.2  + 1,  hence  an  infinite 
number  of  conicoids  may  be  drawn  containing  any  curve  of  the 
tiiird  degree. 

Again,  if  ^  (A;)  =  m^  + 1,  one  sur£EU»  of  the  J^  degree  con- 
tains the  curve  and  the  simplest  sur£ace  of  a  higher  degree 
can  be  found  bj  trial ;  which  will  be  of  the  {k  + 1}^  degree, 
whenever  {k  +  2)  (i  +  3)  >  2«i. 

Hence,  all  curves  of  the  fourth  degree  can  be  obtained  hj  the 
intersections  of  proper  surfaces  of  the  second  and  third  degrees : 
and  all  curves  of  the  sixth  degree  from  surfaces  of  the  third  and 
fourth  degrees. 

Mo^fications  are  required  if  the  surfaces  are  not  proper  sur- 
£eu;es.  Salmon  gives  as  examples  of  this  modification,  a  plane 
curve  of  the  third  degree  through  which  it  is  possible  to  de* 
scribe  an  infinite  number  of  conicoids,  but  since  each  conicoid 
must  necessarily  consist  of  the  plane  of  the  curve  and  an  arbitraiy 
plane,  the  intersection  of  the  plane  and  conicoid  will  not  deter- 
mine the  curve:  again,  if  a  curve  of  the  fifth  degree,  which, 
according  to  the  above  laws,  ought  necessarily  to  be  determined 
by  surfaces  of  the  third  degree,  lie  entirely  on  a  conicoid,  all  the 
surfaces  of  the  third  degree  which  contain  the  curve  may  be  a 
compound  of  the  conicoid  and  a  plane,  and  we  must  recede  to 
surfaces  of  the  fourth  degree  to  determine  the  curve. 

If  a  curve  be  given  of  the  m^  degree,  and  i,  Z  be  the  lowest 
degrees  of  surfaces  upon  which  it  can  lie,  any  surface  of  the  J/^ 
degree  constructed  to  pass  through  mk  +  1  points  will  contain  the 
curve,  and  similarly  for  the  other  surface. 

I£  ml+l  points  known  to  lie  on  the  curve  be  given,  and 
l>kf  all  the  rest  can  be  found. 
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267.  The  number  of  arbUrary  points  throagh  wliich  a  curve 
of  the  m^  degree  can  be  drawn  cannot  exceed  a  certain  superior 
limit  which  is  easily  determined,  for  snppose  h  arbitrary  points- 
be  given  and  a  cone  be  constructed  containing  the  curve,  and 
having  its  vertex  in  one  of  the  assumed  points,  the  degree  of  this 
cone  will  be  m  ^  1,  and  the  number  of  its  generating  lines  suf- 
ficient for  its  complete  determination  is  the  same  as  that  of  the 
number  of  points  necessary  to  determine  a  plane  curve  of  the 

riih  J  .     m  (w  + 1) 

w  —  1 1*  degree,  viz.  — ^-^ — -  —  1- 

The  greatest  value  of  Je  for  which  such  a  cone  can  ]be  con- 
structed is  — ^-T ^;  this  is  therefore  a  superior  limit,  although 

other  lower  limits  to  the  number  k  may  be  obtained  in  general 
from  other  considerations. 

Thus,  a  curve  of  the  third  degree  cannot  be  made  to  pass 
through  more  than  six  arbitrarily  chosen  points. 

268.  If  ^{n)—2  points  he  given^  aU  aurfauieB  cf  thevl^  ife- 
gree  whu^  can  he  drawn  through  these  pointSf  mU  pass  through 
n*—  ^  (n)  +  2  more  fixed  points. 

Let  ii»0,  t>»0,  to=iO  be  the  equations  of  three  surfaces  of 
the  n^  degree  which  pass  through  ^  (n)  —  2  points,  and  which 
have  not  a  common  curve  of  intersection,  they  will  pass  through 
n'  common  points,  and  Xu  +  fTv  + 1^  =  0  is  the  equation  of  another 
surface  of  the  n^  degree,  which  passes  through  the  same  points, 
and  by  giving  different  values  to  X  :  /i  :  y  we  can  obtain  aU  sur- 
faces which  pass  through  these  points.  Any  surface  will  be 
particularized  when  two  points  are  given,  which  do  not  lie  on  all 
three  of  the  surfSsices,  or  both  on  the  same  two:  and  all  such 
surfaces  will  contain  n'  —  ^  (n)  —  2  common  points  besides  the 
given  points. 

Thus,  all  conicoidd  which  pass  through  seven  points  will  pass 
through  a  fixed  eighth,  as  is  easily  seen  if  each  conicoid  be  two 
parallel  planes,  the  seven  points  being  angular  points  of  a 
parallelepiped. 

A  surface  of  the  third  degree,  drawn  through  17  points, 
passes  through  10  others. 
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269.  All  surfaces  of  the  n^  degree  which  pass  through  a 
eertain  number  of  given  points  in  the  curve  of  intersection  of 
two  surfaces  of  injerior  degrees,  q  and  Sj  that  number  being 

0(w)-^(«-j) -</>(n-«)-2,  t/n<j  +  *, 

andj>{fC^  —  ^(n  — j)  — ^(n  — «)+^(n— J  — «)  — 1,  t)^«^  ?  +  *, 

ijoill  intersect  that  curm  in  another  number  of  faced  points  which 
is  the  excess  ofnqs  aiove  the  number  of  given  points. 

Let  t£  =  0  be  a  surface  of  the  n^  degree  passing  through  the 
given  points  on  the  curve  of  intersection  of  t;^  =  0  and  v>^  =s  0. 

I,    Let  n<q  +  s^ 

Take  on  t^  =  0,  and  ^^  =  0,  ^(n  — «)  points,  and  on  u  =  0| 
w,  =  0,  ^  (n  —  q)  points,  which  do  not  lie  on  the  curve  of  iuter- 
section  of  t?,  =  0,  «?,  =  0. 

These  two  sets  of  points  completely  determine  surfaces 

^«_t=0  and  r,^^  =  0; 

•••  t?,^^,  =  0,  and  tt?,^w»=0, 

are  composite  surfaces  which  each  contain  ^  (n)  ^  2  fixed  points. 
Hence  \u  +  /*t?»^v,  +  vw^^w,  =  0  is  the  equation  of  all  sur- 
faces of  the  n^  degree  which  pass  through  these  ^  (n)  —  2  points, 
which  surfaces  will  all  intersect  in  n*  points  distributed  over  the 
four  groups  of  surfaces,  the  numbers  being 

nqs  +  n  (n  — j)  (n  — «)  +  tw(n  — y)  +wj(n  — «) ; 

therefore  the  number  of  points  in  which  the  surfaces  meet  the 
curve  of  intersection  of  t?,  =  0,  t£?,  =  0,  besides  the  given  points,  is 

nqs  —  ^  (w)  +  ^  (n  —  j)  +  ^  (n  —  «)  +  2. 
U.    Let  n  ^  J  +  ».    In  this  case,  since 

in  which  p^t^^-t  =  ^  contains  ^  (n  —  j  —  «)  + 1  constants,  and  will 
diminish,  the  number  to  be  determined  in  f«^  =  0,  and  w^^^^  0, 
by  so  many. 

Hence,  ^  (n— j)-f-^(»  — «)  — ^(n  — j  — «)-f  1  points  deter- 
mine  the  most  general  surfaces  of  the  degrees  n  — ;  and  »  — 9/ 
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vhicb  are  required  to  obtain  the  eqnation  of  the  general  sur- 
faces of  the  n^  degree  through  the  ^  (n)  -  2  points,  to  be  dis- 
tributed as  before.  Therefore  all  sur&ces  of  the  n^  degree  which 
pass  through  the  given  number  of  points  also  pass  through  other 
fixed  points  in  number 

nqa-^^  (n)  +  ^(n  — j)  +^  (n  — «)  —  ^  (n  — j  — «)  +  !• 

270.  The  form  in  which  the  number  appears  in  tlie  two 
cases  will  be  the  same  for  all  values  of  n  which  make 

A(»-g-,)+iH(»-ir-'+^)(»-g-'+^)("-!?-'+g),o, 

6 
or  n  =  j  +  «  — l|j  +  «— 2,  org  +  *  — 3, 

hence,  whenever  n>;  +  «  —  4,  it  is  easily  shewn  that  the  num- 
ber of  new  points  is  iiil±!Lli)  +  i,^  which  is  independent  of 

the  degree  of  the  surface  u  ===  0. 

If  0==  1  and  q<n  the  proposition  may  be  stated  as  follows: 
if  anj  plane  curve  of  the  n^  degree  passes  through 

fixed  points  lying  on  a  curve  of  the  q^  degree,  ;  <  n,  the  num- 
ber of  the  remaining  points  of  intersection  will  be  fixed,  viz, 

g(g-3)  ,.      fa-l)(g-2). 

this  is  the  same  result  as  in  Salmon^s  Higher  Curves  (Art  26). 

271.  The  following  propositions,  connected  with  this  part  of 
the  subject,  are  of  importance  in  some  investigations  in  which  it 
is  required  to  determine  the  number  of  points  of  intersections  of 
three  surfaces:  the  surfaces  under  consideration  in  particular 
cases  may  have  common  lines  in  any  degree  of  multiplicity,  and 
it  becomes  necessaiy  to  determine  to  how  many  points  of  inter* 
section  these  lines  are  equivalent, 

272.  These  mrfhcea  of  the  m*,  n***,  andp^  degrees^  ooniain  a 
multiple  straight  line  in  the  degrees  of  multiplicity  fiy  v  and  vr 
respectively;  to  find  the  number  of  points  of  intersection  which 
correspond  to  these  multiple  lines* 
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TEe  number  of  poinis  of  intersection  of  any  surfaces  will  be 
unaltered,  if  we  suppose  the  surfaces  to  degenerate  into  proper 
surfaces  of  inferior  degrees,  so  long  as  the  sum  of  the  degrees  be 
the  degree  of  any  of  the  surfaces  so  broken  up. 

We  will,  therefore,  suppose  the  surface  of  the  m^  degree  to 
consist  .of  p»  planes,  and  of  a  proper  surface  of  the  (m  —  ^^  de* 
gree ;  and  similarly  for  the  others. 

The  whole  number  fnnp  of  points  of  intersection  will  then  be 
made  up  of  intersections  (1)  of  the  three  proper  surfaces,  (2)  of 
proper  surfaces  from  the  two  systems  with  planes  from  the  re- 
maining systems,  (3)  of  a  proper  surface  of  one  system  with 
planes'  from  the  two  remaining  systems,  and  (4)  of  planes  from 
the  three  systems :  the  number  of  these  intersections  are 

-      (1)   (w-/A)(n-v)(2>-tsr),     (2)   (n-j/)(p-tar)/*  +  ... 
(3)  (m  — |a)  I'w  +  ...,  (4)  /ii/sr. 

If  now  we  suppose  the  planes  all  to  pass  through  the  same 
straight  line,  we  have  the  case  of* surfaces  with  multiple  lines; 
and  those  of  the  mnp  points,  which  lie  on  the  multiple  line,  will 
be  clearly  taken  from  the  groups  (3)  and  (4). 

The  multiple  line  therefore  corresponds  to  the  number  of 
points  (m  —  ft)  ver  •\-  {n  —  v)  vfi -{-{p  —  vr)  fiv 

=  mw  +  nvTfi  +  pfiv  —  2fivisry 

which  coincides  with  the  particular  case  given  by  Salmon  in  the  • 
Cambridge  and  Dublin  Mathematical  Journal^  Vol.  II.  page  71. 

273.  Three  surfixces  of  the  m^,  n^,  and  p^  degrees  have  a 
common  curve  line,  of  the  fjfl^y  i/^,  w^  degree  of  multiplicity 
respectively,  the  curve  being  the  intersection  of  two  surfajces  of 
the  degrees  h  and  I:  to  find  the  number  of  points  which  cor^ 
respond  to  this  multiple  line. 

Let  the  surfaces  be  broken  up  into  proper  surfaces,  and  the 
multiple  lines  be  thrown  out  of  gear. 

The  first  shall  be  composed  of  /l&  surfaces  of  the  degree  Jc  and 
one  of  the  degree  m  —  fik,  the  second  of  v  surfaces  of  the  degree 
h,  voi  degree  I  and  one  of  the  degree  n  —  vl,  the  third  of  «-  of  the 
degree  I,  and  one  of  the  degree  j9  —  vl. 

The  number  of  points  which  lie  on  the  intersection  of  surfaces 
of  the  degrees  k  and  I  will  be 
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which  is  the  number  of  points  required,  coinciding  with  the  result 
of  the  preceding  proposition  when  2 = 2;  =  1. 

Application  to  the  Four-point  System. 

274.  If  a,  i3,  7,  8  be  the  co-ordinates  of  a  plane  reftirred 
to  a  four-point  system,  corresponding  to  each  system  of  values 
which  satisfy  a  given  equation  F  (a,  fiy  %  S)  =  0,  a  plane  is 
determined,  and  the  surface  to  which  each  plane  of  the  system 
is  a  tangent  plane  is  therefore  determined  by  the  equation,  in 
the  same  sense  as  in  a  plane  co-ordinate  system  the  equation 
determines  a  surface  which  is  the  locus  of  all  the  points  whose 
co-ordinates  satisfy  the  equation. 

275.  Lemma.  To  find  the  oo-^yrdinatee  of  a  plane  which 
passes  through  the  line  of  intersection  of  two  planes  whose  co^ 
crdinates  are  given. 

Let  (a',  ff,  7 ,  ST)  and  (a",  ff\  7",  8")  be  the  given  pUnes 
P,  P',  (a,  fij  7,  B)  the  reqmred  plane  Q  passing  through  their 
line  of  intersection.  The  perpendiculars  from  the  fundamental 
point  A  on  the  three  planes  all  lie  in  a  plane,  and  the  relation 
between  them  may  be  found  from  the  trilinear  co-ordinates 
corresponding  to  an  evanescent  fundamental  triangle,  whose 
angles  are  the  angles  between  the  planes  or  the  supplement^ 
of  these  angles ;  hence 

a8in(P,P')=asin(P',  g)  +  a"Bin(P,  Q), 
.-.  a  =  Xa'  +  Aia",  where  X^  ±  2A/*  cos  (P,  P')+|a*=:1. 

276.  Cor.     To  find  the  angle  between  two  given  planes. 
For  all  values  of  the  co-ordinates  of  a  plane, 

T  +  ^+ -^  cos  CD- «1,...  Art  (106). 

Hence  writing 

Xa'-f-/*a",  >^  +  /4^,  ...  for  a,  /9,  .., 
we  obtain 

X"  +  ;*•  +  2  f  V  ~  +  m'   —  +   . . .  W  :=  1 , 

\  Pi      Pf       /  ^ 
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where 

X' =  —  -  —  cos  CD  - -^  cos  I>5  -  -  cos  5(7,  u  =  &c. 

tx       Pt  P,  Pi 

«"  iQ"  #«"  ii" 

cos (P, PO -  V- +  A*' ^ + v' 31.  + /,' ^ 

Pt         A        A        -P* 

=  — i-H 5-  +  ••• COS  Gx/—  ... 

which  gives  the  required  angle. 

277.  The  class  of  a  surface  is  the  number  the  planes  of  which 
can  be  drawn  through  a  given  straight  line  so  as  to  touch  the 
surface. 

If  («>  fii  7>  8)  aiJid  (a',  /S',  7',  Sf)  be  two  planes,  the  co-ordi- 
nates of  anj  plane  passing  through  their  line  of  intersection 

will  be  >ji  +  fia\  X^  +  fc*)?', ;  X  :  /a  being  any  arbitrary 

ratio,  and  the  particular  planes  which  touch  a  surface,  whose 
equation  is  F  (a,  /3,  7,  S)  ^  0,  supposed  a  homogeneous  alge- 
braical equation  of  the  n^  degree,  will  be  determined  by  the 
values  o{\:  fk  which  satisfy  the  equation 

F{\a  +  fia\ )=0; 

the  number  of  values  of  the  ratio  is  n,  and  this  is  therefore  the 
class  of  the  surfieuse,  and  corresponds  to  the  degree  of  the  surface 
in  the  plane  co-ordinate  system* 

278.  It  is  easy  to  express  in  the  language  of  four-point 
co-ordinates  the  results  of  this  chapter. 

Thus,  a  sur&oe  of  the  n^  class  is  determined  if  ^  (n)  tangent 
planes  be  given. 

If  surfaces  of  the  n^  class  be  drawn  touching  ^  (n)  —  1  tan- 
gent planes,  they  will  all  be  touched  by  a  common  developable 
surface. 

If  three  surfSnces  of  the  n^  class  touch  ^  (n)  —  3  planes  they 
will  have  n'  common  tangent  planes. 

Similarly  for  other  theorems. 

XIV. 

1.  Pbove  that  two  cones  of  the  second  degree,  having  a  common 
generating  line,  intersect  in  a  curve  of  the  third  degree. 

2.  Every  cone  containing  a  curve  of  the  third  degree,  in  which 
the  vertex  lies,  is  of  the  second  degree. 


PK0BLEM8.  207 

• 

3.  Prove  that  an  iniinite  number  of  curves  of  the  third  degree 

can  be  drawn  through  five  points  arbitrarily  chosen  in  space,  but  that 
six  determine  the  curve :  what  limitations  are  necessary  that  such  a 
curve  shall  pass  through  the  points  ? 

4.  When  a  curve  of  the  third  degree  is  traced  on  an  h3rperboloid 
of  one  sheet,  it  meets  in  two  points  all  generating  lines  of  one  system, 
and  in  one  point  those  of  the  opposite  system. 

5.  Through  a  curve  of  the  third  degree,  and  a  straight  line 
meeting  the  curve  in  oi^e  point  only,  a  hyperboloid  can  be  drawn, 
of  whidh  the  generating  lines,  which  intersect  the  given  line^  meet  the 
curve  each  in  two  points. 

6.  Through  any  point  in  space  a  straight  line  can  be  drawn 
which  meets  a  curve  of  the  third  degree,  not  a  plane  curve,  in  two^ 
pointa 

7.  The  projection  of  a  curve  of  the  third  degree,  not  plane,  upon 
any  plane  by  straight  lines  drawn  firom  a  given  point,  is  a  curve  of  thc^ 
third  degree  having  a  double  point. 

8.  When  a  stoiight  line  joins  two  points  of  a  curve  of  double 
curvature  of  the  third  degree,  an  hyperboloid  can  be  drawn  through 
the  curve,  the  straight  line,  and  a  given  point  in  space. 

9.  If  two  hyperboloids  contain  the  same  curve  of  the  ^  third 
degree,  they  must  have  a  common  generating  line,  and  the  curve 
meets  all  generating  lines  of  the  same  system  in  two  points,  and  of 
the  opposite  in  ona 

10.  When  two  curves  of  the  third  d^;ree  lie  on  the  same 
hyperboloid,  and  meet  each  in  two  points  the  same  generating  line, 
the  curves  meet  in  four  points.  If  one  meets  it  in  two,  and  the 
other  in  only  one  point,  the  curves  meet  in  five  points. 

11.  Three  hyperboloids  which  have  a  common  generating  line 
meet  only  in  four  points  besides  the  generating  line. 

12.  Through  five  points  of  an  hyperboloid,  we  can  draw  two 
ourves  of  the  tlwrd  degree  lying  entirely  in  the  hyperboloid. 

13.  A  curve  of  the  fourth  degree  being  traced  on.a  oonicoid,  an 
infinite  number  of  sur&ces  of  the  third  degree  can  be  found,  which 
intersect  the  oonicoid  in  the  given  curve  and  any  given  plane 
section. 

14.  Two  curves  of  the  fourth  degree,  in  the  same  conicoid, 
intersect  in  eight  points. 

15.  Two  curves  of  the  fourth  degceBf  on  the  same  surfiice  of  the 
third  degree,  intersect  in  not  more  than  eight  points. 

16.  Find  the  number  of  points  in  which  two  curves  of  the  fifth 
degree  on  the  same  surfiu^e  of  the  third  degree  intersect. 

17.  The  eight  points  given  by  the  equation 

2^  =  ^=1^  =  ^ 

are  so  related  that  any  conicoid  passing  through  seven  of  them  will 
pass  through  the  eighth. 
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TAKGENT  LIKES,  PLANES,  AND  CONES.      POLES  AND  POLAR 

PLANES.      NORMAI^. 

279.  Def,  If  near  any  point  P  on  a  surface  a  second  point 
Q  be  taken,  and  a  straight  line  be  drawn  through  P  and  Q ; 
then,  as  Q  moves  up  to  P  and  ultimately  coincides  with  it,  the 
straight  line  FQ  moves  up  to  a  limiting  position  PR^  which  is 
called  a  tangent  line  to  the  surface  at  P. 

Since  Q  maj  generally  move  up  to  P  in  an  infinite  nxmiber 
of  directions,  there  are  generally  an  infinite  number  of  tangent 
lines  at  any  point, 

280.  To  find  the  equations  of  a  tangerU  line  to  a  surface  (U 
any  point. 

Let  the  equation  of  the  surface  be  F  (x,  y ,  z)  =  0,  and 
(x^j  y^y  z^  be  the  point  at  which  a  tangent  line  is  drawn,  {,  m,  n 
its  direction  cosines. 

The  equations  of  the  tangent  line  are 

a?-gj_y-yo_g-go_^ 
I  m  n 

At  the  points  in  which  this  line  meets  the  surfiAce  the  values 
of  r  are  given  by  the  equation 

jP(aj.  +  ir,  y^  +  mr,  «o+nr)  =  0, 
or,    Fix,,  y„  ^  +  {W^x^j  +  wP'(yo)  +  nP' (01  r  +  &c.  =  0, 
since  two  points  coincide  with  {x,,  y^,  s;J, 

and  iP'(»J  +  «»^'(yo)  +  «^' W  ^  0- 

The  first  of  these  equations  represents  the  &ct  that  (a;^,  y^,  «J 
is  a  point  on  the  surface,  the  second  is  a  relation  which  must 
hold  for  every  tangent  line. 

Subject  to  this  condition  the  equations  above  will  be  the 
equations  of  a  tangent  line,  generally. 
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Tangent  lines  at  singular  points  of  surfiuses. 

281.  Iq  particular  cases,  that  is,  for  particular  points  in 
some  Sturfaces,  the  equation  derived  from  equating  the  coefficient 
of  r  to  zero,  may  be  satisfied  identically  for  all  values  of  7 :  m :  n, 
which  shews  that  aU  straight  lines  drawn  through  {x^^  y^,  z^ 
meet  the  surface  in  two  coincident  points.  In  order  to  obtain 
a  tangent  line  according  to  the  definition  in  this  case,  we  must 
take  such  a  direction  that  the  line  may  be  a  limiting  position 
of  a  straight  line  joining  this  point  with  a  third  point  which 
approaches  and  ultimately  coincides  with  {x^y  y^,  z^) ;  this  direc- 
tion will,  therefore,  be  given  by  equating  the  coefficient  of  r*  to 
zero.    The  resulting  equation  is 

and  if  this  be  not  also  satisfied  identically  for  aU  values  of 
liminy  it  is  the  relation  which  must  be  satisfied  in  order  that 
the  equations  given  above  may  be  those  of  the  tangent  line. 

If  the  coefficient  of  r^  be  the  first,  which  is  not  identically 
zero,  there  are  n  points  coincident  with  (a;^,  y^,  z^,  and  the  rela-* 
tion  between  2,  m^  n  is  given  by  the  equation 

Such  points  are  called  Singular  or  Multiple  points  of  sur- 
faces. 

282.  To  find  the  locus  of  all  tangent  lines  to  a  surface  through 
a  given  point  on  it. 

The  equations  of  a  tangent  line  to  a  surface  at  the  point 


g^-^o_y-yo-g~ 


z. 


0 


I  m  n    ' 

subject  to  the  condition 

unless  F\x^  =  0,  F^y^j  =  0,  and  F\z^  =  0 ; 


p 
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tbereforci  generally,  the  locus  of  the  tangent  lines  is  obtained  by 
eliminating  Z,  m,  and  n,  and  has  the  equation 

The  locus  is,  therefore,  generally  a  plane,  and  this  plane  is 
called  the  Tangent  Plane  of  the  surface  at  the  giyen  point 

The  direction-cosines  of  the  normal  to  this   plane  being 

283.  If  F{xy  y,  £?)  be  a  rational  algebraical  function  of  the 
n^  degree,  the  equation  of  the  tangent  plane  admits  of  being 
written  in  a  simplified  form  by  means  of  a  well-known  property 
of  homogeneous  functions. 

For,  if  we  arrange  the  function  in  the  form  of  the  sum  of  a 
series  of  homogeneous  Amotions,  so  that,  separating  the  func- 
tional letter,  jP=  F^  +  F^^  +  ...  +  2^^^  -f  c,  F^  denoting  a  function 
of  the  n^  degree, 


hence  the  eqoation  of  the  tangent  plane  appears  in  the  form 

=  [nF,  +  («  - 1)  J^^^  + ...  +  F,}  {x^  y„  «^ 
=-  {F^  +  2F^+  ...  +  («-!)  F^  {x„  y^  z^i  -ne, 
amce  iK  +  F^i  +  '"  +  F;){x,,y^z;}  +  c  =  0. 

Thnaif  F(w,y,z)^^  +  ^-z, 
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die  eqtetioa  of  the  tangent  plane  at  (o?^,  y^y  i;  J  is 

Tangent  cane  at  a  singular  point. 

284.  At  singular  points  the  equation  of  the  locus  is 

and  it  is  called  the  Tangeni  Cone  to  the  surface  at  the  singular 
point,  being  generated  bj  the  motion  of  a  straight  line  which 
constantly  passes  through  the  point  (a?^,  Vfn^^* 

285.  To  find  the  egwUion  of  the  tangent  plane  at  any  point  of 
a  surface  given  by  the  equation  z^fixy  y). 

Let  a  line  be  drawn  through  (£c^,  y^  z^  whose  equations  are 

the  points  in  which  this  line  meets  the  surface  are  those  whose 
co-ordinates  satisfy  the  equation 

and,  if  the  line  be  a  tangent  line,  two  Talues  of  z  are  equal 

to  ««; 

and,  by  eliminating  m  and  n  from  this  equation  and  the  equar 
tions  of  the  line,  we  obtain  the  locus  of  all  the  tangent  lines 
through  (ajoj  jfn  0>  whose  equation  will  be 

which  is  therefore  the  equation  of  the  tangent  plane  where  such 
exists,  i.e.  unless  ^^  and  g^  assume  the  indeterminate  form  -r  • 

This  equation  is  immediately  deducible  from  the  equation 
of  Art.  (282),  by  means  of  the  equations 

p^'(;5j+i^'(a:J  =  0,  and  Jo^'W  +  ^'W  =  0- 

P2 
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286«  Oeometrical  explanation  of  the  nature  of  the  tntereeo- 
tion  of  a  sufface  mth  its  tangent  plane  at  any  point. 

Eveij  plane  intersects  a  surface  of  the  n^  degree  in  a  curve 
which  is  of  the  same  degree;  hence  a  tangent  plane  at  any 
point  intersects  the  surface  in  a  curve  of  the  n^  degreCi  passing 
through  the  point  of  contact. 

Now  when  a  tangent  plane  exists,  since  it  is  the  locus  of 
the  tangent  lines  at  the  point  of  contact,  and  each  of  these  tan- 
gent lines  contains  two  points,  which  coincide  in  the  point  of 
contact,  it  follows,  that  anj  line,  drawn  through  the  point  of 
contact  in  the  tangent  plane,  meets  the  curve  of  intersection  in 
two  points  at  the  point  of  contact. 

The  point  of  contact  is,  therefore,  a  singular  point  in  the 
curve  of  intersection. 

This  singular  point  may  be  either  a  conjugate  point,  as  in 
the  case  of  contact  with  an  ellipsoid;  or  a  multiple  point,  as 
in  the  case  of  a  hjperboloid  of  one  sheet ;  or  a  point  through 
which  two  coincident  lines  pass,  as  in  the  case  of  a  cylinder. 

If  the  surface  is  of  the  second  degree  the  curve  of  inter- 
section is  of  the  second  degree,  and,  since  it  must  contain  a 
singular  point,  the  only  admissible  lines  of  intersection  are  either 
an  indefinitely  small  circle  or  ellipse,  or  else  two  straight  lines 
which  cross  one  another,  or  are  coincident. 

287.  ijT  a  plane  intersect  a  surface  in  a  curve  which  contains 
a  singular  pointy  the  plane  is  generally  a  tangent  plane  to  the 
surface  at  thai  singular  point. 

YoT  a  straight  line  drawn  in  any  direction  in  the  plane, 
through  a  singular  point,  meets  the  surface  in  two  points  which 
ultimately  coincide,  and  therefore  generally  satisfies  the  con- 
dition of  being  a  tangent  line  to  the  surface. 

If  the  point  which  is  a  singular  point  in  the  curve  of  inter- 
section is  also  a  singular  point  in  the  surface,  the  condition  of 
passing  through  two  coincident  points  is  not  sufficient  to  define 
a  tangent  line. 

Thus,  if  at  any  point  of  a  surfeuse  there  be  a  conical  tangent, 
there  may  be  a  multiple  point  in  the  curve  of  intersection  of  a 
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plane  ihteisecting  the  conical  tangent,  which  will  not  make  the 
cutting  plane  a  tangent  plane  at  the  multiple  point. 

288.  The  form  of  the  curre  of  intersection  of  a  surface  with 
the  tangent  plane  at  anj  point  may  he  illustrated  hj  taking  the 
case  of  an  anchor  ring,  supposed  to  be  generated  by  the  reYO« 
lution  of  a  circle  about  an  axis  in  its  plane  not  intersecting  the 
circle. 


The  figure  represents  the  ring,  with  the  generating  circle  in 
different  positions  as  it  reyolyes  about  the  axis  Oz. 

The  plane  U  is  drawn  through  the  axis  (?«,  intersecting  the 
surface  in  the  circles  CJSc,  DLd. 

Suppose  this  plane  to  move,  parallel  to  itself,  towards  the 
position  F,  the  closed  curves  in  which  it  intersects  the  surface 
become  elongated  until  they  meet  one  another  in  the  point  A^ 
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forming  for  the  position  V  of  the  plane  a  figure  of  eight,  via. 
EPAqFQ  which  has  a  double  point  at  A.  Here  we  observe 
that  the  concavities  of  the  circles  AKa  and  AGBDy  which  are 
sections  by  planes  perpendicular  to  Fand  to  each  other,  lie  in 
opposite  directions  with  regard  to  the  plane  F,  and  that  the 
tangent  lines  at  A  lie  in  that  plane,  which  is  therefore  the  tan- 
gent plane  at  A :  and  it  is  a  tangent  plane  at  no  other  point  of 
tiie  curve  of  intersection. 

The  sections  bj  planes  through  A  perpendicular  to  F  change 
the  directions  of  their  concavities  as  thej  pass  from  the  position 
AKa  to  ACBDf  when  they  cross  the  tangents  to  the  branches 
j>A  Qy  PAq  at  the  multiple  point. 

If  the  plane  move  past  F  to  the  position  W  the  curve  of 
intersection  gradually  assumes  an  oval  form,  which  degenerates 
into  a  conjugate  point  at  d. 

It  is  clear  also  that  a  plane  may  meet  the  ring  in  the  circle 
OHKLy  in  which  case  it  is  a  tangent  plane  at  every  point  of 
the  curve  in  which  it  meets  the  surface,  which  is  composed  of 
two  coincident  circles,  as  may  be  seen  by  moving  the  plane 
inwards  parallel  to  itself. 

289.  To  find  the  equations  of  the  tangent  line  to  the  curve  of 
intersection  of  a  surface  with  its  tangent  plane  at  any  point. 

Let  the  equation  of  the  surface  be 
and  that  of  the  tangent  plane  at  (o^q,  y^,  z^ 

Let  the  equation  of  the  tangent  line  to  the  curve  of  inter- 
section at  the  point  (a;^,  y^,  z^  be 

x-x,_y-y,_Z'^z^_ 

The  points  in  which  it  meets  the  curve  are  given  by  the 
values  of  r,  Which  satisfy  the  equations 

jF(ajj  +  Xr,  tfj,  +  /Ajr,  Zj^  +  pr)^0, 
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and    («,  +  X»— a!ji!"(ajJ  +  (y.  +  ^-yJJ"(y^ 

And  sinoe  the  tangent  line  meets  the  cnrre  at  two  points  gene- 
rally, and  in  more  than  two  at  a  singolar  point,  we  have  for  the 
general  tangent  line 

XJ"(«J  +  ,*^'(yj  +  vF'iz^  ~  0, 
X^'  (a.)  +  /«J?"(y.)  +  vF'  («J  =  0 ; 

which  equations  determine  the  ratios  \  \  fA  \  Vj  except  in  the 
cases  in  which  more  than  one  system  of  values  of  X  :  /a  :  v 
satisfy  the  equations ;  and  this  will  happen, 

L  when  F'{x^  =  0,  F'{y^  =  0,  and  J"  («J  =  0  simnlta- 
neonsljy  which  is  the  case  when  there  is  a  tangent  cone  at  the 
point  (a:^y„«^; 

n.  when  jP"(a?i)  =  0,  F\y^  «  0,  F'{z;)  =  0,  which  is  the 
case  when  (a?„  y^,  z^  is  a  singular  point  in  the  surface ; 

m.     when   ^pi^  =  -pg^  =  — i-ij,  which  will  happen 

when  (a?!,  y^  z^  is  the  point  of  contact  of  the  tangent  plane. 

In  the  last  case,  the  tangent  line  meets  the  curve  in  more 
than  two  coincident  points,  and  the  condition  for  this  is 

which,  combined  with  the  equation 

ysF\x:i+lir{y,)  +  vF\z,)^0, 

give  two  systems  of  values  of  the  ratios  \  :  ^  :  i/,  unless  the 
differential  coefficients  of  F{x^^  y^  z^  of  the  second  order  vanishp 
in  which  case  all  lines  drawn  in  the  tangent  plane  through 
(^o>  Vffi  ^o)  ™®®*  *^®  curve  in  three  coincident  points,  and  the 
multiple  point  is  of  a  higher  order  of  multiplicitj,  and  if  the 
8^  differential  coefficients  are  the  first,  which  do  not  all  vanish, 


( 
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is  the  equation  which  detennineB  the  s  tangents  to  the  multiple 
point,  at  the  point  of  contact. 

290.  As  an  illustration  of  the  nature  of  the  intersection  of 
a  tangent  plane  with  a  surface  which  it  touches,  the  case  of  triple 
tangent  planes  to  surfaces  of  the  third  degree  may  be  taken, 
discussed  by  Cayley*. 

On  every  aurface  of  the  third  degree  there  are  27  siratghi 
lines f  and  45  trij^le  tangent  planes^  real  or  imaginary. 

A  straight  line  meets  a  surface  of  the  third  degree  generally 
in  three  points,  which  are  given  by  an  equation  of  the  form 

Now  the  four  constants  in  the  equations  of  a  straight  line  may 
be  chosen  so  as  to  satisfy  the  equations  w  =  0,  Du  =  0,  -D*t*  =  0, 
I/u  =  0,  and  all  straight  lines  having  such  constants  lie  entirely 
in  the  surface,  since  the  above  equation  is  then  satisfied  for  all 
values  of  r. 

If  a  plane  be  drawn  through  such  a  straight  line  its  line  of 
intersection  with  the  surface  will  be,  in  the  general  position, 
composed  of  that  straight  line  and  a  conic  forming  a  group  of 
the  third  degree. 

Now  there  are  five  positions  of  the  plane  for  which  the  conic 
breaks  up  into  two  straight  lines.  For  the  equations  of  any 
surface  of  the  third  degree  which  contains  the  axis  of  a;  as  one 
of  its  straight  lines  is  of  the  form 

F,{y,z)'\-xF^{y,z)  +  o?F^{y,z)^0, 

F^  (y,  z)  denoting  a  function  of  y  and  z  of  the  third  degree,  and 

^%  (y>  ^)>  ^1  (y>  ^)  ^^  ^®  second  and  first  degrees. 

li  z^\y  be  the  equation  of  a  plane  containing  the  axis  of  x 
the  projection  of  the  curve  of  intersection  on  the  plane  of  ay  has 
for  its  equation 

*  Cainhridg^  and  Dvhlin  Mathematical  Jowtnal,  Vol  it.  p.  ii8. 
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where  f^  (X)  =  a.^  +  2a,y  +  a^, 

the  subscripts  of  the  letters  a,  h^  c  being  the  degree  to  which  X 
rises  in  the  respective  coefficients. 

The  carve  of  intersection  consists  therefore  of  the  axis  of  x 
and  a  conic  the  equation  of  the  projection  of  which  is 

aj^  +  2lpy  +  c^a?  +  2a^  +  2bjX  +  a^  =  0, 

and  the  conic  breaks  up  into  two  straight  lines  for  values  of  X, 
which  satisfy  the  condition 

which)  being  of  the  fifth  degree  in  X,  shews  that  there  are  five 
positions  of  the  plane,  for  which  the  conic  becomes  two  straight 
lines. 

In  the  general  position  of  a  plane  through  a  straight  line 
the  plane  is  a  tangent  plane  at  the  two  points  of  intersection  of 
the  conic  and  straight  line  (Art.  279);  in  the  five  particular 
positions,  the  plane,  intersecting  the  surface  in  three  straight 
lines  which  form  three  double  points,  touches  the  surface  at  these 
three  points,  and  it  is  therefore  a  triple  tangent  plane. 

Through  each  of  the  three  straight  lines  can  be  drawn,  be- 
sides the  plane  in  question,  four  other  triple  tangent  planes, 
giving  rise  to  12  new  triple  tangent  planes,  and  24  new  straight 
lines  situated  on  the  surface,  making  in  all  27. 

These  are  the  only  such  straight  lines  which  can  be  drawn 
on  the  surface,  for  anj  straight  line  on  the  surface  must  meet 
one  of  the  three  straight  lines  in  any  triple  plane»  since  these 
three  straight  lines  form  the  complete  intersection  of  the  plane 
with  the  surface ;  and  the  plane  passing  through  such  straight 
line  and  the  line  which  it  intersects  must  be  one  of  the  triple 
tangent  planes  containing  that  line,  since  it  intersects  the  surface 
in  two  and  therefore  three  straight  lines. 

Each  triple  tangent  plane  contains  three  lines,  and  five  can 

be  drawn  through  each  of  the  27  lines,  therefore  the  whole 

6*27 
number  of  triple  tangent  planes  is  -^  =  45. 
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Ruled  Surfaces. 

291.  The  student  is  already  familiar  with  certain  siufaoes 
which  are  capable  of  being  generated  by  straight  lines,  or 
through  every  point  of  which  some  straight  line  may  be  drawn 
which  coincides,  throughout  its  length,  with  the  surface.  For 
example,  a  plane,  a  cone,  a  cylinder,  an  hyperboloid  of  one  sheet, 
an  hyperbolic  paraboloid. 

Among  these  surfaces  he  is  aware  that  any  portion  of  a 
conical  or  cylindrical  surface,  if  supposed  perfectly  flexible, 
might  be  developed  into  a  plane  without  tearing  or  rumpling. 

We  shall  now  give  some  account  of  the  general  character 
of  surfaces  which  have  this  property,  distinguishing  them  from 
those  which,  although  capable  of  being  generated  by  the 
motion  of  a  straight  line,  are  incapable  of  development  into 
a  plane. 

292.  Def.  a  BiMi  Surface  is  a  surface  which  is  capable 
of  generation  by  the  motion  of  a  straight  line;  or  a  surface 
through  every  point  of  which  a  straight  line  can  be  drawn, 
which  lies  entirely  in  the  surface. 

Def.  If  a  ruled  surfigtce  be  such  that  each  generating  line 
intersects  that  which  is  next  consecutive,  the  surface  is  called 
a  Developable  Surfajce. 

Def.  If  a  ruled  surface  be  such  that  consecutive  positions 
of  the  generating  line  do  not  intersect,  the  surface  is  called 
a  Skmx>  Surfo/ce. 

Developable  Surfoxes. 

293.  Explanaium  of  the  devehpment  of  devehpable  surfitoes 
into  a  plane. 

Let  Aa,  Eb,  Cb, ...  be  a  series  of  straight  lines  taken  in  order, 
according  to  any  proposed  law,  so  as  to  satisfy  the  condition  that 
each  intersects  the  preceding,  viz.  in  the  points  a,  ft,  c, ... 

Since  Aa^  Bb  intersect  in  a,  they  lie  in  the  same  plane, 
similarly,  the  successive  pairs  of  lines  BS^  and  <%,  Cc  and  Dd^  &c. 
lie  in  one  plane;  thus,  a  polygonal  surface  is  formed  by  the 
successive  plane  elements  AaB,  BbC,  &c. 
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This  surface  might  be  developed  into  one  plane  hy  tnming 
the  face  AaB  about  ^,  until  it  formed  a  continnation  of  the 
plane  BbCf  and  again  taming  the  two  so  forming  one  face  about 


Oc  until  the  three  AoB^  Bb  Gy  CcD  were  in  one  plane,  and  so  on ; 
the  whole  surface  might,  therefore,  be  developed  into  one  plane 
without  tearing  or  rumpling. 

The  same  is  true  however  near  the  lines  Aa^  Bb^  • . .  aie  taken, 
hence,  in  the  limit,  we  arrive  at  the  properly  from  which  this 
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class  of  surfiBtces  derives  its  name,  which  aB  we  have  seen  is 
derivable  from  the  fact  that  two  consecutive  positions  of  the 
generating  line  always  intersect. 

Edge  of  Regression. 

294.  The  polygon  ahcd^ ...  whose  sides  are  in  the  direction 
of  the  lines  JSft,  C7c, ...  becomes  in  the  limit  a  curve  which  is 
generally  of  double  curvature  and  is  called  the  Edge  of  Begression^ 
from  the  fiict  that  the  surface  bends  back  at  this  curve  so  as  to 
be  of  a  cuspidal  form,  and  every  generating  line  of  the  system 
is  a  tangent  to  the  edge  of  regression,  which  is  therefore  the 
envelope  of  all  the  generating  lines. 

In  the  case  of  a  cylinder,  the  edge  of  regression  is  at  an 
infinite  distance. 

295.  To  find  the  general  nature  of  the  intersection  of  a  tanr^ 
gent  plane  to  a  developable  surface  with  the  surface. 

The  plane  containing  the  element  DdE  of  the  surface  repre- 
sented by  the  figure  evidently  becomes  in  the  limit  a  tangent 
plane  to  the  developable  surface  at  any  point  D  in  the  generat- 
ing line  Dd,  since  it  contains  the  two  tangent  lines  Dd^  and  the 
limiting  positions  of  lines  joining  such  points  as  D  and  E,  which 
ultimately  coincide;  and  again,  supposing  DdE  in  the  plane  of 
the  paper,  J^  meets  this  plane  in  6,  Ogf  meets  it  in  some 
point/*,  Hhg  in  g'^  &c.,  and  similarly  for  C7c,  jB&,  ...  on  the 
other  side. 

The  complete  intersection  of  the  surface  and  tangent  plane 
is  therefore  the  double  line  formed  by  the  coincidence  of  Dd^  Ee^ 
and  the  limit  of  the  polygon  a b'c'def^g'..* which  is  a  curve 
touching  the  double  line  Dd  at  the  edge  of  regression. 

Cor.  To  find  the  nature  of  the  contact  of  the  edge  of  re- 
gression and  the  tangent  plane. 

The  plane  containing  the  generating  lines  Dd^  Ee  contains 
the  three  angular  points  c,  <2,  e  of  the  polygon  in  the  limit, 
therefore  the  tangent  plane  contains  two  consecutive  elements 
of  the  curve  edge  of  regression,  and  is  what  is  called  the  osculating 
plane  at  that  point. 


^To  fo^  P^' 
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296.  The  shortest  line  tchtch  Jains  two  points  on  a  develop^ 
uble  surfixce  is  that  curve  toliose  osculating  plane  contains  the 
normal  to  the  surface  at  every  point. 

If  the  surface  be  developed  into  a  plane,  the  shortest  line 
must  be  developed  into  the  straight  line  joining  the  two  points. 
If  on  the  polygonal  surface  in  the  figure  of  page  219,  ABCD...K 
be  the  polygon,  which  in  the  limit  becomes  the  shortest  line 
joining  A  and  Ky  since  on  development  this  becomes  a  straight 
line,  two  consecutive  sides  EF,  FQ  must  be  inclined  at  equal 
angles  to  the  line  Ff.  Hence  a  straight  line  drawn  through  Fy 
perpendicular  to  the  line  Ff  in  the  plane  bisecting  the  angle 
between  the  planes  EFf^  OFf  wi)l  evidently  lie  in  the  plane 
EFOy  and  bisect  the  angle  EFO.  This  Une  will  be  in  the 
limit  the  normal  to  the  surface,  and  the  plane  EFG  will  be 
the  osculating  plane. 

Therefore  the  shortest  line  is  the  curve  whose  normal  at 
every  point  lies  in  the  osculating  plane  at  that  point. 

Such  a  line  is  called  a  geodesic  line  of  the  surface,  and  it 
will  be  hereafter  shewn  that  the  property  enunciated  for  de- 
velopable surfaces  is  true  for  geodesic  lines  on  all  surfaces. 

If  the  geodesic  line,  joining  two  given  points,  be  drawn  on 
a  right  circular  cone,  the  equation  of  the  projection  upon  the 
base  can  be  shewn  to  be 

-sin  (^sina)  =jrsin  (^sina) +  -sin  {(7— ^.sina}, 

a,  h  being  the  distances  of  the  given  points  from  the  axis,  7 
the  angle  between  these  distances,  and  a  the  semivertical  angle 
of  the  cone. 

Bhew  Surfaces  and  Curves  of  greatest  density. 

297.  Let  AA\  BB,  CC\  DU,  &c.  be  straight  lines  drawn 
according  to  some  fixed  law  such  that  none  intersects  the  next 

consecutive,  let  aa\  hh\  cc\  di^ be  the  shortest  distances. 

Suppose  now  that  we  take  two  of  the  generating  lines  as  CG\ 
Blfy  and  imagine  BBf  twisted  about  c'  so  as  to  be  parallel 
to  CG\  and  imited  with  it  by  means  of  a  uniform  elastic 
membrane:  if  now  BB  be  returned  to  its  original  position, 
the  portion  of  the   membrane   near   dd\  being   unstretched, 
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will  be  denser  than  any  other  portion.  If  the  same  process  be 
adopted  for  every  line,  the  series  of  membranes  will  generate  a 
surface  which  ultimately,  as  the  lines  approach  nearer  to  one 
another,  becomes  a  shew  or  twisted  surface. 

The  curve  which  is  the  Kmit  of  the  polygon  formed  by 
joining  a,  b^  c,  d, ...  at  which  the  membranes  have  the  greatest 
density  is  called  the  Curve  of  Greatest  Density. 

Thus,  in  the  figures  at  pages  121  and  124,  the  principal 
sections  ABa  and  AOA'  are  curves  of  greatest  density  on  die 
hyperboloid  of  one  sheet  and  the  hyperbolic  paraboloid. 

298.  To  explain  the  nature  of  the  contact  of  a  tangent  plane 
to  a  skew  surface  at  any  poini. 

Let  P  be  any  point  of  a  skew  surface,  AA'  the  generating 
line  passing  through  P,  suppose  a  plane  to  be  drawn  through  P 
containing  BB'  the  next  consecutive  position  of  the  generating 
line,  this  plane  will  intersect  the  third  line  CG*  in  some  point  5, 
and  if  PR  be  joined  it  will  meet  BB*  in  (?,  and  PR  will  there- 
fore be  a  tangent  line  at  P  having  a  contact  of  the  second  order 
at  least,  and,  if  the  surface  be  of  the  second  order,  it  must  coin- 
cide entirely  with  the  surface.  The  tangent  plane  at  P  is  the 
plane  containing  A  A*  and  PR* ;  for  any  change  of  position  of 
P,  R  will  change  its  position,  and  the  tangent  planes  at  points 
in  AA'  will  always  contain  AA\  but  as  the  point  of  contact 
moves  along  AA\  they  will  move  about  AA'  through  all  posi- 
tions. 

The  tangent  plane  therefore  at  any  point  contains  the  gene- 
rating line  and  some  other  curve  which  may  be  a  straight  line, 
as  in  the  case  of  a  surface  of  the  second  degree,  whereas  there  can 
be  no  developable  surface  of  the  second  degree  except  a  cylinder, 
since  the  curve  of  intersection  of  the  tangent  plane  cannot  exceed 
the  double  generating  line. 

299.  To  shew  that  the  eqtuUion  of  the  tangent  plane  to  a 
developable  surface  contains  only  one  parameter. 

Since  the  general  equations  of  a  straight  line  involve  four 
arbitrary  constants,  we  must,  in  order  to  the  generation  of  any 
ruled  surface,  have  three  relations  connecting  these  constants,  so 
that  we  may  eliminate  the  four  constants  and  obtain  the  equation 
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of  a  surface  the  locus  of  all  the  straight  lines.  In  developable 
surfaces,  the  generating  straight  lines  are  such  that  any  two 
consecutive  ones  intersect,  and  the  plane  containing  them  is 
ultimately  a  tangent  plane  to  the  surface.  The  equation  of  this 
plane  will  then  involve  the .  four  parameters,  and  by  means  of 
the  three  relations  we  may  eliminate  three,  so  that  the  general 
equation  of  the  tangent  plane  to  a  developable  surface  will 
involve  only  one  parameter,  and  we  may  write  it  in  the  form 

«  =  oo:  +  ^  (a)  y  + -ijr  (a) , 

a  bemg  the  parameter,  and  ^  (a),  -^  (a)  functions  of  that  para- 
meter, given  in  any  particular  case. 

In  skew  surfaces,  the  equation  of  the  tangent  plane  at  any 
point  will  involve  the  parameter  of  the  generating  straight  line 
passing  through  the  point,  but  not  containing  the  consecutive 
straight  line,  will  involve  some  other  parameter  which  fixes 
the  tangent  plane  among  all  the  planes  containing  that  straight 
line. 

We  may  also  arrive  at  the  conclusion  that  the  equation  of 
the  tangent  plane  to  a  developable  surface  can  only  involve  one 
parameter,  from  the  consideration  that  if  it  involved  two,  we 
should  by  varying  them  infinitesimally,  obtain  the  equations  of 
three  planes,  which  would  ultimately  intersect  in  a  definite  pk>int, 
instead  of  in  one  straight  line,  so  that  the  plane  could  in  general 
have  only  one  point  of  contact  with  the  surface  which  it 
touched ;  and  the  surface  would  therefore  not  be  developable. 

300.  To  find  the  farm  of  the  curve  of  intereectton  of  a  de- 
velopable  surface  totth  a  tangent  plane. 

Let  the  equation  of  a  plane  be  given  in  the  form 

«  =  aaj  +  ^(a)y  +  i|r(a)         (1) 

containing  one  parameter  a,  by  the  variation  of  which  the  plane 
assumes  different  positions. 

The  equation  of  the  plane  in  its  next  consecutive  position  is 
«  =  (a  +  e?3i)  a  +  ^  (a  +  rfa)  y  +  -^  (a  +  da) , 
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and  the  line  of  intersection  has  for  its  equations 

0  =  aj  +  ^'(a)y  +  '^'(a)  and  i8?  =  aa:  +  ^(a)y  +  '^(a). 

If  we  eliminate  a  between  these  equations  we  obtain  a  snrfisM^ 
which  is  the  locus  of  all  such  lines. 

If  the  equation  of  the  plane  involved  two  arbitrary  para* 
meters,  the  plane  would  not  move  in  such  a  manner  as  to 
give  with  a  consecutive  position  some  deiinite  line  the  locus  of 
which  would  be  a  sur&ce. 

Assuming  therefore  (1)  as  the  equation  of  a  plane  of  the 
system,  let  the  plane  of  xy  correspond  to  the  value  a  =  0,  let  the 
axis  of  y  be  the  line  of  intersection  with  the  next  consecutive, 
and  the  next  to  this  pass  through  the  origin ; 

.-.  ^(0)=:0,  f  (0)=:0,  ^(0)  =  0,  '^'(0)  =  0,  '^"(0)  =  0. 

Also  in  order  that  y  may  be  determinate  -^irfJ:  must  vanish. 
Hence  we  may  express  ^  (a),  ^4^  (a),  as  follows : 

t(a)  =  &a*«  (!+€'), 

e,  e'  vanishing  simultaneously  with  a,  and  m  being  <  n  +  !• 

The  intersection  of  the  surface  with  the  plane  oixy  will  be 
given  by  the  elimination  of  a  between 

0  «  a  {x  +aa"  (1  +€)  y  +  Ja"^*(l  +  €')} 

and      0  =  a?+(m+l)aa"(l  +  i;)y+(n  +  2)  Ja***(l-fi;')i 

a  =  0  corresponds  to  Oy,  and,  for  the  curve  of  intersection,  in 
the  neighbourhood  of  0, 

0  =  woa-y  +  (n  + 1)  hor^\ 
and  Ossfiuc—  (n  +  1— w)  Ja***; 

(        TTix        Y^^-^  _  f       may    Y^"^ 
-  |(n  +  l-m)ij         ~t    (n  +  l)6j     ' 

or  the  curve  is  parabolic  touching  Oy  at  O. 
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301.  If  a  Bertea  of  straight  lineSy  generatiiig  a  swrfacej  he 
described  according  to  a  law  such  that  the  shortest  distance  be^ 
Moeen  two  consecutive  lines  is  of  an  order  sujperior  to  the  first ^ 
iJt  will  he  at  least  of  the  third. 

Since  the  four  parameters,  entering  the  equation  of  a  linei 
must  be  capable  of  being  eliminated,  there  must  be  three  rela- 
tions between  those  parameters  besides  the  two  equations  of  the 
line ;  hence  if  the  equations  hex^mz-^a^  ys&nz  +  h^  m^nyajh 
must  be  functions  of  one  parameter,  which  by  its  yaxiation 
gives  rise  to  different  positions  of  the  generating  line. 

The  shortest  distance  between  two  consecutive  lines  of  the 
system  is 

Am  A&  —  An  Ag 

VSml'  +  An]'  +  (wAn  —  nAnt)* 

and  Am  =:(fn»  +  -d*m +  -<£•«!+ 


and  simParlj  for  An,  Aa,  and  Ai ; 

•*•  AmAi  — AnAa=s(2mefi  — d^n<2a, 

+  5  {dm  d*h  +  db  d^m-^  dn  d^a--  dad*n)f 

da 

+  tenns  of  the  following  order  higher  than  the  third, 

the  denominator  is  of  the  first  order,  and  if  drndh-^dndahe 
not  zero,  the  numerator  is  of  the  second  order,  but  if 

dm  db  —  dnda^O 
always,  we  have  also 

dm  d^h  +  db  d^m  —  dn  d^a  —  da  d'n  =  0 ; 

or  the  numerator  is  of  the  fourth  or  higher  order. 

« 

Hence  the  truth  of  the  proposition  which  is  due  to  M. 
Bouquet 

Tangent  planes  touching  along  a  curve  line. 

302.    We  have  seen  (Art.  287)  that,  when  a  plane  intersects  a 
surface,  at  every  point  of  the  curve  of  intersection,  through  which 

Q 
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an  arbitraiy  line  drawn  in  the  plane  passes  through  two  coinci- 
dent points,  the  plane  is  a  tangent  plane  to  the  surface,  or  soch  a 
point  is  a  multiple  point  on  the  surface.  If  the  curve  of  inter- 
section consist  of  two  or  more  coincident  lines,  this  will  occur 
at  every  point  of  such  curves,  hence,  either  the  plane  will  be  a 
tangent  plane  to  the  surface  at  eveiy  point  of  such  multiple  curve, 
or  will  contain  a  multiple  line  on  the  surface.  Conversely,  if  a 
tangent  plane  touch  along  a  curve  line  such  a  curve  line  will  be 
a  multiple  line  on  the  tangent  plane.  Thus  in  the  case  of  the 
anchor  ring,  the  plane  which  touches  the  anchor  ring  at  eveiy 
point  has  for  its  curve  of  intersection  the  two  circles  coincident 
in  LKH;  also  the  tangent  plane  to  a  cone  contains  two  gefie- 
rating  lines  which  ultimately  coincide,  and  is  therefore  a  tangent 
^plane  at  every  point  of  the  generating  lines  which  it  contains. 

Similarly,  a  surface  of  the  fourth  degree  admits  of  the  case 
of  a  double  conic,  or  of  a  quadruple  straight  line,  as  in  the  case 
of  two  cones  touching  along  a  generating  line. 

A  surface  of  the  fifth  degree  might  be  composed  of  one  of  the 
third,  and  one  of  the  second  degree,  in  which  case  it  is  possible 
that  a  tangent  plane  might  meet  the  former  in  a  triple,  and  the 
latter  in  a  double  straight  line. 

303.  To  find  the  condiHans  that  a  tangent  plane  may  touch 
the  surface  at  every  point  in  which  it  meets  it. 

Let  the  tangent  plane  at  the  point  {x^^  y^^  »J  in  the  surface 
whose  equation  is 

«-/(«,  y).' (1) 

have  the  property. 

Sufficient  conditions  are  that p ^p^  and  q^q^^  throughout  the 
curve  common  to  the  surface  and  tangent  plane. 

Since  the  curve  of  contact  is  a  compound  curve  contain* 
ing  two  coincident  curves  at  least,  therefore  if  (re,  y,  z)  and 
(a?  +  dbj,  y  +  c?y,  «  +  dz)  be  two  points  common  to  the  sur&oe 
and  tangent  plane,  two  values  oi  dxx  dy  must  be  coincident  at 
least. 

The  equation  of  the  tangent  plane  is 
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/.  jPf^dx-i-  qf^dy^j>dx  +  qdi/  +  'r  {rdic?  +  isdxdy  +  td^fY)  +  &c. 
Only  one  Tulue  of  the  ratio  dx  :  dy  exists  ultimately,  unless 

and  in  this  case  the  two  values  are  given  by 

rdxf  +  28dxdjf  +  t^i\  =  0 ; 

and  since  the  roots  are  equal,  because  at  every  point  two  tan- 
gent lines  coincide,  we  have  the  necessary  condition,  r< »  ^  =  0. 
Or,  since  the  tangent  plane  remains  constant  for  all  points 
common  to  it  and  the  surface,  p  and  q  are  constant  when  op  and  y 
receive  small  increments ; 

••.  dp  =  0  =  rdx  +  8dyj 

dq  =  0=isdx'\-t  rfy, 

whence  ri'^f^  0 «.(2). 

It  is  easily  seen  that  the  condition  r^  —  a'  =  0  is  not  suffieierU^ 
although  necessary f  since  for  the  curve  common  to  (1)  and  (2) 

^T  +  ^T  =  (»•  +  0  (^^T  +  ^sdxdtf  +  t^fjf 

which  is  not  necessarily  «  0,  for  values  oidxxdy  obtained  from 
these  equations. 

It  will  be  seen  hereafter  that  r<  —  a^ «  0  may  be  true  for  other 
points  in  the  surface  which  are  not  in  the  curve  of  contact. 

Thus,  in  the  case  of  a  developable  surface  always  touched  by 
a  plane  whose  equation  \Az^ax-\-j>{ai)y  +  '^  (a), 

da 

P^    "  +^{«+f («)y+^'(«)}**«» 

s^r^'  (p),    and  t  =  »4>'  (p). 

Therefore  rt  —  «*=0  at  every  point  of  the  garfSioe,  and  we 
have  shewn  that  the  tangent  plane  does  not  necessarily  touch  at 
every  point  in  which  it  meets  the  surface. 
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304.  To  find  the  curve  of  greatest  indinatum  to  a  given  plane 
which  can  he  traced  on  a  surface. 

Let  the  equation  of  the  surface  be  F{x,  y,  z)  =  0,  Z,  m,  n  the 

direction  cosines  of  the  given  plane. 

The  tangent  plane  at  any  point  of  such  a  curve  is 

(aj-a?j  J"(a:o)  +  (y-yo)  ^'W  +  (^  -  Oi^'W  =0, 

and  the  direction  cosine  of  the  line  of  intersection  with  the  given 
plane  are  proportional  to 

•  mF^z^^nF'iy,),  nF'{x,) --IF'iz,),  and  Zi^'(yJ-mi?"(aTj. 

The  direction  of  the  curve  line  having  the  property  proposed, 
is  perpendicular  to  this  line ;  therefore  the  differential  equations 
of  the  curve  are 

{mr{z)  -  nF'iy)]  dx  +  {nF'{x)  -  ir(z)}  dy 

and  F\x)  dx  +  F'{y)  dy  +  F\z)  dz=^0. 

The  first  of  these  equations  with  the  equation  of  the  snrfiEioe 
and  any  point  chosen  on  the  surface  through  which  the  curve 
shall  pass,  are  sufficient  completely  to  determine  the  curve. 

If  the  plane  be  that  of  xy,  l=^m^O^  and  the  equation  becomes 

F'{3/)dx-F\x)dy^0, 

which  with  F{Xy  y,  «)  =  0  is  sufficient. 

Cor.  If  the  equations  for  obtaining  dx:  dy  :  dz  become  iden- 
tical, the  direction  of  the  line  of  greatest  inclination  will  be 
indeterminate ;  in  this  case 

mrjz)  -  nF\y)  _  nF\x)  -  lF\z)     lF'{i,)'^mF\z) 
F\x)  F'{y)         "  F\z) 

0 


lF\x)+mF'{3)'{-nF'{z)^ 


Therefore  F'{x)  :  F'{y)  :  F\z)  =  Z  :  m  :  n  at  every  point 
of  the  surface,  which  can  only  happen  when  the  surface  is  a 
plane  parallel  to  the  given  plane.  -    ' 
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TeiraJiedral  C(M>rdtn€Ues. 

305.  To  find  the  equation  of  the  tangent  plane  at  a  given 
point  in  a  given  surfofie  referred  to  tetrahedral  oo-^ndinaiea. 

Let  *  =  J^(a,  By  %  «)  =0 (1) 

be  the  equation  of  the  given  sm&ce,  (o^,  fi^^  7^,  SJ  the  given 
point  Py  and 

fa+m)8  +  n7  +  r5  =  0 (2) 

the  equation  of  the  tangent  plane  required. 

Since  the  tangent  plane  contains  all  the  tangent  lines  to  the 
sudbce,  it  must  be  satisfied  bj  the  co-ordinates  of  points  taken  in 
anj  direction  on  the  surface,  which  ultimatelj  coincide  with  the 
proposed  point. 

Hence  (1)  and  (2)  are  satisfied  by  the  co-ordinates  of  P  and 
also  by  ao  +  ^>  ^S^j  +  dJS^.,.  when  c2o^,  d^^,.. /are  indefinitely 
diminished; 

P'CflO  cfa,+  i?"08o)cf/3,+J"(7o)cJyo+-^(8o)d8o«O; 
and  <?3ro  +  ^/'o+*yo+^D  =  0, 

from  the  condition 

«o  +  i8,  +  7,  +  So=l>   (Art.  8); 

and  these  equations  are  satisfied  for  an  infinite  number  of  values 

of  the  ratios 

da^'dB^\dri^xdB^\ 

therefore,  employing  arbitrary  multipliers  A  and  B  in  order  to 
eliminate  drf^  and  d&^y  we  obtain  the  equations 

Z==ilP'(aJ+P,  m  =  ^F03,)+P,&c (3),    . 

and,  multiplying  these  equations  in  order  by  o^,  /S^,  7o,  So>  ^^ 
serving  that 

aoi^(flO+ft^W+&c.-..«0, 

* 

and  fa^+wi/8,,+  ...  =0, 

wehaveJB=0. 
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Hence,  multiplTing  equations  (3)  hj  a,  fi^  7,  £,  (2)  becomes 
identical  with 

which  is  the  equation  of  the  tangent  plane. 

306.  To  find  the  relation  "between  the  cosines  which  a  tangent 
line  at  any  paint  of  a  surface^  refisrred  to  tetrcJiedral  co-ordinatee, 
makes  with  the  normals  to  the  Jundamental  planes. 

Let  X,  /i,  y,  p  be  these  corines  (Art.  62)  for  a  tangent  line  at 
a  point  (flf,^,  fi^y  %f  SJ;  these  are  proportional  to  the  valuies  cfa^, 
^^09  ^o>  ^0  given  by 

and  <3?oro  +  ^i8,  +  dy,  +  d8,«0, 

the  relations  between  \,  fiyP,p9iQ  therefore 

XF'(ao) +/*F  (^J +1^2^' (7o) -l-pi^' (SJ  «0, 
and  \+/M  +  v  +  p  =  0. 

307.  To  find  the  equation  of  the  tangent  cone  at  a  singuHar 
point. 

If  -P"W  =  0,  ^(/3J=0 

the  first  of  these  equations  is  replaced  hj 

and  the  equation  of  the  locn^  of  the  tangent  lines  at  the  proposed 
point,  which  is  a  multiple  point  in  this  case,  is 

which,  since  the  coefficient  of  —  2a  is 

the  equation  of  the  tangent  cone  in  a  homogeneous  form. 
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And,  eimilarly,  if  the  differential  coeflScientg  of  the  r  — l]"* 
and  inferior  orders  all  become  zero  at  the  proposed  point,  the 
equation  of  the  tangent  cone  is 


(a  ^ +  ....)  ^,  =  0. 


308.  To  find  the  doss  of  a  surfizce  of  the  n^  degree. 

This  is  to  find  the  number  of  tangent  planes  which  can  be 
drawn  to  the  surface  so  as  to  contain  a  given  straight  line. 

Let  the  equation  of  the  surface  be  jF(a,  )3,  7,  h)  ^  0,  and  let 
(a',  ffj  7,  y)  (a",  /8",  7",  S")  be  two  points  in  the  given  straight 
line. 

A  tangent  plane  through  the  given  straight  line  containsthe 
given  points,  and  if  (a^,  fi^,  %y  S^  be  the  point  of  contact  of  mj 
such  tangent  plane  its  equation  will  be 

a-PW+i8i^(/3J+7i^'(7o)  +  «^(«o)=0; 

.-.  a'i?^(aJ+/3'J'08J+7'i?^(7o)+S'-F'(So)«O, 

and  a"i^(a^  +  ri^08J  +  7"i^  (7^  +  S'i^  (So)  »0. 

These  equations,  which  are  of  the  n  —  1 1***,  and  the  equation 

which  is  of  the  n^ degree,  determine  generally  n.in-^  1)* points, 
and  the  same  number  of  tangent  planes,  hence  the  surface  given 

by  an  equation  of  the  n^  degree  is  of  the  n . «  —  l]"  class. 

It  will  be  shewn  hereafter  how  this  number  is  diminished 
when  there  are  multiple  points  and  lines  on  the  surface. 

Four^Point  Co-ordinates, 

309.  The  proposition  in  the  system  of  four-point  co-ordi- 
nates, which  corresponds  to  that  in  plane  co-ordinate  systems  of 
finding  the  equation  of  the  tangent  plane  at  a  given  point  of  a 
surface,  is  to  find  the  equation  of  the  point  of  contact  of  any 
plane  whose  co-ordinates  satisfy  the  tangential  equations  of  the 
surface. 
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The  property  which  we  shall  employ,  is  that  the  poult  of 
contact  of  a  tangent  plane  is  also  a  point  in  a  contigaons  tan- 
gent plane  which  moves  np  to  and  ultimately  coincides  with  the 
former. 

310.  To  find  the  equcUdon  of  the  point  of  coniact  of  a  tan- 
ffent  plane  to  a  given  surface  determined  by  an  eqtiation  in  four- 
point  co-ordinates. 

Let  ^s  jP(a,  A  7,  B) «  0 (1) 

be  the  equation  of  the  surface,  ao,  fi^y  %y  B^  the  co-ordinates  of 
the  given  tangent  plane. 

Assume  2a  +  m/8  +  ^7  +  ^S  — 0 ..(2) 

to  he  the  equation  of  the  point  of  contact. 

Then,  ao  +  ^ffo>  i^o+^^o  *  •  *  heing  the  co-ordinates  of  a  tangent 
plane  to  the  surface  which  ultimately  coincides  with  the  former, 
these  co-ordinates  as  well  as  the  former  satisfy  the  equations  (1) 
and  (2),  and  the  relation  between  the  point  co-ordinates,  '  • 

-^  +  ^  +  ...  -  —  cos  CZ)  -  ...  =  0,    Art.  (108). 
-Pi     ft  PiP% 

Henoe,  for  an  infinite  number  of  systems  of  values  of 

dflfo :  dfio :  dr/o :  dSo, 
we  have 

Zaao+  mdfi^+         ndy^+  rdS^^O, 

and  Xcfa„+  f^fio+  ^o+  pdSf^^O, 

where 

X=2o^^cos(7D-2acosjD5-^c6s5C7, 
Pi    ft  ft  ft 

and  similarly  for  fi^  Vf  p.    Art.  (108). 

If  therefore  we  assume  A  and  B  so  that 

l:rzAF{ao)  +  BK,  BXii  m  ^ AF (JS;)  +  fifij 
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we  obtain  in  consequence  of  the  indetenninatenesB  of  c^, :  dS^' 

n^AF{y,)  +  Bv,  mi r  =  AF' {S.)  +  Bp. 

Multiplying  these  equations  by  a^y  fioy%}Ki  *nd  observing 
that 

fa»  +  »i^o+-«0,  and  aJ?^(oo)+i8,jP09^  +  ...'«O, 
and  also 

we  obtain  JSs  0,  and  we  derive 

Hence  the  equation  of  the  point  of  contact  is 

oF'  (a.)  +  fir  08^  +  yr  (7J  +  Br  (8.)  =  0. 

311.  To  find  ih^  tangential  equation  of  the  curve  line  in 
which  the  tangent  plane  to  a  surfiice  given  by  fintr-point  c<H)rdi'^ 
nates  townee  along  a  curve  line. 

In  the  case  of  a  singular  tangent  plane,  for  which  there  is 
not  a  single  point  but  a  curve  of  contact, 

i?"(«J  =  0,  F'OSJ  =  ......  =0 (1). 

If  we  take  a  plane  (ffo  +  ^o)  /^o  +  ^^o>  *•*)  indefinitely  near 
to  (tto,  fi^i  7p)  S^  the  equation  of  the  surface  gives  the  relation 

('*^4:+'^»^/ •••)'*•=<> w. 

and  if  (a,  fi,  7,  S)  be  any  plane  passing  through  the  line  of  inter- 
section of  these  planes,  we  may  obtain  as  in  Art.  (275)  or  directly 
by  geometrical  considerations,  if  0  be  the  inclination  of  this  plane 
to  the  first  of  the  above  planes  and  ^  the  angle  between  these 
two  planes, 

a  sin  ^«  (ao  +  dtto)  sin  (tf  +  ^)  -a„  sin  ^ 

«=  ffp  cos  0  sin 0  +  <2ao  Bin  d,  ultimately; 
doL  •  dpff. 
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therefoxOi  having  regard  to  equations  (1),  we  obtain  from  (2), 
(a^  +  /S^  +  ...)Vo  =  0,  as  in  Art.  307, 

the  relation  which  holds  for  all  planes  which  touch  the  curve 
of  contact* 

This  is  therefore  the  tangential  equation  of  the  curve. 

312.  To  find  the  degree  of  a  tangential  eurface  of  the 
fi!^  close. 

Let  the  equation  of  the  surface  be  ^(a,  A  7,  S)  =  0,  and 
(a ,  P^  7',  S)  (a",  /9",  7",  h")  two  tangent  planes  intersecting  in 
a  given  line. 

Anj  point  in  the  given  straight  line  and  surface  is  in  the 
given  tangent  planes,  and  if  (a^,  i8o>  7o>  ^0)  ^  ^^  tangent  planes 
of  which  this  point  is  the  point  of  contact, 

« 

These  equations,  which  are  of  the  n  —  l]^,  and  the  equation 
of  the  surface,  which  is  of  the  n^  degree,  determine  generally 
n .  n  — 17  tangent  planes,  and  the  same  number  of  points  of 
contact. 

Hence,  a  surface  given  by  a  tangential  equation  of  the  n^ 
degree  is  of  the  ^  •  n  —  ij  degree. 

Folar  Co-ordinatee. 

313.  To  find  the  polar  equation  of  the  tangent  plane  to  a 
surface  at  a  given  point. 

Let  the  equation  of  the  surface  be-s=tfB:/(0,  ^),  and 

^'oj.  ^o>  ^0  co-ordinates  of  the  point  of  contact  of  the  tangent 
plane. 
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The  equation  of  the  tangent  plane  is  o{  the  form 
jm  =  cos  a  cos  d+  sin  a  sin  d  cos  (^  —  iS),    Art.  (79), 

and  the  constants  p^  a,  and  ^  are  to  be  determined  from  the  con- 
sideration that  the  tangent  plane  contains  not  onlj  the  point 
of  contact  but  adjacent  points  which  have  moTcd  up  to  and  nlti* 
matelj  coincided  with  that  point. 

Hence  the  values  of  -j^  and  -tt  at  the  point  of  contact  are 

the  same  for  both  tangent  plane  and  surfacCi  let  t?^,  t(7^  be  those 
values ; 

.*.  pu^  =a  cos  a  cos  ^^  H-  sin  a  sin  0^  cos  (^^  —  /3), 
pv^^  —  co^(i^\xi9^-\-miaQO^0Q  cos(^^— /9), 
pu)^  =  -  sin  a  sin  9^  sin  (^o  -^)  J 

.•.  p  (w^  sin  d^  +  v^  cos  0^  =  sin  a  cos  (^^  -  /8) , 
p  {u^  cos  0^  —  v^  sm  dj  =  cos  a ; 

the  last  three  of  these  equations  give  readily  the  values  of  the 
constants :  and  the  equation  of  the  tangent  plane  is 

u  s*  {%  COS  0^  —  v^  sin  0^  cos  0 
+  (woBin^^  +  v<,cos^J  cos(^-^Jcosd 

This  equation  can  also  be  written  in  the  form 

7  =  ^^o{sindo«>S^-«>»^o?"^^COS(*-*a)}] 


J,  cosec 0Q sin ^ sin (^  —  ^J. 

314*     To  find  the  perpendicular  distance  Jrom  the  pole  upon 
the  tangent  plane. 

This  may  be  obtained  from  the  first  three  equations  of  the 
last  article  by  Squaring  and  adding,  whence 

i' (V  +  <^o'+ ^^o"  coaec"^  « 1, 
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315.  The  following  method  serves  to  shew  the  geometrical 
signification  of  the  partial  differential  coefficients,  and  may  be 
useful  as  an  exercise* 


Let  P  be  the  point  of  contact,  P5  a  tangent  line  passing 
through  OZ,  and  PQ  a  tangent  line  in  the  plane  through  OP 
perpendicular  to  the  plane  POZ,  take  JB  and  Q  points  very  near 
toP;  in  OQ,  OB  take  Oj>^  OP^  Op\  then  ^  =  r  sin ^i^  and 
Pp^^rdB  ultimately,  and  Qp-Rp'  are  respectively  the  values  of 
dr  due  to  changes  of  0  and  <f>  considering  the  other  constant, 


•  • 


dr  _      JB/_ 
rd0 ""      Pp*" 


-  cot  OPB, 


and 


dr 


r  sin  Od^     Pp 


^!^:=^COiOPQ. 


Draw  or  perpendicular  to  the  tangent  plane  QPB,  and  on  a 
sphere,  whose  centre  is  P,  let  aBff  be  a  spherical  triangle,  with  its 
angular  points  in  PQ,  PO,  PB,  join  87,  7  ^^S  ^^  intersection 
of  Pr  and  0/8,  then  By  is  perpendicular  to  afi,  and  oBfi  is  a  right 
angle.  Hence cota8«cotSvcosaSy,andoot)98=cot87sinaSy; 
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r*- 


.-.  cot*aS  +  cot*i8S  =  co1?&y  =  — 5^-; 
1       1.1  /rfrV      1  /rfrV  ./I 


P(92ar  Planes -and  Poles* 

316*  7b  ^n^  ^A6  lociM  qf  the  jpoints  of  contact  of  tangent 
lines  J  drawn  to  a  given  surface  from  a  given  point. 

Let  ^  =  F{Xj  y,  «)  as  0  be  the  equation  of  the  given  snifiEuse, 
and  a,  )3,  7  the  co-ordinates  of  the  given  point.  Then,  if  (a;,  y, «} 
be  one  of  the  points  of  contact,  the  tangent  plane  to  the  surface 
at  (a;,  y,  z)  must  pass  through  (a,  )3, 7).    This  gives  the  condition 

which,  combined  with  the  equation  of  the  surface,  determines  the 
required  locus,  or  the  curve  of  contact. 

It  has  been  shewn  (Art.  283)  that  for  points  on  the  surface 

«^  +  y^  +  «^isof  the  degree  n  —  1,  or  lower  by  unity  than 

the  degree  of  the  given  surfSace ;  therefore  by  combining  the  above 
equation  with  that  of  the  surface  we  obtain  an  equation  of  the 
(n  —  1)***  degree. 

The  curve  of  contact  for  any  conicoid  is  therefore  a  plane 
curve,  and  it  is  obvious  that  the  equation  of  this  plane  is  always 
real,  whether  the  points  of  contact  be  real  or  imaginaiy. 

317.  Def.  The  polar  plane  of  a  given  point  with  respect 
to  a  given  conicoid  is  the  plane  on  which  lie  the  points  of 
contact,  real  or  imaginaiy,  of  the  tangent  lines  drawn  from  the 
point  to  the  conicoid;  and  the  point  from  which  the  tangent 
lines  are  drawn  is  called  the  pole  of  the  plane. 

318.  To  find  the  equation  of  the  polar  plane  of  a  given  pointy 
with  respect  to  a  given  conicoid^  in  three-lane  co-ordinates. 
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Let 

+  2a!' X  +  ib"y  +  2c"«  +  rf  =  0 
be  the  equation  of  the  conicoid,  (a,  )3,  7)  the  given  point 

Then,  by  the  last  article,  the  equation  of  the  polar  plane  is 
a  (oa?  +  c'y  +  Vz  +  a")  +  ..•  +  a"a?  +  6"y  +  c"«  +<?  =  0. 

The  polar  plane  of  the  ori^  is  therefore 

a"«  +  h"y  +  c"«  +  <i  »  0. 

The  equations  determining  the  center  mAj  be  deduced  from 
this  equation;  for,  since  the  polar  line  of  the  center  in  any 
plane  section  through  it  is  at  infinity,  the  polar  plane  will  be  at 
infinity,  and  the  above  equation  must  reduce  to 

constant  =  0, 
whence  we  have,  for  the  center, 

aa  +  c'i8  +  &7  +  a"«0,  &c. 
as  before  determined.  Art.  (231). 

819.  To  find  ike  equation  of  the  polar  plane  of  a  given  poinJL^ 
with  respect  to  a  given  conicoidj  in  tetrahedral  (Xhordinates^ 

Let  ^  =  ^(a,  /8,  7>  ^)  =  0  be  the  equation  of  the  conicoid, 
(aoj  ^o»  7o>  ^0)  ^^^  given  point.  Then,  if  (a,  /8,  7,  S)  be  one  of 
the  points  of  contact,  the  tangent  plane  at  (a,  fi,  7,  £)  will  pass 
through  (a^,  fi^,  7,,  SJ ;  or, 

the  equation  of  the  polar  plane. 

320.  To  find  the  eguaiione  of  the  center  cfa  given  cemooid 
in  tetrahedral  (Xhordinatea^ 

The  center  being  the  pole  of  the  plane  at  infinity,  of  which 

the  equation  is 

a  +  )8  +  7  +  8  =  0,    (Art.  81), 
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this  equation  must  coincide  with 

The  equations  of  the  center  Are  theiefcm,  suppressing  the 

suffix, 

d^  _d^     d^  ^a<l^ 

321.  To  find  the  {Xhordinaies  of  the  polar  plane  of  a  given 
pointy  with  respect  to  a  given  conicoidy  in  four-point  co-ordinates. 

Let  ^  =  F{af  fiy  %  S)  =i  0  be  the  tangential  equation  of  the 
conicoidy  and  Za  +  m/8  +  w7  +  rS  =  0  of  the  given  point. 

Then  if  (a,,  fi^  7^,  S J  be  a  tangent  plane  to  the  conicoid,  the 
equation  of  its  point  of  contact  is 

Also,  since  the  tangent  plane  passes  through  the  given  point, 

we  must  have 

la.  +  mfi,  +  ny,  +  rS,^0 (2). 

Hence,  if  (a,  ft  7,  8)  be  the  polar  plane,  a,  /3,  7,  8  must 
be  detennined  so  as  to  make  (1)  and  (2)  coincide,  giving  the 

equations 

d<l>  d^     dA     d^ 

da  d$ ^drf  _db 

I  m       n       r 

which  determine  the  ratios  of  the  co-ordinates. 

The  equation  of  the  pole  of  a  given  plane  (a^,  ft,  7^,  S,)  will 
therefore  be 

dif>o     odif>o        d<l^o     8^-0 

322,  To  find  the  equation  of  the  center  of  a  given  oomooid^ 
in  four-point  oo-otdvMies. 
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The  center  is  the  pole  of  the  plane  at  infinilyy  of  which  the 
equations  are 

a  =  i8  =  7  =  S. 

.  The  equation  of  the  center  will  therefore  b^ 
when  tto  =  A  ==  7o  =  So* 

The  equation  of  the  center  will  therefore  be 


Enveloping  Cones. 

323.  If  the  tangent  planes  drawn  through  a  point  to  a 
conicoid  be  real,  and  therefore  the  intersection  of  its  polar  with 
the  conicoid  be  also  real,  the  cone  whose  vertex  is  the  point,  and 
base  the  curve  of  intersection,  will  be  such  that  all  its  generating 
lines  will  touch  the  conicoid  in  real  points.  Such  a  cone  is 
called  an  Enveloping  Cone.  The  equation  of  this  cone  will  in 
all  cases  be  real,  but  if  the  curve  of  intersection  be  imaginaiy, 
the  vertex  will  be  the  only  real  point  lying  on  the  cone. 

The  readiest  method  of  finding  the  equation  of  such  a  cone 
requires  a  preliminary  proof  of  the  following  proposition. 

324.  Two  conicoids  which  intersect  in  one  plane  curve  will 
intersect  also  in  another  plane  curve. 

The  curve  of  intersection  of  two  conicoids  is  met  by  an  arbi- 
trary plane  in  four,  real  or  imaginaiy,  points.  Two  of  these 
will  lie  on  the  plane  curve  which  is,  by  hypothesis,  the  partial 
intersection  of  the  conicoids.    Their  remaining  partial  intersec- 
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tion  will  therefore  be  met  by  an  arbitrary  plane  in  two  points, 
and  will  therefore  be  a  plane  cnzre. 

It  follows  from  this  that  if  a  proper  conicoid  can  be  described 
containing  two  plane  curves  of  the  second  degree,  an  infinite 
number  can  be  so  described.  For  the  two  planes  may  be  con- 
sidered as  one  conicoid,  and  the  two  curves  are  therefore  the 
intersection  of  two  conicoids,  whence,  by  Art.  (258),  an  infinite 
number  of  conicoids  can  be  drawn  containing  them. 

Making  the  two  move  up  to  coincidence,  we  see  that  an  in- 
finite number  of  conicoids  can  be  described  touching  another 
along  a  given  plane  curve.  The  equation  of  any  of  these  coni- 
coids, containing  only  one  parameter,  (Art.  258),  will  be  deter- 
mined if  we  make  it  pass  through  a  fixed  point.  Hence  if  we 
take  a  point,  and  its  polar  plane  with  respect  to  a  conicoid,  the 
only  conicoid  which  can  be  drawn,  passing  through  the  point 
and  touching  the  conicoid  along  the  curve  of  intersection  with 
the  polar,  will  be  the  corresponding  enveloping  cone. 


Envekping  Cane. 

325,     To  find  the  eqtiatian  of  the  enveloping  cone  of  a  given 
conicoid^  whose  vertex  is  at  a  given  point* 

I.    Three  Plane  Co-ordinates. 

Let  i^(aj,  y,  0)  =  jF;  (oj,  y,  a)  +  2^,  (a?,  y,  «)  +  i^o  =  0  be  the 
equation  of  the  conicoid,  (a,  ^9, 7)  the  given  point. 

Then  the  equation  of  the  polar  of  the  given  point  will  be 
oF'  (x)  +  /8^'(y)  +  yF\»)  +  2  {F,  {x,  y,  z)  +  F^}  »  0,  Ait.  (318)^ 

The  general  equation  of  a  conicoid  touching  the  conicoid 
along  the  curve  of  intersection  will  be 

F{x,  y,»)^h  [aF\x)  +  fir{j,)  +  r^F\z)  +  2F,  {x,  y,  z)  +  2F,]\ 

If  this  be  the  enveloping  cone,  the  point  (a,  /S,  7)  must  be 
a  point  on  it,  that  is 

i^(a,  A  7)  =  *  {2i^,  (a,  A  7)  +  ^t  (a,  A  7)  +  2i^ol" 

=  4A:{F(a,i8,7)r, 
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whence  the  equation  of  the  cone  is 

4LF(a,  A  7)  F{x,  y,  z) 
=  {aF\x)  +  finn)  +  rfF\z)  +  2^,  (a?,  y, «)  +  2i?;}«. 

IL    Tetrahedral,  or  Qoadriplanar,  Co-ordinates. 

Let  -F?(a,  ^8,  7,  S)  =  0  be  the  equation  of  the  conicoid,  (oo,  /S©, 
7o,  So)  the  given  point.    The  equation  of  the  cone  will  then  be 

F{a,  13,  7,  S)  «  *  {aF'(ao)  +  fir(fi.)  4-  7i^'(7o)  +  SF\&,)}\ 

h  being  determined  as  before. 
Hence 

F{a.,  A,  7.,  So)  «  *  {aoi^W  + r 

=  i{22?'(ao,/3o,7o,Sp)}«, 

and  the  equation  of  the  cone  is 

4F(ao,  /80,  7o,  So)  i^(a,  )8,  7,  S) 
=  {aF'(ao)  +i8i^'08o)  +  7i^'(7o)  +  Si^'(So)r- 

nL    Four-point  Co-ordinates. 

In  this  system  an  enveloping  cone  corresponds  to  a  plane 
section  in  the  system  of  tetrahedral  co-ordinates.  If  (o^,  /9o,  79,  h^ 
be  a  given  plane,  the  pole  of  this  plane  is,  -?"(«,  ^,  7,  S)  =  0  being 
the  tangential  equation  of  the  conicoid, 

ajF"(a,)  +  pF'{fi,)  +  yF'{y,)  +  SF'{B,)  =  0, 

and  every  tangent  plane  to  the  enveloping  cone  must  thetefore 
satisfy  the  equations 

^(«,/3,7,8)-0, 

oF'(a.)  +  fiF'ifi,)  +  7JF"(7.)  +  iF'{B,)  =  0. 

The  tangential  equation  of  the  cnrve  of  contact  will  be 

4^(«.,  |8o,  7-  S.)  F(a,  A  7,  8) 
=  {aF'(a,)  +  0F'(fi,)  +  yF'{y,)  +  SF{S,)]\ 
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Asymptotee. 

326.  Def.  a  straight  line  is  an  asjinptote  to  a  BOifiice 
when  it  meets  the  snr&ce  in  two  points  at  least  at  an  infinite 
distanee,  while  the  line  itself  remains  at  a  finite  distance. 

Def.  a  plane  is  an  asymptotic  plane»  when  in  it  an  infinite 
number  of  asymptotic  lines  can  be  drawn  to  the  surface.  / 

Def.  a  plane  is  a  singular  asymptotic  plane  when  all 
straight  lines  drawn  in  it  are  asymptotic  lines. 

De^.  An  asymptotic  surface  is  the  surface  which  is  en« 
Teloped  by  all  asymptotic  planes  to  the  Bixdaice. 

827.  To  Jlnd  the  asymptotic  linea^  planes^  and  Burface  to 
a  gwen  wrfixce. 

Let  0  s  F{<c^  y, «}  B  0  be  the  equation  of  a  sur&oe, 

(^o>  yo»  ^o)  ^  point  in  an  asymptotic  line, 

——2  sa2 — ^«  =s 2sar,  its  equatious; 

and  let  F(X^  fA^  v)  be  arranged  in  a  series  of  homogeneous 
functions  of  degrees  n,  n— 1, ...  so  that 

The  points  in  which  the  line  meets  the  surface  are  given  by 
the  equation 

F{x^  +  'Kr,  yo  +  /^i  «o  +  »^)-0, 
.or,  if  i?  denote  the  operation  '"o  ^  +  y*  jT  +  *•  jj:  » 

i'^ + f^  (2?^,  +  *^.)  +  ,^  (Z?"^,  +  i)^^,  +  g  ^  + . . .  =  0, 

and,  since  two  of  the  roots  are  infinite, 

^,  =  0,    and  ^j  +  i?<^.  =  0, 

S2 
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^«==0  denotes  that  the  line  is  parallel  to  a  generating  line  of  the 
cone  F^  {x,  y^  z)  =  0,  and 

is  the  equation  of  a  plane  in  which  the  asymptotic  lines  in  any 
direction  must  be  drawn,  since  the  condition 

shews  that  the  line  lies  entirely  in  the  plane. 

This  is  therefore  the  asymptotic  plane  containing  the  lines 
in  the  direction  corresponding  to  any  solution  of  ^«  =  0. 

Since  the  plane  (1}  is  a  function  of  X,  /i,  v^  which  are  con- 
nected by  the  relations  ^.=0,  and  X*+  /it*+ v^=  1,  the  asymptotic 
surface  may  be  found  by  eliminating  X,  /i,  y,  and  dk^  d/i^  iv 
between  the  equations  (1),  0»sO,  and  the  differentials  of  the 
three  equations. 

If  (fl;^,  y^y  £;J  be  an  arbitrary  point,  the  equations  ^»s  0,  and 
(1),  determine  n  (n  —  1)  directions  in  which  asymptotic  straight 
lines  can  be  drawn  through  the  point. 

328.     To  find  the  ciaymptotea  of  a  central  camoaid. 

Let  the  equation  of  the  conicoid  be  oa^  +  ^^  +  cs'ssl,  the 
directions  of  the  asymptotic  lines  are  giyen  by 

aV  +  V  +  ci^=0 (1). 

The  equation  of  the  asymptotic  plane  containing  lines  whose 
directions  are  (X,  /^,  v)  is 

aXx^  +  bfiy^  +  cvz^^O (2). 

To  obtain  the  asymptotic  surface,  we  have  the  above  equations 
and  the  equations  in  the  differentiab, 

ax^dk  +  by^d/i  +  cz^difssOj 

a\  dK  +  bfidfi  +  cv  dpzzO^ 

X  eiX  +  /I  dfi  +  V  dvssQ, 


ASTMPTOTIG  UNES  AND  PLANES.  245 

Eliminating  hj  indetenninate  mnltipliera 

ax^  +  AaX  +  jBX  =  0, 

by^  +  AbfjL  +  Bfi^O, 

c»o  +  Acv  +  BvssQ. 

/.  by  (1)  and  (2),  5  =  0,  and  ^  =  ^=  J; 

.-.  by  (1),  oiTo*  +  iyo*  +  ceo*  ==  0, 

which  is  the  asymptotic  cone,  eveiy  tangent  plane  to  which  is 
an  asymptotic  plane^  lines  in  which  parallel  to  the  line  of  contact 
meet  the  surface  in  two  points  at  infinity,  viz.  the  points  in 
which  it  meets  the  parallel  generating  lines,  which  are  the  lines 
of  intersection  of  the  surface  and  the  plane  (2). 

329.  To  fini  the  asymptotic  linea  of  closest  contact  in  any 
asymptotic  plane. 

If  the  surface  be  of  a  higher  degree  than  the  second,  we  can 
determine  generally  lines  which  meet  the  surface  in  three  points 
at  an  infinite  distance,  the  conditions  that  this  should  be  the 
case  are 

^•  =  0 (1), 

^^•  +  <^-i  =  0 (2), 

and  lJ^<f>^  +  2D<f>^,  +  24>^^0 (3). 

For  any  set  of  values  of  X  :  /k  :  i^,  which  satisfy  the  equation 
(1),  the  intersection  of  the  surface  (3)  with  the  plane  (2)  is  the 
locus  of  the  points  through  which  the  corresponding  asymptotic 
lines  have  closer  contact  with  the  surface. 

Since,  if  we  write  x^  +  Xr  for  a?o,  &c.,  and  let 

J.  d  d  d 

^     dK        dfi        dv* 

i7»^,  becomes  {D  +  rA)  V«  s  D'<f>^  +  2r A  (2)^J  +  t^A«<^. 

=  2>"^,  +  2r.(n-l)2)<^^  +  r*.n.(n-l)^o 
and  D^^j  becomes  {D  +  r A)  ^^,  =  Z)<^«.i  +  r .  (n  - 1)  ^^.^ , 
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the  equations  (3)  and  (2)  are  simtdtaneonsly  satisfied  for  all  values 
of  r,  i.  e.  thej  intersect  in  two  straight  lines  which  are  the 
asymptotic  lines  required. 

330.  If  we  applied  this  to  the  case  of  the  conicoid  the 
equation  (3)  would  be  identical  with  the  equation  of  the  surface, 
and  the  two  particular  asymptotic  linea  would  be  the  generating 
lines  in  which  the  plane  cuts  the  surface,  since  a  line  which 
meets  a  conicoid  in  these  points  lies  entirely  in  the  surface. 

331.  If  we  take  as  an  example  the  surface 

the  equations  become 

X*-;*V  =  0 (I), 

2Xq\*  -  fkv  (/isff^  +  vtf^  -  0 (2), 

6av,V-  2yo»oM»'-  (jJi^eo  +  iyoY^^a*^ (3), 

or,  X^'^tfiv,  by  (1); 

.-.  2iro^  T  (fWJo  +  i^o)  =0. 

Hence  for  the  intersections  of  (2)  and  (3), 

.'.  M^o  "•  »yo  =  ±  2aX,  if  \"  =  fiVy 
and  (3)  is  evidently  reducible  to 

12i»oV  +(/iz^-  vtfoY  -  3  (/*«o  +  vt/oy=  ±  ^*^*> 
which  represents  a  hyperboloid  of  one  or  two  sheets. 

If  we  take  X'  =  —  fiv,  we  obtain  imaginary  asymptotic  lines. 

332.  Mr  Walton*  has  defined  an  asymptotic  plane  as  a 
plane  toi^ching  a  surface  at  an  infinite  distance  and  passing  within 
a  finite  distance  from  the  origin  of  co-ordinates. 

If  the  asymptotic  plane  correspond  to  an  ordinary  tangent 
plane,  the  tangent  lines  drawn  from  different  points  in  the  plane 
to  the  point  of  contact  become  parallel  when  this  point  moves  to 
an  infinite  distance.     Hence  the  ordinary  asymptotic  plane  is 


• 
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one  in  which  all  lines  drawn  in  a  certain  direction  meet  the  soi^ 
&ce  in  two  points  at  an  infinite  distance. 

As  in  the  tangent  plane  there  are  generally  two  directions, 
real  or  imaginary,  in  which  the  tangent  lines  pass  through  three 
consecntive  points,  so  among  the  parallel  asymptotic  lines  there 
are  generally  two  lines  which  possess  the  property  of  Art.  (329). 

A  singular  asymptotic  plane  is  one  which  touches  along  a 
line  at  infinity,  if  considered  as  a  limit  of  a  tangent  plane ;  and, 
if  considered  as  the  locus  of  asymptotic  lines,  it  is  a  plane  such 
that  lines  drawn  in  any  direction  in  it  meet  the  surface  in  two 
points  at  an  infinite  distance. 

The  analytical  condition  is  obtained  by  considering  that  for 
some  solutions  of  ^«  =  0  the  equation  2>^»  +  ^»_i=0  must  give 
an  equation  which  is  independent  of  the  values  X,  /i,  y. 

Thus  for  the  surface  xyz  ^  a', 

we  have  three  singular  asymptotic  planes  ^o^^'  Vo^^t  ^^^ 
z^  =  0,  which  are  the  only  asymptotic  planes. 

333.  Asyfnptotic  aurfiices  which  have  a  contact  of  a  higher 
degree  than  the  second. 

If  any  relation  which  satisfies  ^»  =  0,  makes  D^^  +  ^^^  =  0 
independently  of  any  relation  between  x^y  y^,  «^,  we  may  find  a 
locus  of  straight  lines  drawn  in  the  direction  corresponding  to 
that  relation  which  shall  pass  through  three  points  at  an  infinite 
distance :  the  equation  of  the  locus  is 

which,  the  reasoning  of  Art.  (329)  shews,  is  the  equation  of  a 
cylindrical  surface  or  of  two  planes. 

The  existence  of  such  asymptotic  surfaces  shews  that  there  is 
a  singular  point  at  an  infinite  distance. 

Thus  in  the  surface  whose  equation  is 

z  (a;  +  y/-  a  (a^  -y")  +&'«=  0^ 


248  ASYMPTOTIC  BUBFACES. 

we  have  the  equations 

i.(X  +  /t)*  =  0 (1), 

{21/ (aj,+y,)+i»o(>'  +  i*) -«(>'-/*)}(>'+ A*)  =  0 (2), 

K(«?o+ya)(^+A*)  +  ^(^o+yo)*-2a(a?;t-y^)  +  yi^=0...(3), 

v^O  gives  the  asymptotic  plane 
and  the  particular  lines 

o.(ajo+yo)"+>yo-/^o=o> 

one  of  which  is  at  an  infinite  distance. 

X+  ft  =s  0  satisfies  (2)  identically,  and  the  asymptotic  surface  is 

which  gives  two  planes  if  a*X  =  or  >  &',  and  it  is  easily  seen, 
that  the  straight  lines  in  which  these  planes  intersect  the  plane 

2Xa  -  V  (a;  —  y )  =  Q, 
lie  entirely  in  the  surface. 

334.  If  the  equation  i)0«  +  ^^^  =  0  be  of  such  a  form  that 
the  terms  involving  x^,y^y  z^  disappear,  this  indicates  that  the 
tangent  lines  for  those  particular  directions  are  at  an  infinite 
distance ;  in  this  case  we  can  find  an  asymptotic  surface. 

For  let  X',  /*',  v  be  values  of  X,  ft,  y  which  are  near  those 
which  make  ^«  and  ^^^  ==  0,  and  reduce  Z>^«  to  zero  identically, 
and  suppose  ^/  to  be  the  factor  of  ^»  which  gives  rise  to  a 
factor  ^«  in  Z>0« ;  then  at  the  points  in  which 

a?  _  y  ^  «  _ 
meets  the  surfeu^  we  have,  ^*  being  the  corresponding  value  of  ^, 

or  f  .-..^.V  +  f n-x^*-*  +  ...==  0 ; 

therefore  at  an  infinite  distance, 
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which  redaoes  to  fonn 

which  is  the  equation  of  the  asymptotic  surface. 

Thus  «(a?  +  y)'-aa"  +  &B'=0, 

being  the  snifiice, 

when  X',  /*'  make  X'  +  y!  nearly  =:=  0 ; 

.     .-.  v'(X'+/A')V-av'"r  =  0, 
and  the  equation  of  the  asymptotic  surface  is 

i/  (aj  +  y)*  — av««0, 
or  (oj + y)* — a«  =  0,  a  parabolic  cylinder. 

Normals. 

335.  Def.  The  normal  to  a  surface  at  an  ordinary  point 
of  a  surface  is  the  straight  line  drawn  through  the  point  perpen- 
dicular to  the  tangent  plane  at  that  point. 

Def.  The  normal  cone  at  a  singular  point  of  a  surface  is  the 
locus  of  the  normals  to  the  tangent  planes  to  the  conical  tangent 
at  that  point. 

336.  To  find  the  equat{on$  of  the  normal  at  any  point  of 
a  surface. 

Let  the  equation  of  the  surface  be  F  (aj,  y,  z) «  0. 
The  equation  of  the  tangent  plane  at  any  point,  which  is  not 
a  singular  point,  is 

(aj-a^Ji?"(ar,)  +  (y-yo)i^'(yJ +  («-«.)  i^^'W-O- 

The  direction  cosines  of  the  normal  are  proportional  to 

F' {?>*),  F'(if:},  F'{z,). 
Therefore  its  equations  are 

a;-go_y-y,     g-g. 
F'{x;}-'r(y,)     TJJ^' 
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which  is  a  determinate  line,  except  in  the  cases  in  which 

337.  If  the  surface  be  given  by  the  equation  z  =/(aj,  y),  the 
equation  of  the  tangent  plane  is 

and  the  equations  of  the  normal  are 

^-^o+;^o(«-«€)  =  0,  andy-y.  +  grJa-^JrrO. 

■ 

338.  To  find  the  equation  of  the  normal  cone  at  a  singular 
point  of  a  surface. 

Let  <^  =  i^(a;,  y,  is)  s  0  be  the  equation  of  the  surface,  and  let 
«,  r,  «,  «',  v\  and  «,'  be  the  values  of  g,  ^,  ^.  ^, 

^  ""^  ^  **  *^*  '^^^^  p**^*  ^^•'  y*'  ^o^- 

Anj  of  the  sides  of  the  normal  cone  is  perpendicular  to  each 
of  two  consecutive  tangent  lines  to  the  surface  at  the  singular 
point,  or  the  normal  cone  is  reciprocal  to  the  tangent  cone. 

Let  X,  ffr,  1/  be  the  direction  cosines  of  a  side  of  the  normal 
cone,  and  ly  m,  n  those  of  a  tangent  line  at  (a;o>  Jfoi  ^o)  > 

•*.  Pu  +  m^v  +  n*to  +  2u*mn  +  2vnl  +  2w'lm  =  0, 

?  +  m'  +  n*=l,  and  Z\  +  w/A  +  nv  =  0 (1), 

and  similar  equations  are  true  for  the  next  consecutive  tangent 
line; 

/.  {lu  +  mw' +nv')dl+ =0, 

ldl+ =0, 

\dl+ =0, 

hence,  employing  the  arbitrary  multipliers  A  and  JB^  we  obtain 

lu  +  mw'-^  nv'+  Al  +  BX—Oy 

Iw'  +  mv  +  nu'  +  Am  +  5/*=  0, 

and  Iv'  +  mu'  +  nw  +  An  +  Bv=^0; 
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therefore  multiplying  by  2,  m,  n  and  adding,  the  equationB  (1) 
give  -4  =  0, 

hence,  writing  vv>  —  u?  =s^,  v'to'  —  wti'  =y ,  &c., 

I  {uvw  +  2uv'to'  -  vu'*  -  w"  -  tow'^  +  -4  (X^  +  /at'  +  pj')  =  0, 


also  ZX+m/A  +  nva:0; 

and  the  equation  of  the  normal  cone  is  therefore 

p  («-»/+ +  2p'(y-yo)(«-0  +  -=0. 

339.  Cob.    The  condition  that  the  normal  cone  should  re- 
duce to  two  planes  is 

N^pqr  +  2p'}V  -pp*^  -  qq^  -  rr'*, 

=j>(jr-;?'^  +  r'(pV-rr')+j'(pV-jj')=0, 
but  jfr  -^^  =s  (ttw  -  v*^  (w  -  tr'*)  -  {t;V  -  tm')" 

=  t«T  suppose. 
Similarly,    j> V  -  rr' »  w'  T,  and  p V  -  qq  «  v'  T; 

therefore  when  JV  a  o,  T^  0,  or  the  tangent  cone  degenerates 
into  two  planes,  as  it  ought  to  be,  from  the  nature  of  the  nor- 
mal cone. 

340.  To  find  the  normal  to  a  surface  given  by  the  tangential 
equation. 

Let  the  equation  of  the  surface  be  JP(a,  )3,  7,  S)  =0,  and  let 
(a,,  fi^  7q,  80)  be  a  tangent  plane,  also  (a,  fi,  7,  S)  a  plane  contain-* 
ing  the  normal ;  this  is  perpendicular  to  the  tangent  plane,  and 
by  Art,  (276)  the  condition  of  perpendicularity  is 

a          fl         7          S     ^  /«\ 

'^7:'^^ozr  +  ^or-  +  p.-  =  0 (1), 

Pi  P%  Ft  Pa 
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where 

X  =5»  -^  cos  CD  +  5?it COB  i>J8 -  ^ cobBC, 
'    Pt    Pt  Pt  P, 

and  flimilarljr  for  /a^,  r^,  p^. 

Since  this  plane  also  contains  the  point  of  coutact 

CLP'(a,)  +  /9^ W  +  tJ^'W  +  «i^'(So)  «  0 (2), 

The  equations  (1)  and  (2)  determine  the  normal. 

The  equation  (1)  gives  the  direction  of  the  normal  since  it 
represents  a  point  at  infinity  in  the  direction  perpendicular  to 
the  tangent  plane,  see  Arts.  (107)|  (110). 

341.  To  jvnd  the  number  cf  normals  which  can  be  drawn 
from  a  given  point  to  a  surface  of  the  n^  degree. 

Let  F{x,  y,  «)  s  0  be  the  surface.  The  number  of  normals 
will  be  the  same  from  whatever  point  thej  be  drawn,  the  num- 
ber will  therefore  be  found  by  investigating  the  number  of  nor- 
mals which  can  be  drawn  from  a  point  at  an  infinite  distance, 
which  we  maj  assume  in  Ox  produced. 

The  number  will  therefore  be  equal  to  the  number  of  nor- 
mals parallel  to  Oxy  together  with  the  number  of  normals  to  a 
plane  section  at  an  infinite  distance. 

If  {x^y  y^y  z^  be  the  foot  of  a  normal  parallel  to  Ox,  F\y^  s  o, 
F\z^^Oj  which  combined  with  the  equation  F{x^  y«,  c^J  »  0 
gives  n.{n^  1)*  solutions. 

Again,  any  plane  section  of  the  surface  will  be  of  the  n^ 
degree,  and  the  number  of  normals  drawn  to  any  curve /(x, y)^Q 
of  the  n^  degree  is,  in  like  manner,  the  number  of  normals  par« 
allel  to  Oxj  together  with  the  normals  which  can  be  drawn  at 
points  at  an  infinite  distance,  whose  number  is  n;  now,  the 
number  of  normak  parallel  to  Oa;  are  given  by  the  number  of 
solutions  of /'(yj=0,  and/(aj^,  yo)  —  0,  which  are  n.(n  — 1), 
hence,  the  number  of  normals  to  the  plane  section  at  an  infinite 
distance  is  n\ 

Therefore,  the  number  of  normals  which  can  be  drawn  to  the 
BurfSBhce  from  any  point 

sr  n .  n  — I  f  -f  n*  =  n*  —  n'  +  n. 


I 
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AppltcctHons. 

842.     Tangent  plane  of  a  cental  contcoid. 

The  equation  being  aa?*-f  iy*+c«*=  1,  that  of  the  tangent 
plane  at  {x^  y^  z^  is  cuejc  +  hy^  +  czji:^!^  and  if  Z,  «»,  n  be 
direction  cosines  of  the  normal  to  this  plane 

I       m 


?V(^tp^) 


therefore  the  equation  of  the  tangent  plane  maj  be  written  in 
the  form 


^+«y  +  -V(^*+T  +  f)- 


1.    For  the  ellipsoid 


^+«+'' 


a       o       cr 
The  tangent  plane 

xx^     w«     zz^ 

meets  the  ellipsoid  when 

c?      ^      V      +      c*     ■    ®' 
or  in  the  aingle  point  (a?,,  y„  »^. 

2.    For  the  hyperboloid  of  one  sheet 


2J +  2!.' _«.*_! 


The  tangent  plane 


asB 


»•  ^  i»      c»     * 
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meets  the  hjperboloid  in  points  which  satisfy  the  equation 

or  in  two  straiglxt  lines  determined  bj  the  equationa 

343.     Tcmgent  plane  and  furmal  to  the  paraboloid. 
Tlie  equation  being 

that  of  the  tangent  plane  is 

**'     o»  *  6»  "     c     ' 
those  of  the  notmal  are 

o* (g-a;.)  ^y(y-y.)  ^c  (g-g.) 

«.  ±y.  -1 

(a;  -  g„)  a!„  ±  (y  -  y.)  y.  +  (g  -  g.)  2g. . 

therefore,  the  equations  of  the  n(»mal  maj  be  written 

tf{x-x,)     Viy-y^)  ^^ 

a^  y»       ,  ' 

and  as^i  (»-«»)  ±  y»  (y -y.)  +  2g,  (g  -  g,)  =  0. 
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The  last  equation  shews  that  the  nonnal  to  a  paraboloid  at 
anj  point  lies  in  the  tangent  plane  to  a  suxface  whose  equa- 
tion is 

drawn  through  the  same  point 

344.    Tangent  plane  and  normal  to  the  helicoid. 

The  helicoid  is  generated  bj  the  motion  of  a  straight  line, 
subjected  to  pass  through  a  given  axis  to  which  it  is  perpen- 
dicular, and  about  which  it  twists  with  an  angular  velocity  pro- 
portional to  the  velocity  of  the  point  of  intersection. 

The  equation  of  the  helicoid  is 

if  the  axis  of  «  be  the  line  to  which  the  generating  line  is  per- 
pendicular, 

cy  ex 


The  equation  of  the  tangent  plane  at  («^  y„  «,)  is 
and  the  equations  of  the  nonnal  are 


•C  — ~  OPi 


0 


=* — r — =''n-rrr- 


-yo        a-o       ^0  +yo 

The  tangent  plane  cuts  the  surfSace  in  the  points  which 
satisfy  the  equation 

or  in  an  infinite  number  of  straight  lines,  one  of  which  coincides 
with  the  generating  line. 

The  normal  is  a  tangent  line  to  a  circular  cylinder  whose 
axis  is  that  of  the  surface  and  which  passes  through  the  point 
at  which  the  normal  is  drawn. 

345.     Tangent  plane  to  the  anchoring. 

Let  the  plane  containing  the  centers  of  the  generating  circles 
be  taken  for  tiie  plane  of  xy  and  the  aids  of  rotation  for  the  axis 
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of  Zf  and  p  be  the  distance  of  any  point  (a?,  y^  z)  from  the  aids, 
o  that  of  the  center  of  the  generating  circle,  a  its  radios, 

p"=  a^  +  y*,     and  a'+  (p  — c)*  =  a*. 

The  equation  of  the  anchor-ring  is 

The  equation  of  the  tangent  plane  at  {x^,  y^,  z^  is 

{a?o(»-»«)+yo(y-yo)}(po-c)+«,(«-Op,=o; 

«{/>o^  +  «(Po-c)}- 
To  find  the  form  of  the  curve  EAF  in  figure,  page  213, 

let  Xf^^c  —  a^  yo  =  0,  «o  =  ^>  /)o  =  c  — a,  then  the  equation  of  the 
tangent  plane  is  a;  =  c  —  a,  and  the  form  of  the  curve  of  inteiseo- 
tion  is  given  by  the  equation 

or,  (y'+£^"  =  4acy*-4c(c-a)«*. 

This  curve  will  be  the  lemmscate  of  Bernoulli  if  c  =  2a» 
To  find  a  tangent  plane  which  touches  the  sur&oe  along  a 

curv&-line,  the  ratios  of  the  coefficients  in  the  equation  of  the 

tangent  plane  must  be  constant ; 

therefore  either  /><,  =  o,  or  y„  =  mx^,  m  constant. 

If  P0  =s  c,  ZQ=^±a  satisfying  the  condition. 

TfyQ^mxQy  Xqj  y^j  and  Zq  must  all  be  constant 

Hence,  the  onlj  tangent  planes  are  those  whose  equations 
are  0  =  ±  a. 

346.  As  an  illustration  of  singular  points  of  surfaces  we 
may  take  the  case  of  a  conjugate  curve  line  corresponding  to  a 
conjugate  point  in  two  dimensions.    If  Fip^y^  i?)  =  0  be  the 
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equation  oiP  a  surface  containing  sach  an  isolated  curve  {x^y  y^,  z^) 
being  any  point  in' the  curve,  anj  line  through  this  point  meets 
the  surface  in  two  coincident  points  for  all  directions,  if  therefore 
(X,  fiy  v)  be  the  direction  of  the  line 

\F'  (a?o)  +  fir  (^o)  +  vF'  («a)  =  0, 

for  all  values  o{  \j  fi^v; 

.-.  F'{xo)  =  0,    F'iyo)  =  0,  and  r{z^)  »  0. 

These  equations  and  F{xq  >  yo  >  ^o)  ==  0  are  true  for  all  points  in 
the  line. 

The  equations  are  therefore  true  for  Xq  +  dx^^Scc,  if  u,  v^  iti 

«',  v',  to'  be  the  values  of  j-j^ ... 

u  dxq  +  w'dyQ  +  vdzQ  =  0, 
w'dxQ  +  V  dtfQ  +  udgQ^  0, 
v'dxQ  +  u'dyQ  +  wdzQsz  0 ; 

=  0. 


and  therefore 


». 

w', 

»' 

tr', 

», 

»' 

t'', 

«', 

to 

« 

This  is  the  condition  that  the  locus  of  the  tangent  lines  at 
(^o>yo9  ^o)>  whose  equation  is 

l*(iC-a?o)"+ +2u'(y-yo),  («-«o)  + =<>> 

may  separate  into  two  real  or  impossible  planes.  But  for  a  con- 
jugate line  it  is  manifest  that  these  must  be  impossible,  and  we 
shall  have  the  further  conditions, 

vw>u'*f    tou>v'\    ttt?>w'*,  (Art.  225). 

Example. 

The  surfisu^  whose  equation  is 

will  be  found  to  have  a  conjugate  line  in  the  plane  ofyz. 

s 
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342.  If  a  cone  he  described  tciih  om^  point  of  a  eonieoid  a$  «to 
vertex f  and  a  focal  as  its  base  the  normal  td  the  oonicoid  at  the 
vertex  ia  an  aam  of  the  consn 

Let  the  equation  of  the  oonicoid  be 

a?     f^     $^     , 

and  let  a'y'z'  be  the  co-ordinates  of  P  the  vertex ;  let  a  tangent 
line  through  P  meet  the  dirigent  cylinder  in  JP,  -B',  and  let  jP,  F' 
be  the  foci  corresponding  to  the  directrices  through  E^  E';  and 
Qf  Q  the  feet  of  these  directrices* 

Then,  since  EE'  passes  through  a  fixed  point  P^  QQ  will 
pass  through  a  fixed  point  {x*y*)  the  projection  of  P,  the  tangents 
at  Q,  <7  to  the  dirigent  conic  will  intersect  on  the  polar  of  x'y* 
with  respect  to  the  dirigent  conic,  that  is,  on  the  straight  line 
whose  equation  is 

__flja.'  +  _^j^  ^l (1). 

Now,  since  F,  F'  are  the  poles,  with  respect  to  the  trace  of 
the  suiface  on  xy^  of  the  tangents  at  Q^  Q',  FF'  will  pass  through 
the  pole  of  (1)  with  respect  to  that  trace,  or  through  a  point 
whose  co-ordinates  are 

But,  the  equations  of  the  normal  at  P  being 

x  —  x*    y^y*     Z'-z^ 

^        F        7 

it  appears  that  FF'  always  passes  through  the  point  where  the 

normal  meets  xy.     Also,  by  Art.  (207),  EPE*  makes  equal 

angles  with  FP^  F*Py  hence  the  normal  atP,  being  perpendicular 

to  EPE\  makes  equal  angles  with  jRP,  F'P. 

That  is,  any  plane  through  the  normal  will  cut  the  cone  in 

two  straight  lines  making  equal  angles  with  the  normal,  or  the 

normal  is  an  axis  of  the  cone. 

The  two  other  axes  of  the  cone  will  be  normals  to  two  other 
conicoids  through  the  point  confocal  with  the  given  one,  and  the 
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axes  of  the  cone  being  mntnallj  at  right  angles,  the  confocal 
surface  will  also  cut  each  other  at  right  angles. 

Hence,  through  any  point  may  be  drawn  three  surfaces  having 
a  given  focal  curve,  and  these  surfaces  will  cut  each  other  at 
right  angles  at  all  points  of  intersection.  These  properties  may 
readily  be  proved  otherwise. 

Changing  the  signs  of  a*,  Vy  <?  we  obtain  the  theorem  for  all 
central  conicoids,  and  the  non-central  sur£EU3es  being  the  limits  of 
these,  the  proposition  will  be  equally  true  for  them. 


XY. 

(1)  The  tangent  planee  to  an  eUipsoid  at  pointe  lying  on  a  ^ 
plane  sectiou  will  intersect  any  fixed  plane  in  straight  lines  which 
touch  a  conic  section. 

(2)  The  locus  of  ihe  intersection  of  two  tangent  planes  to  the 
ccxne 

a      o      c 
which  are  at  right  angles,  is  the  cone 

(6+c)fl5*+(c  +  a)y'  +  (a  +  6)«'. 

(3)  Find  the  equation  of  the  tangent  plane  upon  the  principle 
that  no  other  plane  can  pass  between  it  and  the  surface  in  the 
neighbourhood  of  the  point  through  which  it  is  drawn. 

(4)  If  two  planes  be  drawn  at  right  angles  to  each  other  touch- 
ing tne  central  conicoid 

aa*+6y'  +  c«'=l, 

and  having  their  line  of  intersection  in  a  given  direction  ({,  m,  n); 

shew  that,  the  1^^  of  their  line  of  intersection  is  the  right  circular 

cylinder 

.      .     „                   .-     m'  +  n*     «•+?     Z'  +  m" 
a^  +  y'  +  ars5(te  +  wy4-n«)  + + — ^ —  + . 


^  + j.  =  2a^ 


(5)    If  the  non-central  conicoid 

a 
be  taken,  the  locus  is 

21  (to  +  my  +  7M?)  -  2aj  =  a  (»•  +  r)  +  6  (?  +  m"> 

82 
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(6)    The  locus  of  the  intersection  of  three  tangent  planes  to  the 
ooniooid 

vhich  are  mutoally  at  tight  angles,  is 

^      J     ^     1     1     1 


and  to  the  conicoid 

2xy  is  0?  =  - 


y*     ^_^      .  a  +  6 


(7)  The  locos  of  the  intersection  of  three  tangent  lines  to  the 

ellipsoid 

a"    y*     «•    1 
a"     0       c 

mutually  at  right  angles,  is 

(8)  11  PiP'  be  the  perpendiculars  from  the  center  on  parallel 
tangent  planes  to  two  confo^  conicoids, 

P     -P 

is  a  constant  quantity. 

m 

(9)  If  three  conicoids  be  drawn,  through  a  gtyen  point  (a/yVX 
confocal  with  the  ellipsoid 

the  locus  of  the  intersection  of  three  tangent  planes  to  them,  mutually 
at  right  angles,  is  the  sphere 

«•  +  y*  +  «* «  a/"  +  y^  +  5^. 

(10)  If  three  planes  be  drawn,  mutually  at  right  angles,  and 
each  passing  through  a  tangent  line  of  a  plane  curve  of  the  second 
degree^  the  locus  of  their  intersection  is  a  sphere. 

(11)  The  tangent  plane  to  the  surface  ODyz  =  €^mi\B  off  a  tetra- 
hedron of  constant  volume  from  the  oo-ordmate  planea 

(12)  If  two  sur&ces  of  the  second  degree  have  two  common 
generating  lines  of  the  same  system,  they  will  haye  two  other  common 
generating  lines,  and  touch  each  other  in  four  points. 

(13)  The  tangent  plane  to  the  sur£M)e  whose  equation  referred 
to  tetrahedral  co-ordinates  is 

at  the  point  il  is  TS+n^S-f  9?»y=0, 
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(14)  If  tbe  tangent  planes  at  J^  B,  C,  D  fonn  a  tetrahedron 
dbea,  find  the  equations  of  the  lines  Aoy  &o.j  and  shew  that  they  will 
meet  in  a  point  illf  =  mm'  =  W. 

(15)  If  Aa^  Bh  intersect,  then  also  Ce^  Dd  will  intersect. 

(16)  Shew  that  the  sur&oe,  whose  equation  is 

mnpy  +  nlya  +  Imafl  +  Irai  +  mrfiS  +  nryS  =  0, 

satisfying  the  conditions  of  (14),  can  never  be  a  ruled  siir&ce;  and 
that  it  will  be  an  elliptic  paraboloid,  if 

11111        11111 

riT)  The  straight  lines  in  which  the  tangent  planes  at  A^  B,  C,  D 
to  the  sur&ce  in  (16)  meet  the  opposite  fcioes  of  the  fundamental 
tetrahedron  will  lie  on  the  plane,  la  +  mfi  +  ny  +  r8  =  0. 

(18)  If  Aa,  Bh,  Ce,  Dd  meet  the  above  surfsice  again  in  the 
points  off  Vy  e'y  ^,  the  tangent  planes  at  Ay  a'  and  the  plane  BCD 
intersect  in  the  same  straight  line,  and  the  four  straight  lines  so 
determined  lie  on  the  plane  la  +  mP  +  ny  +  r$  =  0. 

(19)  In  the  sur&ce  laP  =  myh  which  passes  through  the  edges 
BGy  GAy  ABy  DBy  find  the  points  in  AGy  BDy  and  in  BGy  ADy  at 
which  the  tangent  planes  are  parallel,  and  thence  shew  that  the  center 
of  the  sur&ce  lies  on  the  line  joining  the  middle  points  of  ABy  GD, 

(20)  This  sur&ce  will  be  a  paraboloid  if  2  =  m. 

(21)  If  the  straight  line  joining  the  middle  points  of  ABy  GD 
meet  this  sur&ce  in  Py  Qy  the  tangent  planes  at  jP,  Q  are  parallel  to 
AB  and  GD, 

(22)  The  sur&ce  W  +  mj3"  +  »/ +  rS*  =  0,  will  be  a  paraboloid, 

if  -+  -.+-+-=: 0,   and  wiU  be  elliptic,  or  hyperbolic^  according 
I     m     n     T 

as  hmw  is  negative  or  positive. 

(23)  If  this  condition  be  satisfied,  and  if  a,  &,  c  be  the  middle 
points  of  DAy  DBy  2X7,  a',  6',  (/  of  BGy  GAy  ABy  this  surface  will  touch 
the  planes  &Va,  </a!by  iVcy  ahe ;  and  also  the  three  planes  bcb'c\  ca^a'y 
abaV  ;  and  the  points  of  contact  of  the  former  are  the  angular  point8 
of  a  tetrahedron  whose  &ces  intersect  the  corresponding  &ces  of 
ABGD  in  four  straight  lines  lying  in  one  plane ;  and  this  plane 
passes  through  the  points  of  contact  of  the  latter,  and  is  parallel 
to  the  aaus  of  the  paraboloid. 

(24)  The  sur&ce 

&»y +  ma8  +  n^y  +  r)38  =  0, 

of  which  the  edges  ABy  GD  are  generating  lines,  will  be  a  paraboloid 
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if^-fr  =  m-l-n;  and  if  l-hm-^n  +  r^O,  the  straight  line  joining 
the  middle  points  of  ABy  CD  will  lie  on  the  sor&oa 

(25)  If  two  arbitrary  points  be  taken  on  each  of  four  strai^t 
lines  meeting  in  a  point,  the  only  oonicoids  which  can  be  described 
through  the  eight  points  are  cones,  or  combinations  of  planes. 

(26)  Investigate  the  condition  that  the  general  equation  of  the 
second  degree  may  represent  a  cone  from  the  consideration  that  every 
plane  will  have  the  same  pole  with  respect  to  it 

(27)  0  is  a  fixed  point,  P  a  point  such  that  the  polar  planes  of 
Of  F  with  respect  to  a  given  conicoid  are  at  right  angleJB,  shew  that 
the  locus  of  i  is  the  plane  diametral  to  all  chords  of  tiie  conicoid 
perpendicular  to  the  polar  plane  of  0, 

(28)  In  any  conicoid  passing  through  the  sides  of  a  quadrilateral 
ABCD  in  space,  the  polar  plane  of  ti^e  center  of  gravity  of  the 
tetrahedron  ABCD  will  be  parallel  to  AC  and  BD. 

(29^  The  polar  plane  of  any  point  on  a  directrix  will  pass 
througn  the  corresponding  focus,  and  the  line  joining  the  point  to 
the  focus  will  be  at  right  angles  to  the  polar  plane. 

(30)  If  0  be  a  fixed  point  on  a  conicoid,  OP^  OQ,  OR  any  three 
chords  mutually  at  right  angles,  the  pole  of  the  plane  PQE  will  lie 
on  a  fixed  plane. 

(31)  The  surface,  whose  equation  is  ~+/5"  +  —  +?  =  ^f  ^**  * 

tangent  cone  at  each  of  the  angular  points  of  the  fundamental  tetnk- 
hedron.  Any  two  of  these  cones  have  a  common  tangent  plane,  and  a 
common  plane  section  containing  the  edge  of  the  tetrahedron  oppo- 
site to  the  common  generating  line :  also  the  six  planes  of  these 
common  sections  meet  in  a  point. 

(32)  The  points  on  a  conicoid,  the  normals  at  which  intersect 
the  normal  at  a  fixed  point,  lie  on  a  cone  of  the  second  d^ree^ 
having  its  vertex  at  the  fixed  point. 

(33)  From  different  points  of  the  straight  line  -  =  7,9=0, 

a*     y"     «• 
asymptotic  straight  lines  are  drawn  to  the  hyperboloid  -i+n  "^p^^i 

shew  that  they  will  all  lie  in  the  planes ^  »  it  ~  ^2. 

(34)  Find  the  tangent  planes  to  the  two  sur&ces 

(1)  («'+y'  +  «^'=4«*(a:«  +  3^; 

(2)  6'«=(a:«  +  30*-a'(a:»  +  30i 
which  touch  them  along  a  curved  line. 


PBOBLEMB.  263 

(35)  Find  the  tangent  cone  at  the  origin  to  the  sur&oe 

(aj'+y*  +  aa;)*-(c*-a')(iB*  +  «^  =  Oj 

and  shew  that  as  a  diminiahes  and  nltimately  TanisheB,  the  tan- 
gent cone  oontraotSy  and  tdtimatelj  becomes  a  straight  line^  and  as 
a  increases  np  to  e,  it  expands  and  finally  becomes  a  plane. 

(36)  Shew  that  the  asymptotio  planes  to  the  snrfaoe 

«(a*  +  y^-a«*-Jy'=0, 

are  panllel  to  the  plane  of  osy,  and  that  the  locus  of  straight  lines 
in  these  planes  having  contact  of  the  second  order  at  infinity  is 

z^^a'y  or  z^b; 

And  that  the  axis  of  ii;  is  an  evanescent  asymptotic  cylinder. 

(37)  If  a  globe  be  placed  upon  a  table,  the  breadth  of  the 
elliptic  shadow  cast  by  a  fixed  luminous  point  is  independent  of 
the  position  of  the  globe. 

(38)  If  an  ellipsoid  Irving  its  least  axis  vertical)  be  substituted 
for  the  globe,  determine  the  condition  of  the  shadow  of  the  globe 
being  circular.  It  may  be  shewn  that  the  locus  of  the  luminous 
point  must  be  an  hyperbola,  and  that  the  radius  of  the  circular 
shadow  is  independent  of  the  mean  axis  of  the  ellipsoid. 


CHAPTER   XV. 

METHOD  OP  RBCIPEOCAL  POLAES. 

343.  If  we  take  any  plane  passing  through  a  given  point, 
the  polar  line  of  the  point  with  respect  to  the  section  of  a  coni- 
coid  by  this  plane  will  be  the  intersection  of  the  polar  plane  and 
the  plane  of  section;  for  the  points  of  contact  of  all  tangent  lines, 
real  or  impossible,  firom  the  point  to  the  conicoid,  lie  on  the 
polar  plane,  and  therefore  the  points  of  contact  of  the  two  tan- 
gent lines  drawn  from  the  point  of  the  section  lie  on  the  inter- 
section of  the  polar  plane  and  the  plane  of  section,  which  is 
therefore  the  polar  line. 

Hence,  any  straight  line  through  a  point  will  be  harmonically 
divided  by  the  conicoid  and  the  polar  plane  of  the  point. 

If  P  be  any  point,  and  Q  any  point  on  the  polar  plane  of  P, 
then,  taking  any  plane  section  through  PQ,  since  Q  is  on  the 
polar  line  of  P,  P  is  on  the  polar  line  of  Q,  and  therefore  on  the 
polar  plane  of  Q. 

Conversely,  any  plane  passing  through  P  will  have  its  pole 
on  the  polar  plane  of  P. 

Hence,  any  plane  passing  through  PQ  will  have  its  pole  on 
the  line  of  intersection  of  the  polar  planes  of  P  and  Q,  and  the 
polar  plane  of  any  point  lying  on  PQ  will  pass  through  the 
same  line  of  intersection.  The  relation  between  PQ  and  this 
line  of  intersection  being  thus  reciprocal,  the  straight  lines  are 
said  to  be  reciprocal  to  each  other  with  respect  to  the  conicoid. 

It  is  manifest  that  reciprocal  straight  lines  cannot  intersect 
unless  both  are  tangent  lines  to  the  conicoid. 

If  a  cone  be  described,  with  vertex  P,  meeting  the  conicoid 
in  one  and  therefore  (Art.  324)  in  two  plane  sections,  these  planes 
will  intersect  in  a  straight  line  lying  in  the  polar  plane  of  P; 
for  any  plane  through  P  intersects  the  two  planes  in  two  straight 
lines  which  meet  in  a  point  on  the  polar  line  of  P,  and  therefore 
on  the  polar  plane  of  P. 
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Let  Q  be  the  pole  of  the  plane  through  P  and  the  line  of 
intersection  of  the  two  planes,  then  bj  taking  plane  sections 
through  PQy  it  is  obvious  that  a  cone  can  be  described  with 
vertex  Q  meeting  the  conicoid  in  the  same  plane  sections. 

If  therefore  we  take  anj  two  plane  sections  of  a  conicoid, 
thexe  will  generaUj  be  two  points  lying  on  the  straight  line 
reciprocal  to  the  intersection  of  the  planes,  with  which,  as  ver- 
tices, two  cones  may  be  described  containing  the  plane  sections. 

If  the  two  planes  be  parallel,  their  line  of  intersection  being 
at  infinity,  the  reciprocal  straight  line  will  pass  through  the 
center. 

Of  tw'o  reciprocal  straight  lines,  one  will  always  meet  the 
conicoid  in  real,  and  the  other  in  impossible  points,  the  tangent 
planes  at  the  two  real  points  passing  through  the  reciprocal 
straight  line. 

These  reciprocal  properties  are  particular  cases  of  the  general 
method  of  reciprocal  polars,  to  which  we  now  proceed. 

344.     Beciprocal  points  and  planes. 

Suppose  a  system  A  of  planes  such  that,  corresponding  to 
every  plane  P  of  the  system,  is  determined  one,  and  only  one, 
pointy'  of  a  system  A' ;  then,  if  (a^/S*,  7,  S)  be  the  co-ordinates 
of  p\  the  equation  of  P  must  be  of  the  form 

(ay  +  h,ff  +  c,y'  +  d,B')  a  +  (a,a  +...)I3 

Oj,  ftj, Cj, rfj,  a, ...  being  constants  for  all  the  planes. 
Since  this  equation  may  be  written  in  the  form 

{a^a  +  flj/S  +  ajy+  a^S)  a  +  {\a  i- ...)  0  +  ...  -  0, 

we  see  that  to  every  point  (a,  ^,  7, 8),  or  ^,  of  the  system  A  corre- 
sponds a  determinate  plane  P'  of  the  system  A\ 

Also,  if  a  point  p  lie  on  the  plane  P,  the  plane  P'  passes 
through  the  point  jp'.  If  we  take  two  planes  P,  Q,  we  determine 
two  points  p\  2' ;  if  r  be  any  point  on  (P,  Q),  K  will  pass  through 
p\  J  ;  if  -B  pass  through  (P,  Q),  r'  will  lie  on^'j'.  The  straight 
lines  (P,  C)>  y?'  ™*y  ^^^  ^  considered  corresponding  straight 
lines,  and  the  relations  between  the  planes,  straight  lines,  and 
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points  of  the  system  Af  and  the  points,  straight  lines,  and  planes, 
corresponding  respectivelj  to  them  in  the  system  A',  are  reci- 
procal. 

K  we  take  a  series  of  planes  in  the  first  system  touching  a 
surface  S^  we  shall  get  a  corresponding  series  of  points  in  the 
second  system  lying  on  some  surface  S\  Now  suppose  thiee  of 
the  planes  PQB  to  move  up  to  coincidence  at  a  pointy  on  S^ 
the  points  p\  gfy  /  will  moTC  up  to  coincidence  on  8\  and  the 
plane  passing  through  them  will  be  a  tangent  plane  at  the  point 
corresponding  to  the  ultimate  position  of  P.  Hence  S  and  3' 
are  reciprocal  surfaces  in  the  sense  that  each  may  be  generated 
fiK>m  the  other,  either  as  the  locus  of  points  corresponding  to 
the  tangent  plane  of  the  other,  or  as  enveloped  by  planes  cor* 
responding  to  points  on  the  other. 

If  >8>  be  a  cone  with  vertex  p,  then  since  all  the  tangent 
planes  to  8  pass  through  p^  all  the  points  of  8'  wUl  lie  on  the 
plane  F\  and  since  any  tangent  to  8  has  an  infinite  number  of 
points  of  contact,  there  will  be  at  each  point  o{  8'  an  infinite 
number  of  tangent  planes,  8'  will  therefore  in  this  case  be  a 
plane  curve,  every  point  of  8'  corresponding  to  a  tangent  plane 
to  8,  and  every  tangent  line  to  8'  corresponding  to  a  generating 
line  of  8. 

Ti  8  he  any  developable  surface,  every  tangent  plane  to  8 
will  have  an  infinite  number  of  points  of  contact  lying  in  a 
straight  line,  and  accordingly  at  every  point  of  8'  will  be  an 
infinite  number  of  tangent  planes  intersecting  in  one  straight 
line.  8'  will  therefore  in  this  case  be  a  curve  of  double  curva- 
ture, a  tangent  line  to  8'  corresponding  to  a  generating  line  of  8. 
Also,  it  is  iiomediately  seen  that  the  developable  generated  by 
the  tangent  lines  to  8'  corresponds  to  the  edge  of  regression 
o{8. 

345.  The  equation  found  in  Art  (319)  for  the  polar  plane 
of  a  given  point  with  respect  to  a  given  conicoid  shews  that 
the  rdation  between  a  point  and  its  polar  plane  is  a  particular 
case  of  the  general  relation  between  a  plane  and  its  correspond- 
ing point  described  in  the  preceding  article.  If  the  point  be 
limited  by  lying  on  a  surface  of  the  n^  degree,  which  is  met 
by  an  arbitrary  straight  line  in  n  points,  the  reciprocal  surface 
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will  be  of  the  n*^  class,  since  it  will  hare  n  tangent  planes, 
passing  ihiongh  the  straight  line  which  is  the  reciprocal  of  any 
arbitrary  straight  line,  and  which  is  therefore  itself  arbitrary. 
The  relation  between  these  two  surfaces  is  reciprocal  by  the 
properties  already  discossed. 

Snch  surfaces  are  said  to  be  pohr  reoiprocaU^  the  one  of  the 
other,  with  respect  to  the  conicoid,  which  is  called  the  auxiliary 
canioaid^ 

If  the  anziliary  conicoid  is  not  specified  it  is  always  supposed 
to  be  a  sphere,  and  any  change  in  the  radios  of  the  sphere  not 
altering  the  species  of  the  reciprocal  sorfAce,  but  oidy  its  di- 
mensions, one  surface  is  in  this  case  said  to  be  the  polar  reci- 
procal of  the  other  with  respect  to  the  point  which  is  the  center 
of  the  sphere. 

The  polar  reciprocal  of  a  conicoid  is  always  a  conicoid,  since 
a  conicoid  is  both  of  the  second  degree,  and  the  second  class. 
Also,  since  the  equation  of  the  auxiliary  conicoid  involves  nine 
constants,  which  will  enter  into  the  equation  of  the  polar  re- 
ciprocal, we  may,  by  properly  choosing  the  auxiliary  conicoid, 
make  the  polar  reciprocal  coincide  with  any  assigned  conicoid, 
so  that  from  any  proposition  which  is  generally  true  for  a 
conicoid,  we  may  form  one  true  for  all  conicoids  which  are 
the  reciprocal  polars  of  the  former,  t^at  is,  for  all  conicoids 
whatever. 

If  we  restrict  the  auxiliary  conicoid  to  real  sur£Eu;e8,  this  will 
not  be  strictly  true,  for,  in  that  case,  the  polar  reciprocal  of  every 
ruled  surface  must  be  a  ruled  surface,  since  to  a  straight  line 
every  point  of  which  lies  in  the  one  surface,  corresponds  a 
straight  line,  any  plane  passing  through  which  will  be  a  tan- 
gent plane  to  the  reciprocal  surface,  and  which  must  therefore 
be  wholly  on  the  surface.  Thus  the  polar  reciprocal  of  an  ellip- 
soid may  be  any  ellipsoid,  elliptic  paraboloid,  or  hyperboloid  of 
two  sheets;  and  of  a  hyperboloid  of  one  sheet,  any  hyperboloid 
of  one  sheet,  or  hyperboloic  paraboloid.  The  polar  reciprocals 
of  cones  and  cylinders  will  of  course  be  plane  curves,  and  in 
the  latter  case  the  plane  will  pass  through  the  center  of  the 
auxiliary  conicoid. 
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346.  On  the  species  ofpoVir  reciprocals  cf  conimiis.  -  ' 

The  polar  reciprocal  of  an  umbilical  surface,  namelj,  an 
ellipsoid,  hyperboloid  of  two  sheets,  or  elliptic  paraboloid,  will 
be  an  ellipsoid,  an  elliptic  paraboloid,  or  a  hyperboloid  of  two 
sheets,  according  as  the  center  of  the  auxiliaiy  conic  lies  within, 
upon,  or  without  the  surface.  For  to  any  tangent  plane  to  the 
surface  {A)  passing  through  the  center  of  the  auxiliary  coniooid 
(jBj),  corresponds  s,  point  on  the  reciprocal  surface  {A!\  its  pole 
with  respect  to  (£),  at  an  infinite  distance.  Hence  if  the 
center  of  (B)  lie  without  (-4),  there  will  be  a  plane  section  of 
(-4')  at  infinity,  corresponding  to  the  enveloping  cone  firom  the 
center  of  {E).  If  the  center  of  B  lie  upon  A^  the  plane  at 
infinity,  which  is  the  polar  plane  of  the  center  of  B^  will  touch 
-4'.  If  the  center  of  B  be  within  A^  the  enveloping  one  becomes 
impossible,  and  the  plane  at  infinity  will  not  meet  A  in  real 
points.  Hence,  since  the  polar  reciprocal  cannot  be  a  ruled 
surface,  the  results  will  be  as  stated. 

The  polar  reciprocal  of  either  of  the  skew  surfaces  will  be  an 
hyperboloid  of  one  sheet,  or  an  hyperbolic  paraboloid,  according 
as  the  center  of  the  auxiliary  conic  does  not,  or  does,  lie  upon 
the  surface,  the  reasoning  being  precisely  similar  to  that  for  the 
umbilical  surfaces. 

347.  On  the  reciprocal  polar  of  a  conicoid  with  respect  to 
a  given  point. 

If  0  be  the  given  point,  and  a  sphere  be  described  with 
center  0,  and  radius  i,  then  if  OP  be  drawn  perp^idicular  to 
any  plane,  the  pole  of  the  plane  with  respect  to  the  sphere  will 
be  a  point  Q  on  OP,  such  that  OQ .  OP^  h\  since  we  take  any 
plane  through  OP,  we  shall  get  a  circle  and  straight  line,  and  Q 
will  be  the  pole  of  the  straight  line  with  respect  to  the  circle. 
Hence  the  construction  for  the  reciprocal  polar  of  a  conicoid  with 
respect  to  a  given  point  is  as  follows.  Through  the  given  point 
let  fall  a  perpendicular  on  any  tangent  plane  to  the  conicoid, 
and  on  this  perpendicular  take  a  point  such  that  the  rectangle 
under  the  whole  perpendicular  and  the  part  of  it  intercepted 
between  this  point  and  the  given  point  is  constant;  t^e  locus 
of  the  points  so  determined  is  the  reciprocal  polar  with  respect 
to  the  point.    We  might  of  course  equally  take  the  reciprocal 
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constmction,  namely,  draw  a  plane  perpendicular  to  any  radius 
vector  of  the  conicoid  from  tlie  given  point,  and  at  a  distance 
from  the  given  point  such  that  the  rectangle  under  this  distance 
and  the  radius  vector  is  constant ;  the  planes  so  determined  will 
touch  the  reciprocal  pole. 

The  reciprocal  polar  of  a  sphere  with  respect  to  a  point  will 
be  a  prolate  surface  of  revolution  of  which  the  point  is  the  focus, 
and  the  line  joining  the  point  and  the  center  of  the  sphere  the 
axis ;  for,  taking  any  plane  through  this  line,  the  section  of  the 
reciprocal  polar  by  this  plane  will  be  a  conic  of  which  the  point 
is  the  focus  and  the  line  before  mentioned  the  major  axis.  The 
reciprocal  of  the  polar  of  the  point,  with  respect  to  the  sphere, 
will  be  the  center,  and  the  reciprocal  of  the  center,  the  directrix 
plane  of  the  surface  of  revolution,  exactly  as  in  two  dimensions. 
Properties  of  conicoids  of  revolution  having  a  common  focus  may 
be  immediately  obtained  in  this  manner.  These  are,  however, 
generally  at  once  deducible  from  the  corresponding  properties 
of  plane  curves.  It  is  shewn  (Art.  210),  that  the  enveloping 
cone  from  a  point  on  a  focal  curve  of  a  conicoid  ista  right  cone* 
If  we  take  then  the  polar  reciprocal  of  the  conicoid  with  re- 
spect to  this  point,  the  tangent  planes  to  the  asymptotic  cone  of 
the  reciprocal  surface  will  be  perpendicular  to  generating  lines 
of  the  enveloping  cone  of  the  conicoid,  and  the  asymptotic 
cone  will  therefore  also  be  a  right  cone,  or  the  surface  will  be 
one  of  revolution.  This  result  is  of  course  true  whether  the 
asymptotic  cone  employed  in  the  proof  be  real  or  impossible. 
Conversely*  the  reciprocal  polar  of  a  surface  of  revolution  with 
respect  to  a  point  will  be  a  conicoid  of  which  the  point  is  a 
focus. 

Hence,  from  a  sphere  may  be  obtained,  by  successive  reci- 
procations, any  of  the  umbilical  conicoids,  but,  as  before  shewn, 
the  ruled  surfaces  cannot  be  obtained  in  this  manner. 

348.  To  find  ike  eqtuxtian  of  the  reciprocal  polar  of  a  coni' 
coid  toUh  respect  to  any  point  on  a  focal  curve ^ 

Let  the  equation  of  the  conicoid  be 

a?     ^     z^ 

—  4-^  4---  =  1 
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let  the  given  point  be  (a,  /9)  lying  on  the  focal  curre, 


and  let  the  radius  of  the  auxiliaiy  sphere  be  h. 

Then  if  we  take  a  tangent  plane  to  the  conicoid  at  the  point 
(a/,  y\  z*)  the  corresponding  point  in  the  reciprocal  polar  will 
be  given  by  the  equations 

px        py    "  pz      -Bj  * 
a*  V       ^ 

p  being  the  perpendicnkr  from  the  center,  and  v  from  the  point 
(a,  /8)  on  the  tangent  plane. 

Hence,  since  —  =  1 1 —  ^ ,  the  equations  for  the  pfint 

on  the  reciprocal  become 

IP           7        7"  ax'     By' 
?•         P        7     «^"_^_ 

«a(a!-a)+/3(3f-^)+*"=y-i jiii    ^  /^     • 

The  equation  of  the  reciprocal  polar  is  therefore 

349.  The  reciprocal  cf  a  conicoid^  with  respect  to  a  point 
on  a  modular  focal  curve^  is  a  conicoid  of  revolution  capable  of 
generaiion  by  the  modular  method;  andy  with  respect  to  a  point 
on  an  umlUical  focal  curve^  is  one  capable  of  generation  by  the 
wnbiHoal  method. 

Removing  the  origin  to  its  center,  the  equation  will  become 
{a'^a')cf^2afixy^{b'-^)y'  +  cV^ ^-^. 

^  "*  T  ~*  Ta 
a       O 

If  we  again  transform  to  the  principal  axes,  the  equation  will 

become 
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h*y  P  being  the  roots  of  the  equation 

(,«a*  +  a»)(*-&*+/8^=a»)9", 

a*  B^ 

and  since  t— ?  +  PIT?  =  1>  ^®  ^ee  that  <?  is  one  root,  and  the 

other  will  therefore  be  a*  +  ft'  — c^— (a*+)8^. 

^ow  a*  +  /8*  is  less  than  a^-^c^  and  greater  than  ^  —  c^;  the 
second  root  is  therefore  >V< a*,  and  the  reciprocal  sur&ce  is  an 
oblate  spheroid  for  points  Ijing  on  the  modular  conic 

Similarly,  for  points  on  the  umbilical  conic,  the  reciprocal 
surface  is  a  prolate  conicoid  of  revolution,  and  will  be  either 
a  spheroid,  paraboloid,  or  h  jperboloid  of  two  sheets  according  as 
the  point  lies  within,  upon,  or  without  the  ellipsoid. 

Corresponding  results  may  be  deduced  for  the  other  umbilical 
conicoids.  Hence,  the  reciprocal  polar  of  an  umbilical  conicoid 
is,  an  oblate  spheroid  for  a  point  on  the  modular  focal,  and  a 
prolate  conicoid  of  revolution  for  a  point  on  the  umbilical  focal. 

For  the  hjperboloid  of  one  sheet,  we  shall  have,  changing 
the  sign  of  (^,  as  the  equation  of  the  reciprocal  surface  in  its 
simplest  form, 

since  a^  /9  are  connected  by  the  equations 

Now  a*+)8'>J'  +  o*<a'  +  c",  and  the  surface  is  therefore 
a  hjperboloid  of  revolution  of  one  sheet.  The  same  will  be 
the  case  for  the  other  focal,  which  is  also  modular  in  this 
surface. 

The  hyperbolic  paraboloid,  being  the  limit  of  the  hyper- 
boloid  of  one  sheet,  the  reciprocal  surface,  for  any  point  on 
either  focal,  will  also  be  a  hyperboloid  of  one  sheet. 

These  results  may  be  generally  summed  up  as  follows: 
The  reciprocal  of  a 'conicoid  with  respect  to  a  point  on  a  focal 
curve  is  a  surface  of  revolution,  of  the  species  capable  of  genera- 
tion by  the  method  corresponding  to  the  focal  curve  on  which 
the  point  is  placed.    See  Arts.  198,  204. 
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350.  On  canes  and  cylinders  which  are  the  reciprocal  polars 
of  circles  with  respect  to  a  point. 

If  0  be  the  center  of  the  auxUiaiy  sphere,  Fthe  point  cor- 
reiponding  to  the  plane  of  the  circle,  the  tangent  planes  to  the 
reciprocal  cone  are  perpendicular  to  the  lines  from  0  to  points 
on  the  circle;  hence  the  cone  which  is  the  reciprocal  of  the 
circle,  and  the  cone  whose  vertex  is  0  and  base  the  circle  will 
be  reciprocal  cones,  Art.  (215),  and  since  OF  is  perpendicular  to 
the  plane  of  the  circle,  that  is  to  one  of  the  dirigent  planes 
of  the  cone  vertex  0  and  base  the  circle,  0  will  be  a  point 
on  a  focal  line  of  the  reciprocal  cone,  Art.  (216). 

Hence  from  properties  of  circles  in  one  plane  we  may  obtain 
reciprocal  properties  of  cones  having  a  common  vertex  and  focal 
line. 

If  0  be  in  the  plane  of  the  circle,  the  vertex  of  the  reciprocal 
cone  goes  off  to  infinity,  and  we  obtain  a  cylinder,  one  of  the 
focal  lines  of  which  passes  through  0.  Conversely,  the  re- 
ciprocal of  a  conic  section  with  respect  to  a  focus  is  a  right 
circular  cylinder. 

Hence  if  we  take  the  reciprocal  with  respect  to  (7  of  the 
section* of  the  reciprocal  cone  made  by  a  plane  through  0 
perpendicular  to  F,  we  obtain  a  cylinder  passing  through  the 
given  circle,  and  having  its  generating  lines  parallel  to  OFl 
This  is  therefore  a  right  circular  cylinder,  and  0  must  be  a 
focus  of  the  section  of  which  it  is  the  reciprocal. 

That  is,  the  focal  lines  of  a  cone  pass  through  the  foci 
of  the  sections  of  the  cone  made  by  planes  perpendicular  to 
them. 

If  0  be  the  vertex  of  a  right  circular  cone  containing  the 
circle,  the  tangent  planes  to  the  reciprocal  cone  vriVL  all  be  equally 
inclined  to  the  axis  of  the  former  cone,  and  the  reciprocal  cone 
will  therefore  also  be  a  right  circular  cone,  whose  axis  will  pass 
through  (7. 

The  same  reasoning  applies  to  the  case  of  any  conic  section, 
and  hence  when  a  conicoid  is  reciprocated  with  regard  to  a  point 
on  a  modular  focal  curve,  the  reciprocal  of  the  umbilical  focal  is 
a  right  cone,  and  vice  versd. 
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851.    Exa$fipleg  of  the  use  of  the  method  ofBeciproeal  Polara. 

In  the  following  examples  of  the  use  of  this  method,  the 
original  proposition,  and  the  one  deduced  from  it,  are  placed 
side  bj  side,  and  the  student  should  endeavour  in  each  case 
to  obtain  for  himself  the  reciprocal  proposition*  and  satisfy 
himself  of  its  being  equally  general  with  the  one  from  which 
it  is  deduced. 


i.  Any  three  conicoids  inter- 
sect in  eight  real  or  impoesible 
points. 

iL  An  infinite  number  of  coni- 
coids can  be  described  passing 
through  the  curve  of  inter- 
section of  any  twa 

iiL  Two  cones  of  the  second 
degree  can  be  described,  each 
containing  two  given  plane 
sections  of  a  oonicoid. 

iv.  If  two  conicoids  have  one 
common  plane  section,  they 
will  also  have  another. 
V.  If  three  conicoids  have  one 
common  plane  section,  the 
second  planes  of  intei'section 
of  the  surfaces,  taken  two 
and  two,  will  intersect  in  the 
same  straight  line. 

vL  Any  line  through  a  point  is 
divided  into  two  eqxuX  parts 
by  two  parallel  tangent  planes 
to  a  conicoid,  and  the  parallel 
plane  through  the  center. 

viL  Two  conicoids,  each  touch- 
ing another  along  a  plane 
curve^  will  themselves  inter- 
sect in  two  plane  curves, 
whose  planes  pass  through 
the  line  of  intersection  of  the 
planes  of  contact. 

viii  Two  conicoids,  touching 
each  other  at  two  points,  will 
have  two  plane  curves  of  inter- 
section passing  through  those 
points. 


Any  three  conicoids  have  eight 
real  or  impossible  common  tan- 
gent planes. 

An  infinite  number  of  coni- 
coids can  be  described  touching 
along  a  curve  the  developable  sur- 
&ce  generated  by  common  tan- 
gent planes  to  any  two. 

Two  enveloping  cones  of  the 
same  conicoid  will  intersect  each 
other  in  two  plane  curves. 

If  two  conicoids  have  one  com- 
mon enveloping  cone,  they  will 
also  have  another. 

If  three  conicoids  have  one 
common  enveloping  cone,  the  se- 
cond enveloping  cones  of  these 
surfaces,  taken  two  and  two,  will 
have  their  vertices  in  the  same 
straight  line. 

Auy  straight  line  through  a 
point  is  divided  harmonically  by 
a  conicoid,  and  the  polar  plane  of 
the  point  with  respect  to  the 
conicoid. 

Two  conicoids,  each  touching 
another  conicoid  along  a  plane 
curve  will  have  two  common  en- 
veloping cones,  whose  vertices  lie 
on  the  same  straight  line  with 
the  poles  of  the  planes  of  contact. 

Two  conicoids,  touching  each 
other  at  two  points,  wiU  have 
two  common  enveloping  cones, 
whose  vertices  lie  on  the  line  of 
intersection  of  the  tangent  planes 
at  those  points. 

T 
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ix.  If  a  ooniooid  pass  through 
Beven  fixed  pointa^  the  polar 
plane  of  any  other  fixed  point 
will  pass  through  a  fixed  point. 

X.  Two  circles,  lying  in  the 
same  plane,  cannot  have  more 
than  two  real  common  points. 


Two  spheres  haye  two  com- 
mon enveloping  cones. 


xii.     Any  enveloping  cone  of  a 
sphere  is  a  cone  of  revolution. 


••• 
xui. 


If  a  oonicoid  touch  seven  given 
planes,  the  locus  of  its  center  will 
be  a  plane. 

Two  cones,  having  a  common 
vertex,  and  a  common  focal  line, 
cannot  have  more  than  two  real 
common  tangent  planes. 

If  two  prolate  sur&ces  of  revo* 
lution  have  a  common  focus,  their 
points  of  intersection  will  lie  on 
plane  sections. 

K,  in  a  prolate  sur&x^  of  revo- 
lution, a  cone  be  described  with  a 
focus  of  the  surfiu^  as  vertex,  and 
a  plane  section  as  base^  it  will  be 
a  cone  of  revolution. 

If  two  prolate  sur£ices  of  revo- 
lution have  a  common  focus,  their 
planes  of  intersection  will  pass 
through  the  line  of  intersection 
of  their  directrix  planes. 

If  a  paraboloid  of  revolution  be 
described  passing  through  a  given 
ellipse,  and  a  right  circular  cylin- 
der be  described  also  passing 
through  the  ellipse,  the  axis  of 
the  cylinder  will  be  parallel  to 
that  of  the  paraboloid,  and  will 
pass  through  the  pole  of  the 
plane  of  the  ellipse. 

If  with  any  point  on  the  focal 
hyperbola  of  an  ellipsoid  as  focus 
be  described  a  paraboloid  of  revo- 
lution enveloping  the  ellipsoid, 
the  axis  of  this  paraboloid  will 
be  parallel  to  the  generating  lines 
of  one  of  the  right  circular  cylin- 
ders which  envelope  the  ellipsoid, 
and  the  axis  of  this  cylinder  will 
pass  through  the  pole  of  the  plane 
of  contact  of  the  ellipsoid  and 
paraboloid. 

Reciprocating  this  last  with  respect  to  an  arbitraiy  point,  we 
obtain  the  following  proposition,  which  is  due,  we  believe,  to 
M.  Chasles. 

If  two  conicoids  totich  each  other  along  a  plane  curve,  and  a 
tangent  plane  be  drawn  to  one  of  them  at  an  umbilicus,  the 


The  vertex  of  a  common 
enveloping  cone  of  two 
spheres  lies  on  the  line  join- 
ing their  centers. 


xiv.  If  a  sphere  be  inscribed  in 
a  right  circular  cone,  the  sec- 
tion of  the  cone  made  by  any 
plane  touching  it  will  have 
the  point  of  contact  as  a  focus, 
and  its  directrix  will  lie  in 
the  plane  of  contact  of  the 
sphere  and  cone. 

XV.  If  a  sphere  be  inscribed  in 
a  conicoid  of  revolution,  the 
section  of  the  oonicoid  by  any 
plane  touching  the  sphere  will 
have  the  point  of  contact  for 
a  focus,  and  the  corresponding 
directrix  will  lie  on  the  plane 
of  contact  of  the  sphere  and 
conicoid. 
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section  of  the  other  made  hj  this  plane  'will  have  the  umbilicnB 
for  a  focQS,  and  its  corresponding  directrix  in  the  place  of  contact 
of  the  two  conicoids. 

For,  reciprocating  with  respect  to  a  point  0,  the  surface 
corresponding  to  the  paraboloid  will  pass  throngh  0  (Art.  346) ; 
also  0  will  be  a  point  on  its  focal  curve  (Art.  347) ;  0  will  then 
be  an  nmbilicns  (Art.  192).  Also  the  tangent  plane  at  0  will 
correspond  to  the  point  at  infinity  on  the  paraboloid,  and  therefore 
to  the  vertex  of  the  right  circular  cylinder;  hence  to  the  right 
circular  cylinder  will  correspond  a  plane  section  of  the  reciprocal 
of  the  ellipsoid  by  the  tangent  plane  at  0.  Since  the  cylinder  is 
a  right  circular  cylinder,  the  corresponding  curve  will  be  a  conic 
whose  focus  is  0,  and  since  the  axis  of  the  cylinder  passes 
through  the  pole  of  the  plane  of  contact  of  the  ellipsoid  and 
paraboloid,  the  directrix  of  the  corresponding  conic  will  lie  in  the 
plane  of  contact  of  the  two  corresponding  surfaces. 

We  have  not  been  able  to  discover  M.  Chasles'  own  proof  of 
this  proposition.  An  algebraical  proof  by  Mr  E.  W.  Walker 
will  be  found  in  the  Quarterly  Journal  of  Mathematical  1861, 
Vol.  lY. 

352.  To  find  the  degree  of  the  pcHar  reciprocal  of  a  surface 
of  the  n*"*  degree. 

To  every  point  on  a  surface  corresponds  a  tangent  plane  to 
the  reciprocal  surface,  and  conversely;  hence  the  number  of 
points  in  which  the  reciprocal  surface  is  met  by  a  straight  line 
'  wiU  be  equal  to  the  number  of  tangent  planes  which  can  be 
drawn  to  the  given  surface  containing  a  given  straight  line.  This 
number,  by  Art.  (308),  is  n  (»  —  1)*,  which  is  therefore  the  degree 
of  the  reciprocal  surface.  The  class  of  the  reciprocal  surface  will 
be  the  degree  of  the  original  surface,  or  will  be  n.  The  class 
of  a  surface  of  the  degree  « (n  —  1)"  (=  m),  will  in  general  be 
m(w  — 1)*,  which  can  only  be  equal  to  «,  when  n  =  1,  or  2. 
It  will  hereafter  be  explained  how  the  existence  of  singular 
points  and  lines  causes  the  reduction  of  the  class  of  a  surface. 

353.  To  shew  that  if  two  tetrahedrons  he  so  related  thai  each 
angular  point  of  one  is  the  pole  of  a  face  of  the  others  with  respect 
to  any  conicoid^  the  lines  of  intersection  of  corresponding  faces  will 

t2 
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lie  on  one  c&nicoid,  as  aho  wiU  the  lines  joining  corresponding 
angulofr  points* 

Let  ABCD,  abcd^  be  the  two  tetrahedrons,  and  let  the  equa- 
tion of  the  conicoid,  referred  to  ABGDy  be 

paf  +q^  +  rr/  +  s^+lfiy  +  nyfOL  +  na/9  +  VaZ  +  m'fiS  +  n'yS  =  0, 
Then  the  equation  of  hod  is 

and  the  equations  of  the  line  of  intersection  of  J?  CD,  hcdj  are 

w)8  +  m74-rS  =  0,     a  =  0 (1), 

of  CDA^cda,    na+  ly  +m'S  =  0,   /8=0 (2), 

of  DAB,  dab,    ma+  Z^S  +  n'S  =  0,   7  =  0 (3), 

o{ABC,abc,     Z'a  +  W^  +  «7=0,    8  =  0 (4). 

The  equations  of  any  line  intersecting  (1)  and  (2)  may  then 
be  written 

A;a  +  «/3  +  wy  +  rS  =  0,     n(i  +  k'fi  +  Iy  +  mS=  0. 
The  condition  that  this  line  may  intersect  (3)  is,  therefore, 

k  n  r 

n  1c  m' 
m  I  n 

and  that  it  may  intersect  (4),  is 

k   n  m 

n  y  I 

V  in!  n 
and  these  conditions  are  obviously  the  same. 

Eliminating  k  and  k'  from  the  equations  of  the  line,  and  either 
of  these  determinants,  we  find  the  equation  of  the  surface  to  be 

wnZV+n?m'i8*-f  Imn'rf+VnCn^^- {mm'+nn')  {Ifiy+FaS)  +  ...  =  0- 

Since  the  faces  of  the  fundamental  tetrahedron  meet  this 
surface  in  straight  lines,  they  will  be  tangent  planes  to  it ;  since 
the  equation  involves  five  constants,  it  may  be  considered  to  be 
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the  general  eqtiatioii  of  a  conlcoid  touching  the  fiices  of  the  fundar 
mental  tetrahedron. 

The  second  part  of  the  proposition  may  be  proved  algebraically, 
but,  reciprocating  the  whole  system  with  respect  to  any  conicoid, 
we  obtain  two  new  tetrahedrons  and  a  new  conicoid  forming  a 
system  similarly  related,  and  the  reciprocals  of  the  straight  lines 
above  considered  will  be  the  straight  lines  joining  the  vertices 
of  the  new  tetrahedrons*  These  straight  lines  will  therefore  also 
lie  on  one  conicoid,  the  reciprocal  of  the  former  one. 

If  U*  Bs  mm!  s  nn\  the  equation  obtained  for  the  conicoid 
reduces  in  that  case  to  two  coincident  planes. 

In  this  case  the  lines  of  intersection  of  corresponding  feu^es 
lie  in  one  plane,  and  the  lines  joining  corresponding  angular 
points  will  pass  through  one  point. 

It  follows  from  this,  that  if  any  two  tetrahedrons  be  so 
related  that  the  lines  joining  corresponding  vertices  meet  in  a 
point,  the  lines  of  intersection  of  corresponding  fieices  will  lie  in 
one  plane,  and  conversely. 
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(1)  The  eccentricity  of  any  section  of  a  prolate  conicoid  is 
e  cos  a,  6  being  the  eccentricity  of  any  principal  section  of  the 
conicoid,  and  a  the  inclination  of  the  cutting  plane  to  the  axis. 

(2)  If  a  conicoid  touch  the  faces  of  the  fandamental  tetrahedron 
ABCD  in  a,  ft,  c,  di  shew  that  if  iio,  Bh  intersect  each  other,  Co  and 
Dd  inll  also  intersect  each  other. 

(3)  If  a  series  of  straight  lines  be  drawn  through  a  point  0, 
such  that  the  straight  lines,  reciprocal  to  them  with  respect  to  a  given 
conicaid,  are  respectively  perpendicular  to  them,  these  straight  lines 
will  lie  on  a  cone  of  the  second  degree^  and  the  reciprocal  straight 
lines  will  be  tangent  lines  to  a  parabola. 

(4)  If  two  plane  sections  A,  B  o£  &  coniooid  be  taken,  and  if  0, 
(/  be  the  vertices  of  the  two  cones  which  can  be  described  passing 
through^  B  (Art.  343),  then  if  two  conicoids  be  described  touching 
the  former  conicoid  along  Ay  B  respectively,  and  passing  through  0, 
the  tangent  plane  to  each  of  these  at  0  will  be  the  polar  plane  of  (/, 
and  they  will  also  have  a  common  plane  section  in  the  polar  plane  of 
0,    Also  state  the  reciprocal  of  this  theorem. 
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(5)  If  three  coneB  of  the  seooiid  degree  have  a  oommon  vertex, 
and  a  common  focal  line,  the  lines  of  intersection  of  the  conunon 
tangent  planes  to  them,  taken  two  and  two,  will  lie  in  a  plane. 

(6)  The  reciprocal  polar  of  the  soi&oe  oub*  -f  fty*  +  cs*  ==  1  with 
respect  to  the  sur&ce  ayz  +  Vzx  +  iixy  =  1,  is 

Qy'z  +  </yf     {ex  +  a  g)'     (a'y  +  6^*_, 
a  0  c 

(7)  If  two  hyperholoids  of  rerolution  of  two  sheets,  or  two  pro- 
late spheroids,  have  a  common  focus,  and  eqnal  minor  axes,  they  will 
have  a  common  enveloping  cylinder,  one  of  whose  focal  lines  will  pass 
through  the  common  focus. 

(8)  The  reciprocal  polar  of  the  sur&ce 

aa*  +  6y*  +  «?'  =  1 
with  respect  to  a  point  (a,  /3,  y)  is 

aJc{a(a?-a)  +  /3(y-.)3)  +  y(«-y)  +  **}* 

(9)  Any  two  surfaces  of  the  fisimily  represented  hy  the  equation 
aV  +  6y-  (aaj  +  jSy  +  y»  +  A;')*  +  c*  (a*  +  y"  +  «*)=A 

for  different  values  of  c,  possess  the  property  that  the  line  joining  the 
points  of  contact  of  any  oommon  tangent  plane  subtends  a  right  angle 
at  the  origin. 

(10)  The  reciprocal  polar  of  the  sur&ce 

osc*  +  fty"  +  c«"  +  2a'yz  +  2b'zx  +  2</aa/  =  1, 

with  respect  to  a  sphere  of  radius  k,  and  center  (a,  p,  y)  is 
(a6c  +  2a6V-aa'"-W"-cc'^{a(aj-a)+/J(y-iS)  +  y(«-y)  +  Jt»}' 
=  X(a:-a)-  +  ^(y-)3)Vv(«-y)-  +  2V(y-i8)(«-y)+... 
where  X,  /*,  v  denote  he  —  a'",  <fcc.,  and  X',  /*',  v  denote  h'e' —aa\  &c 

(11)  From  the  equation  of  the  reciprocal  sur&ce  in  (10),  obtain 
the  equations  of  the  focal  curves  of  the  given  conicoid  in  the  form 

a'  +  \yz'-x{p!y  +  vz  -X"  a?) 

pyz-k'  ^ 

p  denoting  abe  +  2a'6V  -  oa'"  -  M"  -  be"*. 

(12)  Also,  if  the  given  conicoid  be  one  of  revolution,  determine 
the  foci,  from  the  consideration  that  the  reciprocal  polar,  with  respect 
to  a  focus,  will  be  a  sphere. 
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(13)  The  reciprocal  polar  of  the  hyperboloid  a^  =  ^  with  re- 
spect to  the  conicoid  a'  +  /S*  =  y*  +  S'  ia  kafi  =  yfi. 

(14)  The  reciprocal  polar  of  the  conicoid 

mnpy  -^nlya-^-lmaP  +  IraS  +  mr)38  +  iiryS  =  0, 
with  respect  to  the  conicoid 

,w«.  ahaB  ^ 

18  1-^)+... r-^  —  ...=sO. 

Im 


(¥)■-- 


(15)  If  BGf  CAf  AB  be  three  chords  of  a  conicoid,  each  of  which 
subtends  a  right  angle  at  a  fixed  point  8,  the  plane  ABC  will  touch 
a  prolate  conicoid  of  revolution,  of  which  ^  ia  a  focus,  and  the  polar 
plane  of  S  the  corresponding  directrix  plane. 

(1 6)  If  three  tangent  planes  to  a  cone  of  the  second  degree  inter- 
sect in  three  straight  lines  VP,  VQ,  VR,  and  if  P,  Q,  R  he  points 
such  that  QRj  RP^  PQ  each  subtends  a  right  angle  at  a  fixed  point  (?, 
the  plane  PQR  will  envelope  a  conicoid. 


CHAPTER  XVL 

GEKERAL  THEOBY  OF  POLABS  AND  TANGENT  LINES. 

354.  The  methods  which  we  shall  adopt  in  the  discussion 
of  Polars  of  Surfaces  represented  hj  rational  algebraical  equations, 
are  those  employed  by  Joachimstal  and  Caylej  in  a  discussion 
concerning  tangents  in  Crelle's  Journal^  Vol.  xxxiv.,  and  by 
Salmon,  in  the  Quarterly  Journal  of  Mathematical  on  tangent 
lines  to  surfaces. 

355.  Method  of  determining  the  position  of  any  point  in  a 
straight  line,  with  reference,  to  two  other  known  points  in  the 
line. 

Let  P,  F  be  any  two  points  (a,  )8,  7,  8)  and  (a',  /S*,  7,  S^, 
and  R  any  other  point  in  the  line  joining  them,  whose  algebraical 
distances  from  P  and  P,  estimated  in  the  directions  which  cor- 
respond to  a  position  of  R  between  P  and  P,  are  in  the  ratio 

The  co-ordinates  of  R  will  be  -r — — , so  that,  when 

A  +  /* 

the  ratio  /li  :  X  is  given,  the  position  of  22  is  completely  deter- 
mined, observing  that  when  the  ratio  is  negative,  R  wiU  be  in 
PP'  produced  if  the  ratio  be  nxmierically  greater  than  unity,  and 
in  P'P  produced,  if  less. 

356.  When  a  straight  line  is  drawn  through  any  two  points^ 
to  find  the  positions  of  the  points  of  intersection  with  a  given 
surface. 

Suppose  ^  =  -F(a,  /8,  7,  8)  =  0  to  be  the  equation,  in  a  rational 
homogeneous  form,  of  a  surface  of  the  i^  degree ;  P,  P  two 
points  whose  co-ordinates  are  a,  ^,  7,  S,  and  a',  ^8*,  7',  S';  R  any 
point  in  the  straight  line  drawn  through  P,  P  determined  by 
the  ratio  /a  :  X,  as  in  the  preceding  article. 
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The  points  of  intersection  with  the  STurface  are  given  hy  the 
equation 

If  we  expand  the  function  by  the  ordinaiy  methods,  writing 
for  operations^ 

the  values  of  the  ratio  fi :  X  are  given  hj  either  of  the  equivalent 

equations  X*e  a  ^  s  o,  or  /*"«  #»  ^'  «=  0,  each  expansion  terminating 
at  the  n  +  1^  term,  and  the  corresponding  positions  of  the 
n  points  of  intersection  of  the  straight  line  and  surface  are  thus 
determined. 

We  may  observe,  from  the  identity  of  the  two  equations,  that 
we  obtain  the  following  identical  operations, 

Poles  and  Polars. 

357.  Description  of  the  Folars  of  a  suirface  toith  respect  to 
a  jpoinU 

The  surfaces,  which  are  represented  by  the  equations 

2)^  =  0,    JJf^i^O, 2)"'^^  =  0, 

or  by  the  equivalent  equations 

2y--*^'  =  0,    i)'*-'^  =  0,......i)'f  =  0, 

are  called  the  Ist,  2nd,  ...n  — 1|"*  Polars  of  the  surface  ^  =  0  with 
respect  to  the  point  (a',  /S',  7',  8'),  which  is  called  the  Pole. 

The  particular  Polar  ir'^<f>-Oy  or  J7^^  =  0  is  also  called  the 
Polar  Plane,  and  I>*'^<f>  =  0,  or  D'^<l>  =  0,  the  Polar  Conicoid  of 
the  surface. 

358.  When  the  equation  of  the  surface  is  given  in  the 
common  co-ordinates,  as  f{x^  y,  z)  a  0,  it  may  be  reduced  to 

the  homogeneous  form  by  writing  - ,  ^  ,  -  for  a?,  y,  «,  and  the 

V  V  V 
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equation  of  the  polars  will  be  obtained  bj  means  of  the  operation 

and  in  the  equations  D^  s  0, so  obtained  making  <  s  1  s  ^. 

The  equation  <  =  0  wiU  tiien  represent  the  plane  at  infinity. 

If  the  fimction/(2r,  y,  z)  be  arranged  in  homogeneous  functions 

of  ascending  degrees,  as  u^  + 1«^  +  ti,  + =  0,  this  equation 

reduces  to  the  homogeneous  form  w^r+w^i'^ +  «,<""*+ =  0. 

Ifaj'  =  0,  y'  =  0,  «'  =  0, 
lX^  =  n.(n-l) ...  (»-r+l)tt/*"r^+(n-l)...(n-r)tti<''r^*+... 

Hence,  the  equation  of  the  r^  polar  of  the  origin  is 

^  n-^-r       ,   (n-r)(n-r-l)       ,  ^ 

•        n       *  n.(n— 1)  " 

that  of  the  polar  plane  of  the  origin  is 

nu^  +  u^^Ot 
and  that  of  the  polar  conicoid, 

-  n .  (n- 1)  Wo  +  (»-  1)  «*i  +^1  *  ^» 

If  ns2,  the  result  of  Art.  (318)  for  the  polar  plane  of  the 
origin  is  obtained  with  respect  to  a  conicoid,  to  which  the  polar 
conicoid  reduces. 

359.     Oeometrical  properties  of  Polars. 

If  P>  pM  he  the  distances  of  P  and  R^  from  P^ 

jy^^'zsO  is  the  locus  of  a  point  i^  such  that,  if  ^,  ^, 

be  the  n  values  of  ^  corresponding  to  the  intersections  R^^  R^... 
of  a  line  P'P  with  the  surface  ^  «=  0, 


\Ai^  Ato  ..■•    Ay/ 


Hence,  the  (n— r)***  polar  is  ihe  locos  of  P,  Bach  that 
\\p~pj\p~pj \^~pj}~ 
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Thnis,  the  polar  plane  with  respect  to  P'  iB  the  locos  of  B, 
such  that  %( )  =  0, 

or  -as — I —  + +  — > 

P       Pi       Pt  Pn 

which  gives  the  well-known  harmonic  property  of  the  polar  of 
a  conicoid  with  respect  to  a  point. 

360.     Connexion  between  Diametere  and  Polar  Burfctcee. 

When  the  point,  with  respect  to  which  the  polars  are  taken, 
is  at  an  infinite  distance,  the  condition  for  a  polar  plane  becomes 
^{p"  Pi)  ^^9  ^^  ^  {^^)  ^  ^ ;  therefore,  the  polar  plane  is  a 
pokr  diametral  plane  corresponding  to  a  system  of  parallel 
chords  drawn  in  the  direction  of  the  infinitely  distant  point. 

The  condition  for  the  polar  conicoid  becomes 

S(p-p,)(p-p^=0,    or  2(PB,.PiJJ=0, 

and  the  conicoid  is  a  polar  diametral  conicoid  for  a  system  of 
parallel  chords. 

And  generally,  the  polar  siu&ce  of  any  degree  with  respect 
to  a  point  at  an  infinite  distance  in  a  given  direction  is  the 
polar  diametral  surface  of  the  same  degree  corresponding  to 
a  system  of  chords  in  that  direction. 

861.  ijT  tangent  planes  be  drawn  to  a  surface  at  the  points 
in  which  a  straight  line  meets  it,  and  from  anyjmnt  Q  in  this 
line  any  other  straight  line  be  drawn  meeting  the  surface  inF^^P^ ... 
and  ike  tangent  planes  inpuP^ 


^(^)=*(i)- 


If  three  straight  lines  be  drawn  through  a  point  Q^  meeting 

two  surfaces  in  the  same  points  B^^  B^, S^^  S^, and 

T^y  2^, jB,  8j  T  the  corresponding  points  in  the  polar 

planes  with  respect  to  Q  are  the  same  for  the  two  surSkces; 
hence,  the  polar  planes  for  these  surfaces  are  the  same.  This  is 
true  when  the  three  straight  Unes  become  ultimately  coincident, 
in  which  case  the  surfaces  touch  one  another  at  B^^  £,, • 

Suppose  now  a  straight  line  QB  to  meet  a  surface  in  B^,  B^, ... 
and  at  these  points  tangent  planes  to  be  drawn,  the  surface  and 
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the  system  of  tangent  planes  form  two  surfaces  which  have  tiie 
same  polar  plane. 

Hence,  if  any  other  line  through  Q  meet  the  surface  in 
Pp  P^ and  tiie  tangent  planes  in^^,  p^ 


Hw)-Hi)- 


Properties  of  Polar b. 

862.  Every  polar  of  a  suirface^  tvith  reepect  to  a  given  pclcy 
t$  a  polar,  with  respect  to  the  same  pole,  of  every  polar  of  a 
higher  degree  than  its  own* 

For  D^<f>^L^{ff<f>). 

363.  JEvery  line,  drawn  through  a  pole  to  a  point  in  the  curve 
of  intersection  of  the  first  polar  with  the  surface,  meets  the  surface 
in  two  coincident  points. 

For  the  equation  X**6A  ^  =  0  has  two  values  of  /i  equal  to 
zero  if  0  =:  0,  and  D<t>  =  0  simultaneously. . 

364.  If  a  surface  have  a  multiple  point  of  the  m^  degree, 
that  point  unU  he  a  multiple  point  of  them  — 1\^  degree  on  the 

first  polar,  with  respect  to  any  point  not  on  the  surface. 

Let  P  be  the  pole,  B,  the  multiple  point,  P  any  point  in 

P'B;  m  values  of  /t :  X,  in  the   equation  X*e  ^  ^  =  0,  corre- 
sponding to  the  multiple  point  B,  are  equal ;  hence,  the  equation 

d       tR  f^ 

^X*e"^^  =  0,  or  X*"*e"ri>0  =  0, 

hasm— 1  equal  values  of/*  :  X;  i. e.  the  first  polar  of  ^  =  0 
has  a  multiple  point  of  the  m  —  1 1*  degree  at  B. 

This  is  also  obvious  from  the  property  of  the  polar  given  in 
Art.  (359),  for,  if  a  straight  line  through  the  pole  meet  the 
«ur&ce  in  a  multiple  point  of  the  m^  degree,  whose  distance  is  p^, 
the  points  in  which  it  meets  the  first  polar  are  given  by  the 
equation 
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which  has  m  —  1  roots  equal  to  p^y  hence  the  mxdtiple  point  in 
the  first  polar  is  of  the  w  — 1 1***  degree. 

The  7^  polar  has  a  multiple  point  at  JR  of  the  m  —  r^  degree. 

365.  If  a  tangent  cane  on  a  double  point  of  a  surface  he^ 
comes  two  ncvtrcoincident  tangent  planes^  the  first  polar  tottches 
the  line  of  intersection  at  the  double  point. 

In  this  case,  if  P'  be  the  pole,  P  any  point  in  the  plane 
through  JP  and  the  line  of  intersection,  there  are  two  coincident 

positions  of  PF^  such  that  for  each  position  X"e  ^  ^  =s  0  gives 
two  equal  values  of  the  ratio  fii'K;  and  therefore  one  of  these 

values  satisfies,  the  equation  X  e^i>^  =  0  for  each  of  two 
coincident  positions  of  F'P;  that  is,  two  coincident  points  in  the 
line  of  intersection  on  the  double  point  lie  in  the  first  polar,  or 
the  line  of  intersection  is  a  tangent  to  the  first  polar. 

Or,  if  p^  be  the  distance  of  the  double  point  from  the 
pole,  since  there  are  two  equal  values  of  p^,  one  value  of  p  in 
the  first  polar  is  p^,  and,  if  the  double  point  has  two  non-coinci- 
dent tangent  planes,  the  line  of  intersection  is  a  tangent  line ; 
therefore,  for  two  coincident  directions  the  same  is  true,  and 
p  =  Pj  for  two  points,  coincident  with  the  double  point,  in  the 
line  of  intersection,  which  therefore  touches  the  first  polar. 

366.  If  the  two  tangent  planes  at  a  double  point  are  coin- 
cident,  the  first  polar  has  a  tangent  plane  at  thatpoirU  coincident 
with  them. 

For  FP  intersects  the  surface  in  two  coincident  points  for 
any  direction  indefinitelj  near  the  multiple  point;  hence,  the 
first  polar  has  a  point  in  the  plane  coincident  with  them,  not  only 
at  the  multiple  point,  but  at  the  adjacent  points;  the  plane  is 
therefore  a  tangent  plane  to  the  first  polar. 

367.  J^  r  generating  lines  of  a  conical  tangent  coincide^ 
r-^X  of  the  conical  tangent  of  the  first  polar  will  also  coincide. 

For,  PPy  passing  near  the  multiple  generating  line  through 
r  ultimately  coincident  points,  will  pass  through  r  —  1  ultimately 
coincident  points  of  the  first  polar. 
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368.  If  a  9urf(xee  have  a  muUiple  line  of  the  m^  degree^  Ae 

first  polar  contains  the  same  line  as  a  multiple  line  of^  m— 1|* 
deffree. 

For  if  Pbe  any  point  on  the  multiple  line,  PP  has  m  equal 
values  for  the  surface,  and  therefore  m  —  1  for  the  first  polar. 

369.  The  propositions  of  Articles  864,  365,  and  366,  can  be 
shewn  directly  as  follows. 

Let  the  angle  D  of  the  tetrahedron  be  taken  for  the  multiple 
point  and  the  angle  A  for  the  point  Q  with  respect  to  which 
the  polar  is  taken. 

The  equation  of  the  surface  will  be 

I*  0m  ^  ^  ^  ^^  conical  tangent,  the  first  polar  correspond- 
ing to  (p„  0,  0,  0)  is 

A*=ftt=ft%8~+ -0. 

and  the  conical  tangent  is  p^  -^  s  0, 

which  shews  that  Z>  is  a  multiple  point  of  the  w  — 1|*^  degree. 

II.  If  the  multiple  point  have  two  non-coincident  tangent 
planes,  tn  =  2,  and  0,  =  -^jXi* 

dx     ^'doL^^'da' 
•*.  ^^  ss  0,  %j  =:  0  is  a  tangent  line  to  the  first  polar. 

III.  If  the  planes  be  coincident  0,  =  -^j*, 

dOL^^'  doL  ' 

.\  ^j  =  0  is  a  tangent  plane  to  the  first  polar. 

370.  If  the  poU  he  on  the  surface^  the  polar  plane  will  he 
a  tangent  plane,  at  the  pole,  to  the  surface,  and  also  to  all  the 
corresponding  polars. 

For  D'^'  s  0  is  the  equation  of  the  tangent  plane  at 

(«',  P.  y,  s'). 


GENERAL  THEORY  OF  POLARS  AND  TANOENT  LINES.       287 

Also,  since  the  polar  plane  is  ihe  polar  plane  for  the  r^  poUur, 
in  which  the  pole  evidentlj  lies,  the  polar  plane  is  also  a  tangent 
plane  at  the  pole,  to  the  r^  polar  as  well  as  to  the  sni&oe. 

This  is  easilj  seen  also  from  the  equation  of  the  surface, 

«!  +  «,+ =0,  in  which  the  origin,  a  point  on  the  surface, 

is  taken  for  the  pole,  since  the  equation  of  the  r^  polar  is 

('-3-^('-:)('-»-^)'^^ -»■ 

tt,  =  0,  the  equation  of  the  polar  plane,  is  also  the  equation  of  the 
tangent  plane  to  the  surface  and  r^  polar. 

371.  Hie  locus  of  polesj  whose  polar  planes  pass  through 
a  given  pointy  is  the  first  polar  with  respect  to  that  point. 

The  polar  plane  of  P'  is  i>'0'  =s  0.  If  this  plane  pass  through 
Pj,  we  hare  the  equation  (a,  ^  + ....  J  0'  =  0,  therefore  P'  must 

lie  in  the  surface,  whose  equation  is  ( a^  -7 — I- ....  J  0  =  0,  which  is 
the  first  polar  with  respect  to  P^. 

372.  Every  plane  is  a  polar  plane  corresponding  ft>  (n  —  1)' 
poles. 

Take  three  arbitrary  points  P^,  P,,  P,,  in  the  plane,  the  first 

polars  of  these  points  are  of  the  n  — l]*  degree.  The  first 
polar  of  Pj  is  the  locus  of  all  points  which  are  poles  of  planes 
through  Pj,  and  therefore  contains  all  poles  of  the  given  plane ; 
the  three  surfaces  which  are  first  polars  of  P^,  P^  P,,  each  con- 
tain the  poles  of  the  given  plane,  and,  therefore,  since  every 
common  point  is  the  pole  of  the  plane  containing  P^,  P^  P„ 
there  are  n  — 1  f  such  poles. 

373.  The  first  polars  of  all  points  in  a  straight  line  have  a 
common  curve  of  intersection. 

The  n  -  l"f  poles  of  any  plane  through  two  of  the  points 
lie  on  the  curve  of  intersection  of  the  polars  of  the  two  points, 
and  this  curve  must  therefore  be  the  locus  of  the  poles  of  all 
such  planes ;  any  point  in  the  line  of  intersection  of  the  planes 
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must  therefore  have  its  first  polar  passing  thronglL  the  curre  of 
intersection  of  the  first  polais  of  the  two  points  taken. 

Sach  a  corye  is  a  Polar  Curve  corresponding  to  the  line. 

Cor.  1.  If  two  lines  intersect,  their  polar  curres  lie  on  the 
first  polar  of  the  point  of  intersection. 

Cob.  2.  If  anj  number  of  planes  pass  through  a  point,  their 
poles  lie  on  the  first  polar  of  the  point. 

Cos.  8.  A  tangent  line  to  the  surface  touches  its  polar 
curve  on  the  point  of  contact  with  the  surface. 

On  the  Degree  of  a  Reciprocal  Surface. 

374.  The  properties  of  the  polars  of  a  point  with  respect 
to  a  surface  have  been  employed  bj  Salmon,  in  the  Cambridge 
and  Dublin  Journal^  Vol.  ii.,  to  explain  the  reduction  of  the 
class  of  a  surface  or  the  degree  of  its  reciprocal,  in  the  case  of 
certain  singularities  in  the  surface;  and  we  give  some  of  the 
theorems  relating  to  this  reduction  in  order  to  introduce  the 
student  to  some  method  of  dealing  with  the  subject. 

375.  To  estimate  the  effect  of  an  ordinary  double  point  of  a 
surface  upon  the  class  of  the  surface^  or  the  degree  of  its  red" 
proccds. 

The  number  of  tangent  planes  which  can  be  drawn  through 
a  given  line  may  be  found  by  constructing  the  polar  curve  of 
the  line,  which  is  the  intersection  of  the  first  polars  correspond- 
ing to  any  two  points  in  the  line ;  the  intersections  of  this  curve 

with  the  surface  gives  n.n  — l]*  points,  and  a  plane  drawn 
through  any  one  of  these  points  and  the  given  line  will  gene- 
rally be  a  tangent  plane  to  the  surface,  since  all  the  lines  drawn 
firom  the  point  in  that  plane  will  be  generally  tangent  lines. 

But  (Art.  364),  it  is  seen  that,  if  there  be  an  ordinary  double 
point  on  the  surface,  the  first  polars  of  any  kind  pass  through 
the  double  point,  and  therefore  the  polar  curve  of  the  line  passes 
through  the  point;  hence,  the  lines  drawn  from  the  double 
point  in  the  plane  containing  it  and  the  given  line,  although 
they  meet  the  surface  in  two  coincident  points,  are  not  generally 
tangent  lines. 
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Two  of  the  planes,  therefore,  corresponding  to  the  two  points 
in  which  the  polar  curve  meets  the  surface  at  the  double  point, 
are  not  tangent  planes  to  the  surface. 

The  number  of  tangent  planes  is  therefore  diminished  bj 
two,  for  each  ordinary  double  point  of  the  surface. 

376.  To  estimate  the  effect  an  the  class  when  tite  conical 
tangent  reduces  to  ttoo  planes. 

If  the  tangent  planes  at  a  double  point  be  not  coincident,  the 
first  polars  touch  their  line  of  intersection ;  hence,  to  the  number 
of  coincident  points  of  intersection  of  the  three  surfaces  in  the 
ordinary  case  is  added  one,  since  the  intersection  of  each  polar 
surface  with  the  given  surface  touches  the  line  of  intersection. 

If  the  tangent  planes  at  a  double  point  coincide,  each  tangent 
plane  contains  three  coincident  points  in  the  three  surfaces, 
and  the  whole  number,  by  which  the  class  is  reduced,  is 
therefore  six. 

377.  The  surface  of  the  third  degree,  whose  equation  is 

a     h      c     d     . 
-  +  -5  +  -  +  -5  =  0, 
a     /3      7     o       ' 

has  four  double  points,  one  at  each  angle  of  the  fundamental 
tetrahedron.  Hence  the  class  of  surfaces  of  the  third  degree, 
which  is  in  general  3 .  2*  =  12,  is  reduced  for  this  surface  by  two 
for  each  double  point :  the  surface  is  therefore  of  the  fourth 
class. 

If  we  reciprocate  the  surface  with  reference  to 

a*  +  /8»  +  7^  +  S'=0, 
let  (a',  /S*,  y'j  S)  be  a  point  in  the  reciprocal  surface ; 

is  the  equation  of  a  tangent  plane  to  the  given  surface,  and  is 
therefore  identical  with 

oa      i^      C7      d8_ 

where  -,  +-;Q;r+-77  +  TT=0; 

u 
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'  *     a  b  c  d    * 

is  the  equation  of  the  reciprocal  snrface,  which  is  of  the  fourth 
degree,  which  is  therefore  the  class  of  the  surface  as  reduced 
above. 

378.  The  surface  la/3y  =  S*  has  double  points  at  -4,  5,  C, 
and  the  tangent  surface  at  A  reduces  to  two  tangent  planes, 
)8  =  0  and  7  =  0,  the  class  is  therefore  reduced  by  these  for  each 
double  point,  and  the  degree  of  the  reciprocal  will  be 

379.  The  wave  surface,  whose  equation  is 

-c"(a*+J»)«'  +  a«JV  =  0, 
has  four  double  points,  real  or  imaginary,  in  each  principal  plane, 

and  if  we  write  —  for  ai^,  —  for  y,  &c.  the  symmetrical  form 

shews  that  there  are  also  four  in  the  plane  at  infinity ;  hence 
there  are  sixteen  double  points,  and  the  degree  of  the  reciprocal 
surface  will  be  4 .  3*- 16 . 2  =  4. 

380.  To  eatimate  the  effect  of  a  dovhle  straight  line  in  a 
eurfuce. 

The  polars  contain  the  line  singly,  and  the  number  of  points 
which  correspond  to  the  multiple  line  which  is  common  to  the 
three  surfaces  is  5n  —  8  (Art.  272). 

Now  if  in  tetrahedral  co-ordinates  CD  be  taken  for  the  mul- 
tiple line,  the  equation  of  the  surface  may  be  written  in  the  form 

Pa"  +  2  Qafi  +  -R)8*=  0,  in  which  P,  Q,  R  are  of  the  n-2l*  degree. 
There  will  therefore  be  certain  points  at  which  the  tangent  planes 
will  be  coincident,  which  will  be  determined  by  the  intersection 
of  the  surface  PB  =  ^  with  the  straight  line,  the  number  of 
points  being  2  (n  —  2). 

Now  at  each  of  these  points  there  will  be  an  additional  point 
common  to  the  surfaces,  and  the  whole  number  by  which  the 
class  of  the  surface  will  be  diminished  will  be  7n  — 12. 
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381.  To  eatimate  the  effect  of  a  multiple  line  of  the  r^  degree 
of  muUipKcity  in  the  surface. 

The  polars  contain  the  line,  each  in  the  r—  ll***  degree  of 
multiplicity :  and  the  number  of  points  which  correspond  to  the 
common  multiple  lines  is  (Art.  272) 

(r  - 1)»  n  +  2r .  (r  - 1)  (n  - 1 )  -  2r .  V^X 

=  (r-l)  {(3r-l)n-2r*}. 

Now,  if  the  line  be  taken  for  one  of  the  edges,  as  CD^  of  the 
fundamental  tetrahedron,  the  equation  of  the  surface  may  be 
written  in  the  form  F^ia,  /S)  =Pa''+  0a'^*/3+ ...  =  0,  in  which 
the  coefficients  are  of  the  (n  —  r)***  degree. 

The  equation  of  the  tangent  planes  to  the  surface  at  any 
point  (0,  0,  7,8')  will  be  P({+  ^a'^/3  +  ...  =0,  where P',  Q... 
are  the  values  of  P,  Q...  when  0,  0,  7,  S  have  been  substi- 
tuted for  a,  ^,  7,  S. 

Now  the  points  in  CD  at  which  there  are  two  coincident 
tangent  planes  will  be  obtained  by  eliminating  a,  /3  between 
the  equations 

|ji?;(«,/9)=0,     and^J^,(a,/8)=0, 

and  the  eliminant  will  be  of  the  degree  r  —  1  in  each  of  the 
coefficients. 

The  degree  of  the  resulting  equation  in  7',  8',  will  therefore 
be2(r-.l)(n-r). 

And  since  the  polars  touch  the  line  at  each  of  these  points, 
2  (r  —  1)  (n  —  r)  additional  points  will  lie  in  the  multiple  line. 

Hence  the  total  number  of  points  corresponding  to  the  line, 

each  of  which  is  a  point  which  gives  an  improper  tangent 

plane,  is 

(r-1)  {3(r-l)n-2r^+2(n-r)} 

=  (r-1)  {(3r  +  l)n-2r(r+l)}. 

This  is  therefore  the  number  by  which  the  degree  n .n-lV 
is  reduced  in  the  reciprocal  surface.  

Thus,  if  a  surface  contain  a  multiple  line  of  the  n  —  1 1*  degree, 
which  must  be  a  straight  line,  the  degree  of  the  reciprocal  surface 
will  be 

U2 


292  BEDueriON  of  class. 

n.n^"-'(n-2){(3n-2)n-2(n-l)n} 

=  n  {n— ll'—  (n  — 2)  n]  =  n, 

or  the  reciprocal  surface  is  of  the  same  degree  as  the  original 
surface. 

382.  As  an  example  of  such  a  reduction,  we  will  take  the 
surface  whose  equation  is  a^"^  —  78*"*  =  0,  in  which  a  straight 
line  is  of  the  n  -  l"]"*  degree  of  multiplicity,  and  the  reciprocal 
surface  will  be  foimd  to  be  of  the  w*  degree. 

383.  To  estimate  the  effect  of  a  line  of  the  r^  degree  of 
multiplicity^  the  line  being  the  intersection  of  two  surfaces  of  the 
A*  and  V^  degrees,  K=  0,  and  2/  =  0. 

The  number  of  points  which  correspond  to  the  multiple  line 
is  (Art.  273) 

Ik  {nr-lf+2{n  - 1)  r .  (r-  1)  -  (*  +  l)r.r-lf} 

The  number  of  coincident  tangent  planes  is  obtained  from 
the  equation  F^{Ky  L)  =0,  whose  coefficients  are  of  the  degree 
necessary  to  make  each  term  of  the  n^  degree. 

The  eliminant  of 

^i?;(ir,i)  =  o,  and^i?;(ir,x)=o, 

is  of  the  degree  {n--Ter)  (r  —  1)  +  {n-^lr)  (r  —  1) 

=  (r-l){2n-(*  +  Z)r}, 
which  gives  a  surface  meeting  the  line  in  points  whose  number  is 

(r-l){2n-(i  +  Z)r}H. 
The  degree  of  the  reciprocal  is  therefore  reduced  by 
7cZ  (r -  1)  [n.  (r -  l)  +  2(w-l)r  +  2»- (it +  Z){r(r-l)+r}] 
=  W(r-l){(3r  +  l)w-2r  +  (^  +  ?)r»}. 

On  the  Relation  of  Straight  Lines  to  Surfaces* 

384.  Since  the  methods  employed  in  this  chapter  afford 
peculiar  facilities  in  the  examination  of  the  positions  of  straight 
lines  satisfying  certain  conditions  relative  to  a  given  surface  and 
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its  singnlar  points,  we  shall  here  follow  Salmon  in  his  applica- 
tion of  them  to  the  contact  of  straight  lines  with  surfaces,  in  the 
Quarterly  Journal^  YoL  I.  page  329,  repeating  some  propositions 
which  have  been  already  discussed. 

385.  To  find  the  condition  thai  a  straight  line  may  touch 
a  surface  at  a  given  point. 

Let  P',  (a,  iS*,  7,  8')  be  the  given  point,  P,  (a,  fi,  7,  S)  any 

point  in  space,  and-B,  f -r— ^>  •••)   *^7   P^^"*    ^^  ^^9   ^^^ 

^  =  0  the  equation  of  the  surface. 

The  values  of  X  :  /a  for  the  positions  of  B  in  which  PF*  meets 

the  surface  are  given  by  the  equation  /i*e/*  =0,  and  if  PP' 
meet  the  surface  in  two  points  which  coincide  with  P',  two 
values  of  X  are  zero,  or  ^'  =  0,  and  jD*^'  =  0. 

These  are  necessary  conditions  that  PP'  should  touch  at  P', 
and  unless  2>'^'=:  0  is  satisfied  for  all  values  of  a,  )8,  7,  S,  i.e. 

unless  ~  y  ^ , ...  are  all  zero,  the  locus  of  P  such  that  PP  is 

a  tangent  line  is  (a  t-,  +  ...  j  0'  =  0^  which  is  the  equation  of  the 

tangent  plane  at  P'. 

iyif>  =3  0  is  not  a  sufficient  condition  for  tangency  if  the  differ- 
ential coefficients  are  zero,  for  in  that  case  PP'  meets  the  surface 
in  two  coincident  points  for  all  positions  of  P,  or  P'  is  a  multi- 
ple point,  in  this  case  P  may  be  determined  so  that  PP*  meets 
the  surface  in  three  coincident  points  if  its  co-ordinates  satisfy 
the  equation  D'*<f>'  =■  0,  and  unless  this  equation  be  satisfied  for 

all  values  of  a,  /3,  7,  S  or  -j^  ,  ....  ,  ^Vy  ?  •••  are  all  zero, 
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is  the  locus  of  such  positions  of  P',  and  is  the  equation  of  the 
tangent  cone  at  the  double  point. 

The  argument  is  easily  continued  in  the  case  of  triple ...  r^"" 
singular  points. 
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386.  To  find  the  locus  of  the  points  of  contact  cfaU  tangefU 
lines  which  can  be  drawn  from  a  given  point  to  a  surfoce. 

Let  P*  be  the  given  point,  P  the  point  of  contact  in  a  tangent 
line  to  the  surface,  drawn  through  Jp ;  in  this  case  two  positions 

of  B  at  least  coincide  in  P,  and  the  equation  Ve  a  ^  =  0  has 
two  values  of  /i:X  =  0,  i.e.  ^  =  0  and  JD^=0,  the  intersec- 
tion of  the  two  surfaces  represented  by  these  equations  is  the  locus 
of  the  points  of  contact  including  the  singular  points  of  the  sur- 
face which  may  lie  in  the  curve  of  intersection  for  which  P'P  is 
not  a  proper  tangent.  Hence,  the  locus  is  the  intersection  of  the 
surface  and  its  first  polar  with  respect  to  the  given  point. 

387.  To  find  the  tangent  lines  at  an  ordinary  point  of  a 
surface^  which  meet  the  surfiice  in  three  coincident  points  on  the 
point  of  contact. 

Let  P'  be  the  point  of  contact,  P  any  point  in  such  a  tangent 

XD' 

line,  ^*e  i^  <l>=0  must  have  three  values  of  X=  0,  hence  ^'  =  0, 
D'ij)'  =  0,  and  2>>'  =  0.  The  intersections  of  the  surface  D'*^'  =  0, 
with  the  tangent  plane  D'^'  =  0,  give  the  positions  of  the  two 
tangent  lines  required,  which  are  obviously  the  tangents  to  the 
section  made  by  the  tangent  plane. 

388.  If  the  surface  be  of  a  higher  degree  than  the  second  and 
if  2)'*^'  =  0  is  identically  satisfied  at  P'  for  all  values  of  a,  /8, 7, 8, 
we  can  obtain  three  straight  lines  'which  meet  the  surface  in 
four  coincident  points,  viz.  the  intersection  of  the  cone  IX^<I>  =  0 
with  the  tangent  plane  iy<l>  =  0.    And  so  on  to  the  general  case. 

389.  If  the  equation  2/^'  =  0  be  satisfied  identically,  or  the 
point  P'  be  a  singular  point,  the  tangent  lines  which  meet  the 
surface  in  four  Qoincident  points  are  given  by  equations  D'^(f/  =  0, 
and  i>"^'  =  0,  and  these  are  two  conical  surfaces,  if  they  be  not 
also  identically  satisfied,  the  first  being  the  conical  tangent  to  the 
double  point  and  the  second  determining  the  six  particular  gene- 
rating lines  of  the  tangent  cone  which  satisfy  the  required  con- 
dition. 

If  the  singular  point  have  a  conical  tangent  of  the  r^  degree, 
the  number  of  tangent  lines  meeting  the  curve  in  r  +  2  coinci- 
dent points  is  r  (r  +  1 ). 
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390.  To  find  the  equation  of  the  conical  swrfnce^  whose  vertex 
is  a  given  pointy  which  envelopes  a  given  surface. 

Let  P'  be  the  given  point,  P  any  point  in  any  tangent  line, 

the  equation  X*e  a  0  =  0  must  contain  equal  values  of  \  :  /t,  hence 
the  equations 

\*e^<l>=^0  and  X^'^eA  i><^=0 

must  have  a  common  root. 

The  eliminant  of  these  equations  is  the  equation   of  the 
locus  of  P  and  is  the  equation  of  the  envelope. 

If  the  surface  be  of  the  second  order, 

X»<^+X/AZ><^+i/A»i>»^  =  0  and  {\  +  fiD)  D<l>=0 
have  their  roots  equal,  or  the  equation  of  the  envelope  is 

2(f>If^  =  {D<l>)\  or  4<^'  =  {D<l>y. 

391.  To  find  the  number  of  tangents  which  can  he  draion 
from  a  given  point,  to  meet  a  surface  in  three  consecutive  points. 

Let  P  be  the  given  point,  then,  if  three  positions  of  B  coin- 

cide  in  P,  X*eA  0  =  0  must  have  three  values  of  the  ratio 
;*  :  X  =  0 ;  the  conditions  for  this  are  0  =  0,  D<f>  =  0,  Il^(f>  =  0,  and 
the  surfaces  represented  by  these  equations,  viz.  the  given  surface 
and  its  first  and  second  polar  with  respect  to  the  given  point,  in- 
tersect in  w  (n  —  1)  (n  —  2)  points,  or  n  (n  —1)  (n  —  2)  tangents 
can  be  drawn  to  touch  in  three  consecutive  points. 

A  point  of  contact  of  this  kind  corresponds  to  a  cuspidal 
edge  of  the  conical  envelope. 

392.  To  find  the  number  of  tangent  lines  which  can  he  draion 
to  a  surface  at  a  given  point,  so  as  to  touch  (U  another  point 
as  weU. 

Let  P'  be  the  given  point,  P  the  other  point  of  contact. 

In  order  that  the  line  may  touch  at  P,  two  values  of  the 

ratio  X:  fi  in  /i*e  m  0'  =  0  are  zero,  hence  (f>'  =  0,  and  2/0'  =  0 ; 
the  equation  which  contains  the  remaining  values  of  X  :  /*  is 

w  =  i/tA*-^2>Y  +  ...  ^-X'-^^  =  0, 
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and  since  two  of  these  values  are  equal,  ^  =  0  and  ^  =  0 

have  a  common  root,  the  eliminant  V  of  these  equations  will  be 
of  the  same  order  as  ^•"•.  {IP<I>)'^,  or  (n  +  2)  (n— 3),  and  this 
is  therefore  the  number  of  double  tangents  which  can  be  drawn 
touching  at  a  given  point.  The  surfece  represented  by  this  elimi- 
nant, F=  0,  intersects  the  tangent  plane  in  the  straight  lines, 
which  are  the  tangent  lines  having  the  double  contact 

393.  If  the  point  P*  be  a  multiple  point  of  the  r*  degree,  in 
order  that  the  line  P'P shall  touch  the  surface  at  P*,  r+ 1  values 
o{X:  fL  must  be  zero,  and  the  equation  which  gives  the  remaining 
values  is 

«  -  jrti  A*"""^^^f + - + ^"^'* = 0' 

the  eliminant  '^of  tt- =  0  and  -f=0  is  of  the  same  degree  as 


(2>"^^')»"^<^*-^  or  of  the  (n  +  r  + 1)  (n  -  r  -  2)*  degree,  or  of  the 

[n  (»-!)-  (r+1)  [r  +  2)}«*  degree. 

The  intersection  of  V=^  0  with  2)'*'^  =  0  gives  all  such  tan- 
gent lines. 

394.     To  find  ^  locus  of  UmgenU  which  can  be  drawn  from 
a  singular  poini  to  a  surface. 

Let  P*  be  the  singular  point,  suppose  of  the  r***  degree,  r  of 
the  values  of  X  :  /i  in  ^e  i^  ^'  =  0  are  equal  to  zero, 

.-.  <^'  =  0,  i)>'  =  0,  ...  D'"-'  =  0, 
and  the  equation  which  gives  the  remaining  values  is 

and,  if  the  line  P'P  is  a  tangent,  two  of  the  roots  are  equal,  and 
T-  =  0,  ;j-  =  ^>  heLYQ  a  common  root,  and  the  eliminant  V  is 
of  the  degree  of  (2)V)"^"0"^'>  ^Wch  is  (n  +  r)  (n-r- 1). 
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F=  0  is  the  equation  of  a  surface  containing  all  tangent  lines 
through  P  to  the  surface. 

395.  To  find  the  number  of  double  tangent  lines  which  can 
he  drawn  frorm  afiocedpoint  not  in  the  surface. 

Take  P*  the  fixed  point,  P  one  of  the  points  of  contact ;  then 
two  positions  of  R  coincide  in  P,  and  two  other  positions  coincide, 

therefore  from  the  equation  X*e  a  ^  =  Q  we  obtain  ^  =  0  and 
i>^  =  0,   also  t*sjX*^i?"0  + +/i.*"^^'  =  0  contains  equal 

roots :  hence  V  the  eliminant  of  3-  =  0  and   :^  =  0  is  of  the 

degree  of  (2>*^)*"*,  or  of  the(«— 2)(»— 3)  degree,  and  the  number 
of  solutions  of  F=  0,  0  =  0,  D<f>  =  0,  is  double  the  number  re- 
quired, since  each  double  tangent  corresponds  to  two,  hence 

^n(n-l)(n-2)(n-3) 

is  the  number  of  double  tangents. 

This  is  the  number  of  double  sides  of  the  conical  envelope 
whose  vertex  is  P'. 

Since  our  object  is  only  to  introduce  the  student  to  the 
methods  which  have  been  found  to  offer  the  greatest  facilities 
in  dealing  with  tangent  lines  to  surfaces  subject  to  given  con- 
ditions, we  forbear  to  follow  out  the  whole  of  the  problems 
relating  to  this  subject  so  ably  given  by  Salmon. 

We  shall  therefore  confine  ourselves  to  a  reference  to  the 
article  by  Salmon  in  which  the  subject  is  very  nearly  ex- 
hausted. 


XYIL 

1.  The  polars  of  any  order,  of  all  surfeoes  of  the  w*  degree 
passing  through  0(»)  -  1  given  arbitrary  points,  have  a  common  curve 
of  intersection. 

2.  The  polani  of  any  order  r,  of  all  surfaces  of  the  n*  degree 
passing  through  <^(n)  —  2  points,  have  (n  —  r)*  common  points. 

3.  Prove  that  the  surface  reciprocal  to  the  surface  whose  equa- 
tion is  (a'  +  y*  +  «^'  =  a'(a;"  +  2^  is  of  the  fourth  degree,  and  explain 
the  reduction  of  class. 
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4.  Prove  that  the  reciprocal  sur&ce  of  the  surface  whose  equa- 
tion is 

I      m     n      r     ^ 

is  of  the  degree  n  w  +  1 1  • 

5.  If  jP,  ©  be  two  points,  i*„_i,  ©,_,  their  first  polars  with  re- 
spect to  S,  prove  that  the  first  polars  of  F  with  respect  to  Q^^^ 
and  of  Q  with  respect  to  F^_^  ore  the  same  surface. 

6.  Prove  also,  that  the  a^^  polars  of  F  with  respect  to  Q^  and 
the  ^  of  Q  with  respect  to  F^  are  the  same  sur&ce. 

7.  If  P,  has  a  double  point  ©,  ©^_,+,  has  a  double  point  P. 

8.  If  the  polar  conicoid  of 

I     m     n     r    ^ 
a      p      y      0 

with  respect  to  P,  resolve  into  two  planes,  there  are  four  positions 
of  P  given  by  equations  similar  to 

The  corresponding  conicoid  is  the  planes 

a  =  0,  and  ^  +  ^+-  =  0, 
m     n     r 

and  the  plane  polar  is 

I       m     n     r      ' 

9.  The  conditions  that  the  first  polar  of 

-+•^+-+5  =  0, 
a      p      y     0 

with  respect  to  (a',  /?,  y,  8^,  may  be  a  sphere,  are 

and  the  locus  of  all  such  poleS|   corresponding   to  all   sur&ces  of 
this  form,  is  the  curve 

a'^y  +  a'^oB  =  h'ya  +  ft'^/JS  =  c^afi  +  c "yS- 

For  a  particular  surface 

a 

</'     b"     a'       p    " 


CHAPTER  XVII. 

FUNCTIONAL  AND  DIFFERENTIAL  EQUATIONS  OF  FAMILIES 

OF  SURFACES. 


396.  In  finding  the  equation  of  a  surface  generated  hj  the 
motion  of  a  curre  of  given  species,  it  is  obvious  that  the  curve 
must  satisfy  such  a  number  of  conditions  as  will  enable  us,  on 
expressing  them  analytically,  to  eliminate  from  the  equations  all 
the  constants  which  distinguish  the  curve  in  any  particular  posi- 
tion, and  to  obtain  a  final  equation  involving  only  the  current 
co-ordinates,  and  constants  which  are  the  same  for  all  positions 
of  the  curve.  Thus,  if  the  equations  of  the  curve  involve  n  par 
rameters,  which  vary  with  the  position  of  the  curve,  we  shall 
require  (n  —  1)  fixed  and  independent  conditions,  to  be  satisfied 
by  each  curve,  in  order  that  the  locus  of  the  curve  may  be  a 
surface.  Then  (n— 1)  equations,  expressing  these  conditions, 
together  with  the  equations  of  the  curve,  will  give  (n  +  1)  inde- 
pendent equations  satisfied  by  the  co-ordinates  of  any  point  of 
the  curve,  from  which  the  n  parameters  may  be  eliminated,  and 
a  final  equation  obtained,  which  is  the  equation  of  the  locus 
of  the  curve. 

397.  If,  however,  a  less  number  of  conditions  be  given, 
although  there  is  in  this  case  no  determinate  locus,  we  may  find 
a  functional,  or  a  partial  differential  equation,  which  must  be 
satisfied  by  all  the  different  surfaces  generated  by  curves  satisfy- 
ing these  conditions.  Thus,  if  (n  —  2)  conditions  be  given,  we 
may  eliminate  any  (n  — 1)  of  the  n  parameters,  obtaining  an 
equation  of  the  form  u  »  a,  where  t^  is  a  determinate  function 
of  a;,  y,  g^  and  such  constants  as  do  not  depend  on  the  position  of 
the  curve,  and  a  is  one  of  the  parameters.  Similarly  eliminat- 
ing other  (n-^l),  we  may  obtain  an  equation  t7==)8.  The 
equations 
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may  then  be  considered  the  equations  of  the  generating  curve, 
and,  in  order  that  this  may  generate  a  determinate  surface, 
another  condition  will  be  necessary,  which  will  giye  a  relation 
between  the  parameters  of  the  form  fi  =f{oi)> 

Hence,  the  equation  of  any  surface  so  generated  must  be 
of  the  form 

where  u,  v  are  determinate  functions  of  x,  y,  Zy  and  constants, 
and  /  denotes  an  arbitrary  function. 

Eliminating  the  arbitrary  function,  we  obtain  a  linear  partial 
differential  equation  of  the  first  order ;  and  either  of  these  equa- 
tions may  be  considered  as  the  general  equation  of  a  family  of 
surfaces,  generated  by  a  curve  of  given  species,  fulfilling  a 
number  of  conditions  insufficient  to  determine  a  locus,  but  such 
that  if  any  new  condition  be  imposed,  a  particular  surface  be- 
longing to  this  family  may  be  found. 

Again,  if  only  (n  — 3)  be  given,  we  may  obtain  two  final 
equations  of  the  form 

^  =/i  (a?>  y»  «>  a) ;   7=/2(a?,y,  «,  a); 
jl^,  f^  denoting  known  functions,  and  a,  /8,  7  being  parameters. 
For  a  determinate  surface,  two  new  independent  conditions  will 
be  necessary,  which  will  supply  two  equations  of  the  form 

The  general  equation  of  this  family  of  surfaces  will  then  be 
found,  if  we  eliminate  a  from  the  equations 

^  (a)  =/i  (a?,  y,  «,  a) ;  ^  (a)  =X  (^>  y»  «>  «)• 
This  is  not  generally  possible,  ^,  -^  being,  for  the  family, 
arbitrary,  and  determinate  only  for  a  particular  surface.  In  cer- 
tain cases,  however,  it  happens,  that  on  eliminating  (n  —  2)  of  the 
constants,  one  of  the  remaining  two  also  disappears,  leaving  an 
equation  of  the  form  ti  =  a,  as  in  the  former  case.  When  this 
occurs,  we  may  also  obtain  an  equation  of  the  form 

/(a?,  y, «,  A  7)  =  0, 

where  /  is  determinate.  The  general  equation  of  the  family  of 
surfaces  will  then  be 
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involving  two  arbitraiy  functions,  from  which  may  be  obtained  a 
partial  differential  equation  not  involving  the  functions.  This 
differential  equation  will  generallj  be  of  the  third  order,  but 
occasionally  of  the  second. 

Similarly,  if  (n— 4)  conditions  be  given,  and  if  the  equation 
be  such  that  it  is  possible  to  deduce  one  equation  of  the  form 
tf  =  a,  we  may  obtain  a  general  equation  for  the  family  of  sur- 
faces so  generated  which  will  involve  three  arbitrary  functions, 
and  so  on  for  fewer  given  conditions. 

398.  On  the  functional  equationa  of  famtltea  of  Ruled 
BuvfaceSn 

The  equations  of  a  straight  line  involve  four  parameters ; 
hence,  if  a  straight  line  moves  so  as  to  satisfy  three  conditions, 
each  condition  being  such  as  to  give  rise  to  one  independent 
relation  among  the  parameters,  a  determinate  locus  will  be  gene- 
rated. Intersection  with  a  given  curve,  or  tangency  of  a  given 
surface,  are  examples  of  such  conditions. 

If  a  straight  line  move  so  as  to  satisfy  only  two  such  con- 
ditions, we  shall  be  able  to  obtain  a  functional  or  differential 
equation,  which  will  include  the  whole  family  of  surfaces  so 
generated.  Of  this  kind  are  conical  surfaces  with  a  given  vertex, 
or  cylindrical  surfaces  with  a  given  direction  of  generating  line ; 
the  condition  that  a  straight  line  may  pass  through  a  given 
point,  at  a  finite  or  infinite  distance,  giving  rise  to  two  relations 
among  the  parameters. 

If  a  straight  line  move  so  as  to  satisfy  only  one  such  con- 
dition, the  general  equation  of  the  family  of  surfaces  generated 
cannot  usually  be  obtained.  If  however  the  one  condition  be 
that  it  move  parallel  to  a  fixed  plane,  the  exceptional  case 
mentioned  in  the  last  Article  arises,  since  this  condition  gives 
rise  at  once  to  an  equation  of  the  form  t^  =  a,  t^  =  0  being  the 
equation  of  the  given  plane. 

399.  To  find  the  general  Junctional  equation  of  cylindrical 
suffacee  having  their  generating  lines  parallel  to  a  given  straight 
line. 

Let  2,  nt,  n  be  proportional  to  the  direction-cosines  of  the 
given  straight  line. 
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Then  the  equations  of  the  generating  line  may  be  written 

—  —  —  , 

I         m  n 

in  which  /8,  7  are  the  two  parameters. 

Hence, 

7)9  =  Zy  —  mXj     h/^lz  —  waj, 

and  the  general  functional  equation  will  be 

ly  —  mx  =y(Z2  —  na?), 

or  ^Qy  ""  ''^^y    ^^ ""  '^)  =  0. 

400.     To  find  the  general  functional  eqtiation   of  conical 
aurfaces  having  a  given  vertex. 

Let  (a,  &,  c)  be  the  giv^en  vertex,  then  the  equations  of  the 
generating  line  may  be  written 

X  —  <3t_y--  ^  _^  ^c 

2  m  n    ' 

in  which  the  ratios  l\m\  n  are  the  parameters. 
The  functional  equation  will  then  be 


or 


X  -^a  ^  ^fx  —  (C\ 
Vy  — 6      «— c/ 


This  shews  that  if  an  equation  u^O  represent  a  cone,  the 
first  member  of  the  equation  may,  by  a  change  of  origin,  be 
reduced  to  a  homogeneous  function  of  a;,  y,  z. 

401.  To  find  the  general  Junctional  equation  of  conoidal 
surfiice8y  having  a  given  axis  and  a  given  directing  plane. 

Def.  a  conoidal  surface,  or  conoid,  is  any  surface  generated 
by  a  straight  line  moving  so  as  to  intersect  a  given  straight  line, 
the  axis,  and  to  remain  parallel  to  a  given  plane,  the  directing 
plane.  If  the  axis  be  perpendicular  to  the  directing  plane,  the 
surface  is  called  a  ryht  conoid. 

Let  the  equations  of  the  axis  be 

x  —  a    y  —  i     «  —  c 

— = —  =  = =  r , 

I  m  n 
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and  {Vf  m\  n')  the  direction-cosines  of  the  directing  plane :  also, 
let  the  equations  of  the  generating  line  be 

aj  —  a  —  Zr     y  —  J  —  mr  ^z  —  c^nr 

The  equations  will  then  involve  the  three  parameters  r,  and 
the  ratios  \\  fiiv,  connected  by  the  equation 

Z'X  +  m'/t*  +  v!v  =  0. 

We  shaU  then  have  the  equations 

Z'(ic-a)4-m'(y-J)+n'(«-c)=(K'  +  niw'  +  nn')r, 

,  «i  (a?  —  a)  —  Z  (y  —  &)  _  mX  —  Ifi 

nix  —  a)  —l{z^c)       rCK  —  lv  ' 

The  general  functional  equation  will  accordingly  be 

^         '  \^       /         \        /  (n(x  — a)  — Z(«-c)  J 

If  the  axis  be  taken  as  the  axis  of  a?,  and  the  directing  plane 
as  that  of  yz^  this  equation  reduces  to 

»-^©- 

The  general  equation  of  a  right  conoid  is  of  the  form 

'('-°)^"(>-')^'''-°)-^{:g::;:l(t'|}- 

402.      To  find  the  general  Junctional  equation  of  surfizoes 
generated  by  a  straight  line  moving  parallel  to  a  fixed  plane. 

Let  the  equations  of  the  generating  line  in  any  position 
be 

X    "    fi  V     ' 

and  let  Z,  m,  n  be  the  direction-cosines  of  the  fixed  plane. 
We  shall  then  have 

ZX  +  ntfi  +  ny  =  0, 

and  therefore 

Ix  +  my  +  nz^  loL+ml3  +  ny, 

for  any  point  on  the  line. 
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Also  we  maj  write  one  of  the  equations  of  the  line  in 
the  form 

which  shews  that  the  general  functional  equation  is 

z  =  x<l>  {Ix  +  my  +  m)  +  '^  {lx-\-mff  +  nz). 

It  may  also  be  taken  as 

z  =  yj>^  {tx-^-my  -\-nz)  +  '^^  (7aj  +  »iy  +  n«), 

These  equations  will  be  found  to  lead  to  the  same  differ- 
ential equation,  which  we  shall  hereafter  find  in  a  different 
manner.    .Thej  maj  also  be  seen  to  coincide  as  follows. 

Taking  the  former 

lz^{u  —  my^nz)  ^(tt)  +  l'^  (tt), 
z\l-\-n^  {u)]  =  w0  (tt)  4-  i*^  (w)  —  my  (f>  (m), 

which  is  of  the  second  form. 

If  the  given  plane  be  that  of  zx^  the  equation  reduces  to 

This  is  the  exceptional  case  before  mentioned  (Art.  397). 
This  family  of  surfaces  includes  conoids  as  a  particular  case. 

403.  To  find  the  general  functional  equation  of  surfaces  of 
revolution. 

These  may  be  considered  as  generated  by  the  motion  of  a 
circle  whose  center  lies  on  a  fixed  straight  line,  to  which  its 
plane  is  perpendicular,  and  whose  circumference  meets  a  fixed 
curve  in  the  same  plane  as  the  axis. 

Let  (a,  J,  c)  be  any  fixed  point  on  the  axis,  (?,  w,  n)  the 
direction-cosines  of  the  axis.  Then  with  center  (a,  J,  c)  we  can 
describe  a  sphere  passing  through  the  generating  circle  in  any 
position,  and  the  equations  of  the  circle  may  be  taken  to  be 

{x-ay  +  iy-by+iz^cy^r', 

lx  +  my-\-nz=p. 
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Hence  the  required  functional  equation  will  be 

(aj-a)'  +  (y-J)"+(»-c)*=/(tc+my  +  w«). 

If  the  axis'  of  0  be  taken  for  the  axis,  the  general  equation 
becomes 

which  may  be  written 

«'+y"  =  ^(«)  or  z^^(ix?  +  f). 

.    Differential  Equaiiona  of  Families  of  Surfaces. 

404-  From  the  functional  equation  of  a  family  of  surfaces, 
the  arbitrary  functions  can  be  eliminated  by  differentiation, 
and  a  partial  differential  equation  obtained  which  must  be  satis- 
fied at  every  point  of  any  one  of  the  family  of  surfaces.  In  the 
case  however  of  a  family  of  ruled  surfaces,  satisfying  given  con- 
ditions, the  differential  equation  may  be  obtained  directly  as 
follows. 

Let  F  (a:,  y, «)  ==  0  be  the  equation  of  any  ruled  8ur£EU», 
and  let 

— r —  ='^ « =  r 

be  the  equation  of  any  generating  line.    The  equation 

must  then  be  identically  true,  and  the  following  equations  must 
hold  at  eveiy  point  of  the  surface, 

F{x,y,z)::^0,  ^ 

dF        dF        dF_ 
dx         dy         dz"^   * 


(     d  d  dV  ^ 


(A), 


if  the  equation  be  of  the  nf^  degree.  From  these  equations,  if 
\i  fi:  V  he  given  as  functions  of  x,  y,  z^  we  may  obtain  a  series 
of  differential  equations,  any  one  of  which  must  be  true  at  any 

X 
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point  of  the  surface,  and  may  be  considered  a  differ^itial  equa- 
tion of  the  surface. 

405.     To  find  the  differenJtial  eqiuxtian  cfctflindruxd  sufjiMces, 
having  a  given  direction  of  the  generating  lines. 

If  l,m,n  be  the  direction-cosines  of  any  generating  line, 
we  must  haye 

^dF       dF       dF    ^ 

^^  +  "^  +  ^;S=^' <^)' 

and  if  this  condition  'he  satisfied  at  evezy  point,  it  maj  readily 
be  shewn  that  the  other  equations  of  the  system  typified  by 


(z^  +  ...)V=o, 


will  also  be  satisfied.    The  equation  (1)  is  therefore  the  di£^- 
ential  equation  required.    We  may  also  write  it  in  the  form 

ydz   ,       dz 
n  =  I -J-  +  fn  ^-  • 

dx         ay 

406.     To  find  the  differential  equation  of  eonioal  ewrfaces^ 
having  a  given  vertex. 

If  (a,  )9,  7)  be  the  co-ordinates  of  the  g^ven  Yerteoc,  we  shall 
haye 

a  —  x     )8  — y     7  —  0 

and  we  must  haye,  at  eyery  point  of  the  sm&ce, 

(.-,)f+0-,)f+(r-.)f.o, 

the  differential  equation  required,  whence  it  follows,  that 

the  operations  being  performed  on  F  alone. 
The  differential  equation  may  be  written 
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407.  To  find  the  general  differential  equation  cf  conoidal 
surfaces y  having  a  given  axis^  and  a  given  directing  plane. 

Let  the  equations  of  the  axis  be  — j —  =  tLl^  --  _JI1_  ^  n^i 

I  m  n 

let  r,  m'y  ri  be  the  direction-cosines  of  the  directing-plane,  X,  /^  y 

those  of  any  generating  line.     We  shall  then  have,  at  any  point 

of  this  generating  line, 

{x-'ii)  {mv'-n^)  +  (y  — i)  (n\  — Zi/)  +  («— c)  (Z/*  — «iiX) «0; 
and  since  r\  +  m'fi  +  nv  =  0,  we  obtain,  patting 

p  =  U  -{-mm'  +nn',  p'  =  l'  {x  —  a)  +m'  (y  — J) +n'(«  — c), 

^  ^ M y 

p{X'-a)—Ip      p(j/  —  b)—mp      p{z'-c)--np^  : 

therefore  the  differential  equation  is 

The  coefficients  being  linear  functions  of  x^  y^  z,  it  follows, 
from  this  equation,  that  the  other  equations  of  the  system  (A) 
will  hold. 

If  the  axis  be  the  axis  of  z,  and  the  directing  plane  tha 
plane  of  xy,  this  equation  reduces  to 

dF       dF     ^  dz   ^     dz     ^ 

408.  To  find  the  general  differential  equation  of  autfacea 
generated  by  a  straight  line  moving  parallel  to  a  fixed  plane. 

Let  2, 9n,  n  be  the  direction-cosines  of  the  fixed  plane,  X,  /a,  v 
those  of  any  generating  line ;  we  shall  then  have 

iK  +  mp,  +  ni/  =  0, 

and  the  differential  equation  satisfied  by  such  surfaces  will  be 
found  by  eliminating  X,  /ia,  j/,  firom  this  equation,  and 

dF        dF        dF    ^ 

df^F  d^F 

X*  ^  +  ...  +  2^j; -j~-T- +  ...  «  0. 
do^  ay  da 

x2 


308     PIFFEBENTIAL  EQUATIONS  OF  FAMIUES  OF  SURFACES. 

The  equation  will  accordingly  be 


dF        dFy  d*F 


/   dF 


^(.dF         dF\f     dF       dF\*  a-jy    .  ^ 


dF_    dF\^  d'F 
dz        dy)  dydz 

wUch  may  be  written 

/  dzyd^     of    4.    ^flA.     ^\  ^^ 

\  dy)  d^         \  dyj  \  dx)  dxdy 


('-!) 


If  tKe  fixed  plane  be  taken  as  that  of  ocyy  these  equations 
xednce  to 

/dFV  d^_  2  dFdF  rf»F      /dFVd^F^  ^ 
\dy)   do?        dx  dy   dxdy     \dx)  dt^       ' 

,  fde^ d^ _^da_d»_   d^z       /^V d^z  _ 

\dy)  dof        dx  dy  dxdy      \dx)  dj^  ~" 

The  remaining  equations  of  the  system  (A)  may  be  shewn 
to  be  satisfied  in  this  case,  but  with  the  general  form  of  the 
equation  the  work  is  tedious.  In  the  case  when  the  equation 
of  the  surface  is  z  —f{x,  y),  and  the  fixed  plane  becomes  that 
of  xy^  we  shall  have 

dz         dz  .  d^z  d^z         « ^z 

whence 
X  _    fh  ,   /{fey  d^z         dz  ^  d*z       /^^V  dh  _ 

dy        dx 

Differentiating  the  last  equation  with  respect  to  x  and  y 
successively,  multiplying  the  results  by  ^  and  -7-  respectively, 
and  adding,  we  obtain 

/dzV d^'z        fdzV dz    d'z    ,  ^dz  fdzV    d^z       fdzV  <Pz 
\dy)  dsf     ^\dy)  dxdafdy^^ dy\dx)   dxdy"     W  dt^^   ' 
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whence 

.  d*z  «      d^z         ^    .    d^z  .  d^z 

and,  picceeding  similarly,  the  whole  of  the  equations  (A)  will 
be  seen  to  be  satisfied. 

409.  To  find  the  general  differential  equation  of  developable 
surfaces* 

In  this  case,  the  two  directions  in  which  the  tangent  plane 
to  the  snrface  at  anj  point  meets  it  must  coincide,  or  the  values 
oi\\li\v  given  bj  the  equations 


I 


X—        —     v— =  0 
dx         dy         dz       ^ 


(     d  d  d\* «_ 

\    dx        dy        dz)      "   ' 


dy 
must  coincide. 

This  gives  the  equation 

(dF^  (d^  d^_  fd^W 
\dx)  {dy"  dz^      [dydzj]'^''' 

^dFdF(d*F  d'F  ^d^d'Jl 
dy  dz  [dzdxdxdy     da?  dydz) 

+  ...  =0. 

K  we  take  F[x^  y, «)  s  «  -/(a?,  y),  this  reduces  to 

d^zd^z     (d'z\^^^ 
da?  d}^     \dxdy) 

Equation  (A)  may  be  shewn  to  hold  as  follows.    The  equa^ 
tion 


/     d         'rfV       ^ 


dy, 
has  equal  roots.    We  shall  then  have 

.  rf'«  d'z       ^     ^   d'«   ^     ^'^^n 

simultaneously. 
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Differentiate  each  of  these  equations  with  respect  to  x  and  y 
saccessiyely,  multiply  the  four  resulting  equations  by  X',  X/&, 
X/i,  and  fi%  and  add :  the  result  will  be 

A    d  d\*        L  dK       d\\  L  d*z  ^        d*z  \ 

A  da         da\  L    d^z    .      d^z\ 

which  reduces  to 

bj  the  former  relations.     Similarly,  we  may  proceed  to  shew 
that  the  higher  equations  are  also  satisfied. 

We  may  also  obtain  this  equation  from  the  general  equation 
of  a  developable  surface  giyen  in  Art.  300.  It  is  there  shewi^^ 
that  the  equation  obtained  by  eliminatiag  a  from  the  equations 

«  =  aaj  +  y^(a)+i|r(a),    0  =  a?  +  y<^'(a)  +  i|r'(flt), 

represents  a  developable  8ur£ace. 

Now  at  any  point  of  this  surface 


Hence 


and  eliminating  the  function  by  differentiation,  we  obtain  the 
equation 

da?  dj^     \dxdy)  " 

410.     To  find  the  general  differential  equation  of  surfaces 
of  revolution  about  a  given  axis. 

The  general  functional  equation  is 
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whence  ^  =  2  («  -  a)// -  Z^, 

g'-2(e-c)X'-«/.', 
whence 

{«(«-c)-»(y-J)}g+{«(x-a)-Z(«-c)}^ 

+  {?(y-a)-m(«-o)}g-0; 
or   [«(«-c)-«(y-J)}g  +  {«(»-a)-Z(«-c)}| 

411*    ApplioaUon  qfthe  differential  equations  cf  familiea  cf 
mvrfdoes  iocanicoida. 

Take  2?'(«,y, «)  =aa?+8y*  +  c«*  +  2ay«  +  2y«D  +  2c'ay 

+  2a"a?  +  2  J"y  +  2c"  a  +  rf  =  0  ; 

then,  by  the  equation  of  Art  (405),  in  order  that  this  may  be  a 
cylinder,  we  must  have  at  evezy  point 

l{ax  +  c'tf  +  Vz  +  a")  +  m  {cx-^-by  +  a'z  +  J") 

+  n  (6'»  +  a'y  +  c«  +  c")  -  0> 
for  fixed  yalues  of  2 :  m  :  a. 

This  cannot  be  the  case  at  eyery  point,  nnleaa 

al+c'm  +  h'n==^0. 
c7  +  hn  +  a*n  =  0, 
67  +  a'm+  cn  =  0, 
a'7+i"wi  +  c"n«0; 

from  the  first  three  of  these  equations  we  obtain 

oa'"  +  Jft'*  +  cc'*  -  oJc  -  2aW  =  0  (1), 

and  ?(JV-aa')«w(cV-W')«n(a'y-cc'); 
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whence  by  the  last,  we  have  the  fiirther  condition 

h" 


a"       .       h"       .       c" 
h'c'  -aa''^  c'a'  -  bb' ''"  alb'  -ai~^ 


(2). 


The  conditions  (1)  and  (2)  mnst  hold  among  the  coefficients 
in  order  that  the  surface  may  be  a  cylinder.    Compare  Art.  (233). 

Similarly,  if  the  equation  F  (a?,  y ,  «)  =  0  represent  a  cone,  we 
must  have  the  equation 

+  («  -  7)  (ft'a?  +  aV +  «»  +  c")  =  0, 

satisfied  at  every  point  of  it.    This  cannot  be  the  case  unless 
the  following  four  equations  be  simultaneously  true : 

a"a  +  J")8  +  c'7+rf=0; 

and,  the  condition  that  the  equation  of  the  second  degree  may 
represent  a  cone,  is  the  determinant 


/    7/     II 
a,   c ,  c7 ,  a 

c',  A,   a ,  6 ' 

ill  It 

^  a  f  Cy  c 

a ',  b"j  c",  €( 


=  0. 


This  is  the  condition  of  Art.  (231). 

The  application  of  the  condition  for  a  conoid  leads  to  some 
rather  tedious  work,  if  we  take  the  most  general  form  of  the 
equation.  The  condition  finally  requires  the  relation  among  the 
coefficieifts 

with  the  further  relation  for  a  right  conoid 

We  may  obtain  these  by  taking  the  axis  of  js  as  the  axis,  and 
the  directing  plane  parallel  to  the  axis  of  a; ;  in  which  case 

Z  =  0,  m  =  0,  r  =  0, 
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and  the  differential  equation  reduces  to 

dF       dF    ni    dF    „ 

Hence  the  equation 


or   oa^+fft-  "j^jy*+ra'-"^jy« 


must  be  true  at  every  point  for  which  F{xy  y,  z)  =  0. 

Subtracting,  we  shall  obtain  the  following  equation,  satisfied 
at  evcTy  point  of  the  surface, 

+  y^a.  +  *!^  +  a"aj+fj"  +  ^)y+2o"«  +  rf*0. 
n  \  n  J 

These  equations  must  then  coincide,  and  we  have 

ascO,   &= — F-,  c=*0,  c=— 7-,    c  =0,   e?  =  0. 

and  the  equation  of  the  surface  will  be 

fty'  +  ayz  +  y«a?  +  dxy  +  a"a?  +  i"y  =  0, 
the  coefficients  being  connected  bj  the  equation  &i'  =  2a  c'. 

Hence  the  condition 

oa'*  +  W'  +  cc**  -  aJc  -  2a'J  V  =  0, 

must  be  satisfied  when  these  axes  are  taken,  and  therefore  when 
any  other  axes  are  taken,  since  the  left-hand  member  of  the 
equation  is  unaltered  by  transformation  of  co-ordinates. 
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If  the  conoid  be  a  right  conoid,  we  shall  haye  m'  »0,  and 
therefore  V  =  0,  c'  =  0,  and  the  equation  becomes 

dyz  +  Vzx  +  a"a?  +  V'}f  =  0, 

in  which  the  condition  a  +  &  +  c  =  OiB  satisfied.  This  condition 
most  therefore  be  satisfied  for  eveiy  right  conoid  of  the  second 
degree. 

The  only  conoid  of  the  second  degree  is  then  a  hyperbolic 
paraboloid,  and  for  a  right  conoid,  the  two  principal  sections 
must  be  equal  parabolas. 

The  application  of  the  condition  for  developable  surfSBU)e8 
leads  to  the  equation 

{l)c-d^  {ox-^-Vy-^-Vz-^-dy^ 

+2(yc'-aa')(c'»  +  &y  +  a'«  + J")  (J'jc  +  a'y+<»+c")  +.-=0, 

to  be  satisfied  at  every  point  of  the  surface. 

On  examination  of  the  coefficients,  this  will  be  found  to  be 

«»*+  iy*+  c«'+  2a'y«  +  ib'zx  +  2c'ay  +  2a"iB+2j"y  +  2c"«  -  A=  0, 

A  having  the  same  meaning  as  in  Art.  (231).    The  condition  for 
a  developable  surface  is  then 

A  +  rf  =  0, 

which  shews  that  the  only  developable  surfaces  of  the  second 
degree  are  cones,  of  which  cylinders  are  a  particular  case. 

For  surfaces  of  revolution,  we  obtain  the  equation^  assuming 
the  co-ordinates  of  the  center  of  the  sphere  all  zero,  which  does 
not  affect  the  generality, 

which  must  either  coincide  with  the  original  equation,  or  be 
identically  true. 

We  have  accordingly,  using  an  undetermined  multiplier  iEr, 

c'n  — 6'w=A»,   a7  — c'n  =  i6,    J'w  — a'6asA», (1), 

c'm-yn-?(J-c)  =  2fe»', (2), 

y'n-c"m  =  2A*", (3), 

From  the  equations  (1)  we  obtain 

A:(a  +  i  +  c)«0, 
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md  taking  iE;«>0,  we  bare  all^Vm^dn^  and  the  qratem  (3) 
gives  US 

Oca 

aJV     ,      oV  JV 

or  c  —  -T  «  0  —  -— -  s  a r  • 

c  o  a 

The  third  system  will  then  give 

aa  =ssi)o  sec  ; 

which  equations  will  however  not  be  necessary  in  the  case  when 
the  axis  does  not  pass  through  the  origin* 

The  factor  a+b  +  c  maj  possibly  be  shewn  to  be  foreign  to 
the  investigation. 


XVIIL 

(1)  Find  the  general  functional  equation  of  a  fiunily  of  sur&oes 
Buch  that  the  tangent  plane  at  anv  point  (as,  y,  z)  of  one  of  them 

intercepts  on  the  axis  of  «  a  length  --^  • 

Detennine  the  arbitrary  function  bo  that  the  intercepts  on  the 
axes  of  0  and  y  may  be  in  the  ratio  «  :  y, 

(2)  Shew  that  the  differential  equation  of  all  sur&ces  which  are 
generated  by  a  circle,  whose  plane  is  parallel  to  the  plane  of  yz, 
and  which  passes  through  the  axis  of  a^  is 

(3)  A  surface  is  goierated  by  a  straight  line  ahrays  passing 
through  the  two  fixed  straight  lines 

prove  that  the  equation  to  the  sur&ce  generated  is  of  the  form 


fikxv  — 


also  that  its  differential  equation  is 

(4)    The  two  branches  of  the  curve  of  intersection  of  a  sur&ce 
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and  its  tangent  plane  "will  he  at  right  angles  to  each  other  at  every 
pointy  if  the  equation  of  the  surface  satisfy  the  condition 


(■ 


dF\'  /fPF  ^  d'F\  ^         ^dFdF  d'F 
dxj  \df^       d^ )     '"        dy  dzdydz 


(5)  Shew  that  the  only  suf&oe  of  revolution  in  which  the  two 
branches  of  the  curve  of  intersection  with  the  tangent  plane  axe  at 
right  angles  to  each  other  at  every  pointy  is  the  sui^&ce  generated  by 
the  revolution  of  a  catenary  about  its  directrix. 

(6)  Shew  that  the  only  conoid  possessing  this  property  is  a 
right  conoid,  and  that  its  equation  may  be  reduced  to  the  form 

^  =  a;tan9n^ 

(7)  Apply  the  condition  of  question  (4),  to  determine  at  what 
points  of  the  surface 

the  generating  lines  are  at  right  angles  to  each  other. 

(8)  The  functional  equation  of  sur£Etces  generated  by  a  strai^t 
line  intersecting  the  aids  of  z^  and  meeting  ti^e  plane  of  a^  on  the 
circle  aj*  +  y'  =  a*,  is 


7«'+y'-a=^(|). 


Find  also  the  differential  equation. 

(9)  Find  the  functional  equation  to  a  &mily  of  surfiauses  gene^ 
rated  by  a  straight  line  of  constant  length  c  sliding  between  the 
co-ordinate  planes  of  yz,  zx,  and  remaining  parallel  to  the  plane  of  xy. 

Shew  that  the  differential  equation  is 

^dzV 


/    dz        dzy  (/dzV      /dzY)       .  /dzy  /<•* . 


(10)  Shew  that  a  certain  differential  equation  of  the  third  order 
must  be  satisfied  at  every  point  of  any  ruled  sur&ce  whatever. 

(11)  Shew  that  every  right  conoid  of  the  n^  degree  will  be  cut 
by  any  plane  perpendicuLu*  to  the  axis  in  a  number  of  straight  lines 
not  exceeding  (n  —  l). 

(12)  In  a  right  conoid  of  the  third  degree,  in  which  only  one 
generating  line  passes  through  any  point  of  the  axis,  shew  that  the 
section  made  by  any  plane  through  the  axis  will  confdst  of  the  axis, 
and  two  generating  lines,  the  sum  of  whose  distances  from  any  fixed 
point  on  the  axis  is  constant. 

(13)  The  general  functional  equation  of  ruled  sur&oes  whose 
generating  lines  pass  through  the  given  straight  line 


I 

# 
! 
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x—a     y—h     z—c 


I  fa  n 

is  «  =  a2/'(w)  +  y^(u), 

n(y  —  h)  —  m(z—c) 

where  tt= — ^ \ — Tf v* 

n{x  —  a)—l{z  —  c) 

and  the  general  differential  equation  is 

/         dzy  d'z    ^(         dz\  f.        dz\    d'z 


(*"S) 


J  — U, 


XffiyV,  being  proportional  to  m(z'-c)  — n(y  —  b),  Ac 

What  do  these  equations  become  respeotiyely  when  the  given 
straight  line  is  the  axis  of  zl 

(14)    Shew  that  all  developable  surfaces  of  the  third  degree  are 
cones  or  cylinders. 


CHAPTER  XVIIL 

PROPEETIES  OP  OONIOOIDB  flATISFYINa  GIVEN  CONDITIONS. 
PORMS  OF  THfi  EQUATION  OF  THE  SPHERE. 


412.  To  find  the  form  of  the  general  eguation  of  a  corUcoid 
passing  through  eight  given  points. 

If  u  s  0,  V  =»  0  be  the  equations  of  two  particular  oonicoids 
satisfying  the  given  conditions,  then  u-^-kv^O  will  be  satisfied 
when  u  and  v  simultaneously  yanish,  and  will  therefore  represent 
a  conicoid  passing  through  the  eight  given  points,  and  since  it 
involves  one  arbitraty  constant,  it  is  the  general  equation  re- 
quired. 

413.  If  a  conicoid  pass  through  eight  given  points j  the  polar 
plane  of  any  other  given  point  toiU  pass  through  a  fixed  straight 
line. 

The  polar  plane  of  the  point  A  of  the  fundamental  tetra- 
hedron is 

du  ,  T  dv     ^ 

which  passes  through  the  straight  line  determined  by  the  equa- 
tions 

du^        dv  ^ 

da"   ^    da"   ' 

There  are  moreover  certain  points  whose  polar  planes  are 
altogether  fixed.    For  if  (a,  )8',  7',  B')  be  a  point  such  that 

du*     du'     du      du' 

3J7    357    dv    3i7' 
3?    ^    5/    ^ 
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its  polar  plane  will  be  independent  of  % ;  or  will  be  fixed*  This 
number  will  afterwards  be  found  to  be  four. 

414.  If  a  conicaid  pctss  through  eight  given  paints^  the  pole 
of  any  given  plane  will  lie  on  the  curve  of  intersection  of  two 
conicoida. 

The  equations  determining  the  pole  of  the  plane  BCD  are 
du  ^  T   dv      ^      du   ^  J  dv      ^      du      ^  dv 

whence  the  locus  of  the  pole  is  the  curve  given  bj  the  equations 
du    dv      du  dv  ^        du  dv     du  dv  ^ 

which  are  both  of  the  second  degree.  There  will  be  four  planes 
whose  poles  are  altogether  fixed,  namely,  the  polar  planes  of  the 
points  determined  in  the  last  article. 

The  locus  of  the  center  of  a  conicoid  passing  through  eight 
fixed  points  is  a  curve  of  this  species,  since  the  center  is  the  pole 
of  the  plane  at  infinity. 

415.  Beciprocating  these  propositions,  we  obtain  the  fol- 
lowing. 

If  a  conicoid  touch  eight  given  planes,  the  pole  of  any  other 
given  plane  will  lie  on  a  fixed  straight  line.  Hence  the  locus  of 
its  center  will  be  a  straight  line. 

The  polar  plane  of  any  given  point  will  envelope  a  develop- 
able surface  of  the  fourth  class. 

In  this  case  also  there  exist  four  polar  planes  whose  corre- 
sponding poles  are  altogether  fixed. 

416.  Four  cones  of  the  second  degree  can  in  general  he 
described  passing  through  eight  given  points* 

The  equations  for  determining  the  center  of  the  conicoid 
u  +  kv  =  0,  are 

di'^^di^d^^^dfi^di'^^di^dS^^M' 

If  the  conicoid  be  a  cone,  its  center  lies  on  the  surface,  and 
each  member  of  these  equations 

du  n  (  dv 


«^+...+A:(«^+...) 

a  +  /3  +  7+«  • 
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m  +  kfi^y 
V  +  Tcs:, 


l-\-k\y 

m''\'kii!y 


r  +  Ax' 

m!  +  JcfL 

v!  +  h/ 

0 


=  0. 


Now  if  we  take  four  of  the  given  points  as  the  angular  points 
of  the  fandamental  tetrahedrons,  we  may  write 

u  =  l^  +  mrfOL  +  na/8  +  Z'oS  +  w'/8S  +  n^S, 
v  =  X^7  + 

and  the  condition  for  a  cone  will  become 

0,  n  +  hfy       m-\-  kfjLf 

n  +  kUf  0,  1  +  k\ 

0, 
n'  +  kv\ 

which,  being  a  biquadratic  in  ky  shews  that  there  are  in  general 
four  cones  pf  the  second  degree  passing  through  eight  arbitrary^ 
points. 

The  vertices  of  these  cones  are  the  points  whose  polar  planes 
are  fixed  with  respect  to  any  conicoid  passing  through  the  eight 
points.    For  if,  in  Art.  (413),  the  value  of  the  ratio 

du 

di  •  dd 

k^  will  be  a  root  of  this  equation,  and  the  point  (a ,  ff^  y\  t^) 
will  be  the  vertex  of  the  cone 

u  +  k^v  =  0. 

Let  P,  Q  be  two  of  these  points,  then  since  the  polar  plane 
of  P  is  the  same  for  all  conicoids  passing  through  the  eight 
points,  it  will  be  the  polar  plane  of  P  with  respect  to  the  cone 
whose  vertex  is  Q,  it  will  therefore  pass  through  Q,  and  simi- 
larly through  the  other  two  points.  Hence  of  these  four  points, 
each  is  the  pole  of  the  plane  passing  through  the  other  three, 
with  respect  to  any  conicoid  passing  through  the  eight  points. 

If  we  take  these  points  as  the  angular  points  of  the  funda- 
mental tetrahedron,  the  general  equation  of  tibe  conicoid  will  be 

Zy  97»,  n,  r  each  involving  an  arbitrary  constant  k  in  the  first 
degree. 

It  follows  from  this  result,  that  the  equations  of  any  two 
conicoids  may  be  obtained  in  the  form 
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417.  These  results  will  faU  if  the  eight  points  lie  on  two 
planes,  for  in  that  case,  taking  the  two  planes  as  a  =  0,  /8= 0,  the 
equation  of  any  conicoid  passing  through  the  eight  points  may 
be  written  t«  —  2*  a/8  =  0,  in  which 

tt=jxi*  +  j)8'+7v"  +  «S'  +  2Z/97+...  +  2raS+... 

and  the  equation  giving  the  values  of  ky  for  which  the  conicoid 
becomes  a  cone,  is 

Pj     n  —  kj  i»,  I' 

n  —  kf      y,      Z,  m' 

w,         Z,      r,   n 


n,  8 


=  0, 


which  is  only  a  quadratic  in  ky  so  that  only  two  proper  cones  can 
be  described  through  the  eight  points,  agreeably  to  Art.  (343). 

418.  Three  conicoich  can  be  described  passing  through  eight 
given  points^  and  touching  a  given  plane. 

Let  the  equation  of  any  conicoid  passing  through  the  eight 
given  points  be 

(?+«')  a«+  {m  +  hm')  /y+  (n  +  inV  +  (r +  ;fcrO  S"  =  0, 

and  let  a',  /S',  y,  S  be  the  perpendiculars  from  the  angular 
points  on  the  given  plane.  Then  if  the  point  of  contact  be 
(a",  P\  7",  3")>  we  shall  have 

{l  +  hl)a:'  _{m^hf^)P"  _  (n  +  kn')  y"  _  {r^hr)h'* 
ol  J?  7  ?         ' 

whence  the  condition  that  the  given  plane  may  touch  the 
conicoid  is 

g^'  P^  y'^  y     _ 

l  +  kl'     m  +  km      n-^kn      r+kr^"    ' 

a  cubic  equation  for  &,  provided  a',  /S',  y\  8'  are  all  finite. 

If  a'  =  0,  one  solution  is  Z  +  i?  =  0,  which  reduces  the  required 
conicoid  to  one  of  the  four  cones  of  the  second  degree,  passing 
through  the  eight  points,  which  is  not  properly  a  solution,  as  the 
plane  will  not  in  general  be  a  proper  tangent  plane  to  the  cone, 
but,  passing  through  its  vertex,  of  course  will  satisfy  the  analy-^ 
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tical  condition  of  tangencj.  So  if  the  given  plane  pass  through 
two  of  the  angular  points,  there  will  be  only  one  proper  solntioUy 
and  if  through  three,  no  conicoid  can  be  described  as  required. 

Beciprocallj,  we  can  in  general  find  three  conicoids,  touching 
eight  given  planes,  and  passing  through  a  given  point.  Cor- 
responding cases  of  exception  arise,  when  the  given  point  lies 
on  one,  two,  or  three  of  four  planes,  fixed  with  respect  to  the 
eight  given  planes. 

419.  To  find  the  ffeneraijorm  of  the  equation  of  a  contcotd 
passing  through  seven  given  points. 

Take  u=sO,  t?  =  0,  10  =  0,  the  equations  of  three  particular 
conicoids,  not  having  a  common  curve  of  intersection,  and  satis- 
fying the  required  conditions ;  then  the  equation 

lu  +  mv  +  nic  =  0 

will  be  the  general  equation  required.  For  it  is  satisfied  when- 
ever u,  Vf  and  w  simultaneously  vanish,  and  it  involves  two 
arbitrary  constants,  the  ratios  Z  :  m  :  n,  by  means  of  which  it 
may  be  made  to  pass  through  any  two  other  given  points.  It 
can  therefore  be  made  to  represent  any  conicoid  passing  through 
the  seven  points. 

Since  the  equations  u^O^v^OfW^O  determine  eight  points, 
we  see  that  any  conicoid  which  passes  through  seven  fixed  points 
will  necessarily  pass  through  an  eighth  fixed  point,  whose  position 
may  be  determined  firom  that  of  the  seven. 

420.  J^a  conicoid  pass  through  seven  given  poinJts^  the  polar 
plane  of  any  oiker  given  point  will  pass  through  a  fixed  point. 

For  the  polar  plane  of  the  point  A  is 

jdu  ,      dv  ,      dw      . 
Z -J- +  m -J- +  n -J- =  0, 
aa  dcL        aa 

which  passes  through  a  fixed  point  determined  by  the  equations 

du  dv      ^      dw 

da       ^    da       *     da 

K  the  fixed  point  be  a  vertex  of  any  cone  of  the  second 
degree  passing  through  the  seven  points,  the  polar  plane  will 
pass  through  a  fixed  straight  line.      For,   take  ua=0  as  the 
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equation  of  a  cone  whose  vertex  is  A,  passing  throtigh  the 
seven  points.    Then  ^  s  0,  and  the  pokr  plane  of  A  will  be 

dv        dio     ^ 

which  passes  through  the  fixed  straight  line  7-  ==  0,   -j-^0. 

In  general,  no  polar  plane  can  be  altogether  fixed,  for,  in  order 

that  the  polar  plane  of  A  may  be  independent  of  Z  :  m  :  n, 

du         dv         dw  1  •    1  t 

-^  =  0,  ^  =  0,  3-  =  0,  must  be  equivalent  to  only  one  equation, 

whence  each  of  the  equations  u  =  0,  t^sO,  wsO,  must  be  of  the 
form 

where  u^  is  of  the  first  degree,  and  u^y  v,,  w^  do  not  involve  a. 
Hence  through  the  seven  points  can  be  described  two  cones  of 
the  second  degree  ^^^^t^  ^>  v^  —  w^^  0,  having  a  common 
vertex  Ay  and  the  seven  points  must  lie  on  four  fixed  straight 
lines  passing  through  A, 

421.     When  a  conicoid  paaaes  through  seven  given  potntSy  to 
find  the  locus  of  the  pole  of  a  given  plane* 

If  the  equation  of  the  conicoid  be  lu-^mv+nw^ 0,  and  if 
the  given  plane  be  that  of  BCDy  the  equations  determining  the 

pole  are 

1  du  ^       dv  ^      dw     . 

,  eft*  .       dv  ^      dw     ^ 

^5^  +  '"^+"^=<>' 


du 


dv  .      dw 


Hence  the  locus  of  the  pole  is  the  surface  of  the  third  degree 

du     du     du 
d^'  d^'  dS 

dv      dv     dv 

dw    dw    dw 
dfi'  dy'  d^   I 

t2 


0. 
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The  locus  of  the  center,  which  is  the  pole  of  the  plane  at  in- 
finity, is  obtained  by  eliminating  Z,  w,  n  from  the  equations 


ydu         efo  .      dw      1  du  ^ 
da         da        da,        dp 


~7^+       =Z  — + 


and  is  therefore 

du 

du 
drf 

du 
dS 


du      dv     dv      dw 


da'  rf/3 

du  dv 

da '  dy 

du  dv 

da'  dE 


da'  d^ 

dv  dw 

da '  drf 

dv  dw 

di'  ^ 


dw 
da 

dw 
da 

dw 
da 


=  0. 


422.  To  find  how  many  conicoids  can  be  described  passisng 
through  seven  given  points^  and  Umching  two  given  planes. 

Let  the  given  planes  be  a  =  0,  /3s=0;  then  at  the  point  of 
contact  with  the  first  we  must  have 

^    J  du         dv  ,      dw     ^    jdu  .    ^du  ^  . 

and  eliminating  fi  :  y  i  B  from  these,  the  eliminant  is  of  the 
third  degree  in  Z,  m,  n.  Similarly  the  condition  of  touching 
/3  =  0  will  lead  to  a  relation  of  the  third  degree  in  2,  m,  n,  and 
the  final  equation  for  determining  I  :  m  will  be  of  the  ninth 
degree.  There  are  therefore,  generally,  nine  conicoids  satisfying 
the  given  conditions. 

423.  To  find  a  general  form  of  the  equation  of  a  conicoid 
passing  through  seven  given  points^  six  of  which  lie  by  threes  on 
two  non-intersecting  straight  lines. 

The  two  straight  lines  must  lie  altogether  on  the  conicoid, 
and  if  through  the  seventh  point  we  draw  a  straight  line  inter- 
secting the  other  two,  three  points  on  this  line,  and  therefore  the 
whole  line,  will  lie  on  the  conicoid.  Take  these  as  the  edges 
ABy  BCy  CD  of  the  fundamental  tetrahedron,  then,  since  they 
are  contained  by  the  three  pairs  of  planes 

a7  =  0,     aS  =  0,    ^98  =  0, 
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the  general  equation  is 

hrf  +  moZ  +  n/8S  =  0. 

If*we  take  two  such  conicoids  (?,  m,  n),  and  (Z',  m\  n*),  their 
fonrth  line  of  intersection  will  be  found  to  be 

a  {hn!  —  Vm)  =  fi  {mn  —  m'w), 
7  (nr  —  n'l)  =  S  (wn'  —  m'n) . 

424.  /n  the  contcaid  of  the  last  arttclcy  the  pole  of  a  given 
plane  lies  in  a  fixed  plane. 

Let  Za  +  Mp  +  ^7  +  i?5  =  0  be  the  equation  of  the  given 
plane,  let  (a',  /8',  7',  S*)  be  its  pole  with  respect  to  the  conicoid 
hf>f  +  waS  +  nfit  =  0,  we  shall  then  have 

hi-^-mS  _nS  _loL  _7naL  +  nff 
L       '^M''N^       R 

_  a'{Ifr'+mS')^ff{nS')  -7' {W)  ^  S' (ma!  +  nff) 

Ld'  +  M^-Ny'^ES 

Hence  the  locus  of  the  pole  is  the  plane 

La'  +  Mff^Ny'  +  S&'. 

The  locus  of  the  center  is  therefore 

a'  +  /3'  =  7'  +  S', 

which  is  a  plane  passing  through  the  center  of  gravity  of  the 
tetrahedron,  and  parallel  to  the  edges  AB^  CD ;  or  the  plane 
bisecting  the  edges  A  (7,  AD,  BC,  BD. 

The  polar  plane  of  the  point  (a',  /3\  7',  S')  may  similarly  be 
shewn  to  pass  through  the  point 

a      fi 7_     S 

which  may  be  determined  as  follows.  Take  a  plane  through 
ABy  and  0  the  pole,  meeting  CD  in  P,  and  a  plane  through 
CD  and  0,  meeting  AB  in  Q.  Then  if  5  be  taken  on  PQ  such 
that  OPQR  is  a  harmonic  range,  the  polar  plane  of  0  will  pass 
through  B.    Compare  Art.  (343). 

425.  To  find  a  general  equaiion  of  a  conicoid  parsing 
through  seven  given  points  such  that  four  straight  lines  can  be 
dravm  through  them  and  through  each  offo^r  given  points. 
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Let  the  four  given  points  be  tlie  vertices  of  the  tetrahedron ; 
then  any  seven  of  the  eight  points  represented  by  the  equa- 
tions 

I      m      n     r 

will  satisfy  the  requited  conditions,  and  the  eighth  point  will  lie 
on  any  conicoid  passing  through  the  other  seven.  Since  the 
points  lie  on  the  pairs  of  planes 

?!=^    ^^y    r/^^ 

I       tn       fH       ft        H       T 

the  general  equation  required  will  be 

which  we  may  write 

L,  M,  Ny  B  being  connected  by  the  equation 

In  this  conicoid  each  angular  point  of  the  fundamental  tetra- 
hedron is  the  pole  of  the  opposite  face.  The  polar  plane  of  a 
given  point  (a',  j8',  y,  S')  will  pass  through  the  point 

I        m       n       r  ^ 

and  the  pole  of  a  g^ven  plane  aa' -^  fil3^ +yy'  +  SS^  =^0  will  lie 
on  the  surface 

a       p        7       o 

The  locus  of  the  center  is  therefore  the  surface 

I     m     n      r 
OL     fii     y      6 

The  centers  of  the  eight  spheres  which  touch  the  faces  of  the 
fundamental  tetrahedron  are  a  particular  case  of  these  eight 
points,  since  they  are  given  by  the  equations 
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The  locus  of  the  center  of  any  surface  passing  through  them 
is  therefore 

Pi  a    PtP    -P.7     P^o 
which  equation  may  be  interpreted  geometrically  to  mean  that 
the  feet  of  the  perpendiculars  from  any  point  of  the  surfiEU^e  on 
the  faces  of  the  fundamental  tetrahedron  lie  in  one  plane. 

426.  To  find  the  number  of  conicotda  paaeing  through  six 
given  points^  and  touching  three  given  planes. 

If  we  take  four  of  the  given  points  as  the  angular  points  of 
the  fundamental  tetrahedron,  we  may  write  the  equation  of 
the  conicoid 

and  ly  my  n,  l',  m\  n'  will  be  connected  by  two  linear  equations 
expressing  the  conditions  of  passing  through  the  two  other  given 
points.  « 

The  condition  that  this  conicoid  may  touch  a  fixed  plane 

L^a-^M^/a  +  N^y  +  B.S^Oy 

may  be  found  by  eliminating  (a,  fiy  %  S)  from  the  equation 

Tg  +  n/8  +  wty  _  ng  +  m'fi  +  If     ma -^  10  +  n'y     Va  +  m'fi'^'n'y 

and  the  eliminant  is  of  the  third  degree.  Hence  ly  m,  n,  Vy  m\  vi 
will  be  connected  by  two  homogeneous  equations  of  the  first 
degree,  and  three  of  the  third,  and  the  number  of  solutions  will 
therefore  be  twenty-seven. 

427.  To  find  the  number  of  conicoide  passing  through  five 
given  points,  and  touching  four  given  planes. 

Proceeding  as  in  the  last  article,  we  shall  have  Z,  m,  n, 
Vy  m'y  fi  connected  by  one  homogeneous  equation  of  the  first  de- 
gree, and  four  of  the  third  degree,  and  the  number  of  solutions 
wiU  be  eighty-one. 

428.  Hence  by  reciprocating  the  results  of  Arts.  (428) ,  (427) , 
and  (^23),  we  see  that  eighty-one  conicoids  can  be  described  pass- 
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ing  through  four  given  points,  and  touching  five  given  planes ; 
twenty-seven  conicoids  through  three  given  points,  and  touching 
six  given  planes ;  and  nine  through  two  given  points,  and  touch- 
ing seven  given  planes. 

429.  To  find  the  generoJ,  equation  of  a  conicoid  containing 
two  non-intersecting  straight  lines. 

If  these  straight  lines  be  taken  for  the  edges  a  =  0,  S  =  0; 
/3  =  0,  7  =  0;  of  the  fundamental  tetrahedron,  we  see  that  the 
terms  in  the  general  equation  involving  a',  ^,  7*,  S",  aS,  /Sy, 
must  vanish,  and  the  resulting  equation  maj  be  written 

myoL  +  nofi  4  w'/SS  +  ^  7S  =  0. 

430.  To  find  the  condition  that  the  conicoid  of  the  last  article 
may  he  a  paraboloids 

In  order  that  this  conicoid  may  be  a  paraboloid,  it  must  have 
contact  with  the  plane  at  infinity ;  we  must  therefore  have,  at 
the  ])oint  of  contact, 

mrf  -f  n^  =s na  +  m'8  =  wa -^ n'S  =  nt!fi  +  n*y ;  a  +  i8+7  +  S«0, 

These  give 

g      ^     /3     ^     7     ^     8 
w— w      wi  —  w      tn  -^n     fw  —  w 

whence  the  required  condition  is 

7n  +  m  =  ?j  +  n  ; 
which  will  give  at  the  point  of  contact 

a  +  S  =  0,  )8  +  7  =  0. 

Hence  the  axis  of  the  paraboloid  and  the  two  generating 
lines  are  parallel  to  the  same  plane. 

The  polar  plane  of  any  point  (a,  /S*,  7',  S)  may  be  readily 
shewn  to  pass  through  the  fixed  point 

a'        ff"     7'^F" 
which  may  be  determined  geometrically  as  before  (Art.  425). 

431 .  If  a  conicoid  contain  two  given  non-intersedting  straight 
lines,  the  pole  of  a  given  plane  will  lie  on  a  fixed  plane,        • 
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Let  the  given  plane  be 

La  +  Mfi  +  Ny  +  BS^O; 
its  pole  will  be  given  hj  the  equations 

nvy  +  nfi  _^na  +  m'B  _  »«  +  w'8  _  m'fi  +ny 
"7X  M  N      "       B~' 

each  member  of  which  is  therefore  equal  either  to 

g  (»»7  + w)3)  -7  (ma  +  nS)  13 (na  +  m'S)  - 8  {m'fi  +  n 7) 

Hence  the  locus  of  the  pole  is 

The  locus  of  the  center  is  therefore 

a-/3-7+S  =  0, 

or  the  plane  parallel  to  the  two  straight  lines,  and  equidistant 
from  them. 

432.  If  three  conicoida  have  a  common  plane  section^  the  other 
planes  in  whichy  taken  two  and  two,  they  tnteraect  will  meet  in  one 
straight  line. 

Let  u  =  0  be  the  equation  of  one  of  the  conicoids,  and  let 
a  =  0  be  the  plane  section,  the  equations  of  the  other  two  coni- 
coids  may  then  be  taken  to  be 

u  H-  ha/S  =  0,    u  +  k'ay  =  0, 

and  the  equations  of  the  second  planes  of  intersection  will  be 

y8  =  0,    7  =  0,    Ar/9  =  *7, 

which  all  intersect  in  the  straight  line  ^  =  0,  7  =»  0. 

Beciprocating,  it  follows  that  if  three  conicoids  have  one 
common  enveloping  cone,  the  vertices  of  the  other  enveloping 
cones  common  to  them,  taken  two  and  two,  will  lie  on  one 
straight  line.  This  is  the  interpretation  of  the  above  equations 
if  a,  ^,  7,  S  be  taken  as  Four  Point  Co-ordinates  of  the  tangent 
planes,  instead  of  Tetrahedral  Co-ordinates  of  the  points  on  the 
surfaces. 
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433.  If  a  seriea  ofconicoids  have  two  common  plane  sections^ 
the  polar  plane  of  a  given  point  passes  through  a  given  straight 
line  J  and  the  pole  of  a  given  plane  lies  on  a  plane  conic* 

Let  the  planes  of  section  intersect  in  the  edge  CD  of  the 
tetrahedron,  and  let  0,  i>  be  the  points  in  which  one  of  the 
plane  conies  meets  the  line  of  intersection:  the  other  must 
meet  it  in  the  same  points,  or  the  sections  could  not  lie  on  the 
same  conicoid,  since  a  straight  line  would  meet  them  in  four 
points.  Also,  let  A,  B  he  the  vertices  of  the  two  cones  which 
can  be  drawn  containing  the  two  plane  conies,  then  the  equation 
of  the  planes  of  section  maj  be  taken  to  be,  since  thej  divide 
AB  harmonicallj,  a'  —  J^fi^  =  0 ;  and  if  we  assume  the  equation 
of  anj  conicoid  containing  these  conies  to  be 

j?a*+ ji8*+ r7^+«S'+ 2Z/37 +2w7a+ 2wa^+ 2raS + 2f»'y8S+ 2«  7S  ==  0, 

we  shall  have  r  =  0,  «  =  0,  because  it  passes  through  O  and  2>, 
and  1=0,  m  =  0,  n  =  0,  Z'  =  0,  w'  =  0,  because  the  substitutions 
a  =  kfi,  a  =  —  A;/3  must  lead  to  the  same  equation,  namelj,  that 
of  the  cone  whose  vertex  is  -4,  and  which  contains  the  two 

conies;  and  similarly  for /9  =  r  ,  j8==  — 7. 

The  general  equation  of  any  conicoid  containing  these  two 
given  conies  is  therefore 

\{pof+ql3'+2n'yS)+fi{a*^J(?l3^  =  0. 

The  polar  plane  of  any  point  (a ,  /S*,  7 ,  S')  therefore  contains 
the  straight  line 

a  straight  line  intersecting  CD  in  tiie  point 

a  =  0,    )8  =  0,    7S'  +  &y'  =  0, 

so  that  CD  is  divided  harmonically  by  the  plane  passing  through 
AB  and  the  given  point,  and  by  the  polar  plane  of  the  given 
point,  as  might  be  foreseen  from  the  fact  that  AB,  CD  are  reci- 
procal straight  lines  for  any  one  of  the  series  of  conicoids. 

The  pole  of  any  given  plane  a'a  +  /ff^S  +  77  +  ^8=0  is  given 
by  the  equations 
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and  therefore  lies  on  the  fixed  conic  section 

77'  =  SS',     [p^^  +  q)  afiy'  =  n'/S'aS  +  nVa'fiS, 

a  conic  passing  through  A^  Bj  and  a  point  on  CD  which  with 
the  given  plane  divides  CD  hannonicallj* 

The  locus  of  the  center  is  therefore  the  conic 

7  =  S,     CpA^  +  j)  a/9  =  n'aS  +  n'A'iSS, 

passing  through  A^  B,  and  the  middle  point  of  CD. 

434.  The  tcmgential  equation  of  any  surface  is  the  equationy 
deferred  to  tetrahedral  co-^n'dinateSy  of  its  reciprocal  toith  respect 
to  the  surface  a"  +  i8'+7'  +  S'  =  0. 

Let  (Oj,  iSj,  7j,  Sj)  be  the  Four-point  Co-ordinates  of  a  tan- 
gent plane  to  any  surface  whose  equation,  referred  to  Tetrahedral 
Co-ordinates,  is  jF'(a,  /3,  7,  8) «  0.  Also  let  a',  /S',  7',  8'  be  the 
Tetrahedral  Co-ordinates  of  the  pole  of  this  plane  with  respect  to 
the  surface  a"  +  /8"  +  7*  +  8"  =  0,  a",  /8",  7",  8"  the  co-ordinates 
of  the  point  of  contact. 

Then  the  equation  of  the  plane  will  be 

a,a  +  fi^  +  7i7  +  S,8  =  0,         (Art.  81), 
and  we  shall  have,  to  determine  (a^,  iS^y  7^9  8J,  the  equations 

datT     dfi"     dy"     d8" 
from  which,  determining  the  ratios  a"  :  fi"  :  7"  :  8"  in  terms  of 
^it  fii9%9  ^n  ft^d  substituting  in  the  equation 

^(«",/9",y',«")-o, 

we  obtain  the  relation  between  a^,  ^8^,  7^,  8^,  which  is  the 
tangential  equation  of  the  surface. 

But  since  (a',  /3\  y,  8')  is  the  pole  of  this  plane  with  respect 
to  the  surface  a*  +  ^  +  7"  +  8"  =  0,  the  equation  of  the  plane 
must  also  be 

a'a +  )8')8  + 77 +8'8  =  0, 

which  shews  that  the  equations  for  determining  (a',  /S',  7',  8')  are 
the  same  as  those  for  (a^,  fi^yj^y  8J,  and  the  resulting  homoge-* 
neous  equation  must  be  the  same  in  both  cases. 
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Hence,  if  anj  proposition  with  respect  to  snr&ces  be  proved 
bj  the  use  of  Tetrahedral  Co-ordinates,  the  reciprocal  proposition 
may  be  deduced  from  a  different  interpretation  of  the  same 
equations,  namely,  by  considering  them  throughout  as  relations 
between  the  Point-Co-ordinates  of  the  tangent  planes  to  surfaces, 
i.  e.  as  the  tangential  equations  of  surfaces* 

435.  To  find  the  equation  of  the  sphere  circumscrtbing  ike 
fundamental  tetrahedron. 

The  equation  will  be  of  the  form 

Z/Sy  +  fwyoL  +  na^S  +  Vai  +  m'fiZ  +  n  7S  =  0, 

since  the  surface  passes  through  the  angular  points  of  the  tetra- 
hedron. 

For  points  in  the  section  of  this  surface  by  one  of  the  funda- 
mental planes,  S  =  0,  we  must  have 

l^^  +  mrfU  +  nap  -  0 (1). 

But  this  section  is  the  circle  circumscribing  the  triangle  ABC^ 
and  therefore  for  every  point  on  this  circle 

(^'>  Py  y)  being  triangular  co-ordinates  measured  firom  the 
triangle  ABC. 

Now  P  being  any  point  in  the  plane  ABG^ 

,     APBG  _yol.  DPBO 
*  "  AABC  "  vol.  I) ABC  ■"  ®' 

and,  similarly,  /9'  =  j8,  7'  =  7.    Hence,  for  points  on  the  circle 
circumscribing  the  triangle  ABC, 

a  ")87  +  J^a  +  c'^a/S  =  0, 

whence,  comparing  this  equation  with  (1),  we  have 

I      m      n 

and  proceeding  similarly,  we  shall  obtain 

I      m      n      r      fn      n 

The  equation  of  the  circumscribing  sphere  is  therefore 
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436.  To  find  the  general  eguation  of  a  ^here  in  tetrahedral 
(Xhordinates. 

Taking  the  general  equation  of  a  conicoid 

« 

pa*H-ji8"  +  r7^+5S»  +  Zi87+......  +  raS  + =  0, 

let  ns  consider  the  segments  made  by  this  surface  of  the  edges 
DA,  DB,  DGoi  the  tetrahedron. 

Let  Pj,  P,  be  the  two  points  where  the  surface  meets  DA. 
Then,  at  Pj,  P,,  we  shall  have  )S  =  0,  7  =  0,  and  therefore 
pcf  +  ^S"  +  Vai  =  0,  a  +  S  =  1 ;  and  the  equation  for  determin- 
ing a  is  pof^s  (1  —  a)*  +  Ta  (1  —  a)  =  0.  Now  if  o^,  a,  be  the 
values  of  a  at  P^,  P,  respectively, 

vol.  P,PgZ?_i>P, 
^^^YoLABGD^DA' 

Hence  DP, .  DP^  =  a\a^  =  — ; =7 . 

If  the  surface  meet  DB,  DC  in  Q^j  Q^;  B^jB^;  respectively, 
we  shall  also  have 

DQ,.DQ,=  —^ ;,  DB,.DB,^—^ — j, 

if  the  surface  be  a  sphere,  we  shall  therefore  have  the  conditions 

p  +  8''V_q  +  8-'m'     r  +  8  —  n 
?        ■"         b^  c» 

each  of  which  may  similarly  be  shewn  to  be  equal  to 

q  +  r  —  l_r-\'P'-m__p  +  q-'n 

These  are  necessary  conditions  in  order  that  the  surface 
may  represent  a  sphere,  and,  since  they  are  five  in  number,  they 
are  abo  sufficient. 

If  we  eliminate  Z,  m,  n,  T,  m\  ri  by  means  of  these  relations, 
the  equation  of  the  sphere  takes  the  form 

(;?«  +  j)8  +  ry  +  58)  (a  +  iS  +  7  +  S) 

-  (a '^7  +  i V  +  c'V  +  a'aS  +  V&^  +  cV)  =  0, 

a  form  which  shews  that  all  spheres  have  a  common  impossible 
section  on  the  plane  at  infinity. 
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When  the  equation  is  reduced  to  this  form,  the  coefBcients 
Pj  q^  r,  8  are  the  rectangles  of  the  segments  of  chords  of  the 
sphere  passing  through  A^  By  C>  D  respectively.  Hence,  since 
the  left-hand  member  of  the  equation  is  always  proportional  to 
the  rectangle  of  the  segments  of  any  chord  drawn  through  the 
point  (a,  fiy  Y,  8),  Art.  (137),  it  must  be  equal  to  that  rectangle. 

437.  To  fini  the  radius  of  the  circutnacribing  sphere  in  terms 
of  the  lengths  of  the  edges. 

Its  equation  being 

a'^iSy  -h  i  V  +  c'^afi  +  a'aS  +  i*/3S  +  <fyB  =/(a,  /3,  7,  8)  =  0, 

the  equations  of  its  center  are 

/(a)=/08)=/'(7)=/(S)  =  X. 

Hence  af{a)+fif(J3)  +  yf\y)-hSf{B)^{a']^fi  +  y  +  S)\=\ 

or  2/(a,  /8,  7,  S)  =  X. 

But  -^f{(i,  fiy  7,  S)  is  the  rectangle  of  the  segments  of  any 
chord  through  (a,  ^,  7,  8),  and  therefore  is  equal  to  —  £■,  if  5 
be  the  radius :  or  X  =  2^. 

The  equations  determining  the  center  are  then 

c''/8  +  J'*7  +  a*8  =  2^, 

c^^a  +  a''7  +  J*8  =  2  JP, 

V^a  +  a^/SH-  c"8  =  2i?, 

a*a  +  y^  +  cV  =  2^, 

a+i8  +  7  +  S  =  l, 
which  give,  on  eliminating  a,  /3,  7,  S  between  these  equations, 

=  aV*  +  6 V  +  cV'  -  2ft*ft  Vc'*  -  2c V  a»a'*  -  2aVA*6r 

Now,  if  F  be  the  volume  of  the  tetrahedron,  %V  will  be  the 
volume  of  a  parallelopiped  whose  edges  are  DAy  DB^  JDC,  or 
6F*=aJcx 

Vl-cos*52>  C?-cos»  CDA-Qo&^ADB-2cmBD  Ccos  CZ>^  ooaDAB] 
U4F*==4a"iV-a«(6«  +  c*-0*-i«(c*  +  a»-6'7-c«(a«+6*-<;7 

-.U4F« 


I 
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whence 

ASrxlUV*=16s {s-aa')  {a-bh')  {t-ec'),  where  2«=aa'+W+cc', 

we  have  then,  finally, 

P _  V< {s-aa')  (a-W)  (a-^ 

^ 67 • 

438.  To  find  the  general  tangenital  equation  of  a  sphere. 

Let  (a',  ply  7',  S'}  be  the  tetrahedral  co-ordinates  of  the  center 
of  the  sphere,  p  its  radius,  then  we  shall  have  for  any  tangent 
plane,  whose  co-ordinates  are  (a,  /3,  %  S), 

a'a  +  /9')8  +  77  +  S'8  =  ±p,  Art.  (109), 
and  the  homogeneous  equation  of  the  sphere  will  therefore  be 

(..«+^^+<y'^S'S).=,.|^  +^  +|.  +^  -  2^^cos(^)-...} . 

439.  To  find  the  tangential  equations  of  the  spheres  touching 
the  faces  of  the  fundamental  tetrahedron. 

In  order  that  the  surface  may  be  touched  by  the  plane  BCD, 
the  tangential  equation  must  be  satisfied  by  the  plane  /?  =  0, 
7  =  0,  S  =  0 ;  hence  the  coefficient  of  a*  must  vanish,  and  hence, 
for  the  spheres  touching  all  the  faces  of  the  tetrahedron,  we  must 
have 

The  tangential  equation  of  the  inscribed  sphere  will  therefore 
be 

-^-^    COS"-;r-+  •••  =  ^> 

and  of  the  remaining  seven  spheres  touching  the  faces, 

-^-^  cos"  — -  +-^—  cos*  -s-  +  -^  COS*-jr- 

Pd>z  2       pj>,  2       p,p^  2 

a8    .  .BG     fiS    .  ^CA     yS     .  ^AB     . 
PiP,  2       pjf^  2       ^,ft  2 

with  three  similar  equations,  and 

/3y       ^AD      aS       ^BO     ya     .  ^BD 

-^^  cos*  -^r-+ cos*  -J- '—  sm*  — - 

PJPz  2       p^p^  2      p^^  2 

afi    .^CD     fiS    .^CA      yS    .  ^AB    ^ 
PtP%  2       pj>^  2       p,p,  2 

with  two  similar  equations. 
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If  a,  /9,  7,  fi  be  the  co-ordmates  of  any  tan^nt  plane  to  one 
of  these  spheres,  we  shall  have 

a     B      y      S 
±-±-±-±-  =  1, 

Pi      P%      Vz      Pa 

the  signs  being  all  positive  for  the  inscribed  sphere,  three  posi- 
tive and  one  negative  for  the  second  set  of  spheres;  and  two 
positive,  two  negative,  for  the  last  set. 

440.  To  find  the  centers  of  similarity  of  the  inscribed^  and 
thefowr  escribed^  spheres  of  the  fundamental  tetrahedron. 

If  any  point  be  taken  on  the,  line  joining  the  center  of  the 
inscribed  sphere,  and  that  of  the  escribed  sphere  opposite  A^ 
dividing  the  distance  between  them  in  the  ratio  ii :  \,  the  equa- 
tion of  this  point  is 

^  \P.     P.     P.     PJ   ,  P.     P.     P.     P.      ^ 

1       11.1      -^       1111        ' 

Px      V%     Pz     Pa  Pi     P%     Pt     Pa 

but  if  this  point  be  a  center  of  similarity,  the  ratio  fi :  X  mnst  be 
the  ratio  of  the  radii  of  the  two  spheres,  or 

V   Px    Pt    Vt     PJ         \Px    P%    Pz     PJ 
and  the  equations  of  the  two  centers  of  similarity  are 

a  =  o,    ^  +  5^4-^=0, 

JPb      Vz     Pa 

with  similar  equations  for  the  centers  of  similarily  of  the  ia- 
scribed  sphere,  and  any  other  of  the  escribed  spheres. 

In  a  similar  manner  for  the  two  escribed  spheres  opposite  A 
and  2>,  we  shall  find  the  centers  of  similarity  to  be 

Px     Pa     Pz     Pa 

the  former  being  external,  the  latter  internal. 

The  centers  of  similarity  of  the  escribed  spheres  are  therefore 
the  points  in  which  the  planes,  bisecting  the  internal  and  external 
angles  between  the  faces,  meet  the  opposite  edges. 

In  tetrahedral  co-ordinates  these  results  are,  (1)  the  center  of 
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similaritj  of  the  inscribed  sphere,  and  the  escribed  sphere  oppo- 
site A,  are  given  by  the  equations 

^  =  0,  7  =  0,  8  =  0;  a  =  0,  ^^=^37=^,8; 

(2)  the  centers  of  similarity  of  the  inscribed  spheres  opposite  A 
and  D  are  given  by  the  equations 

^  =  0,  7  =  0,  i?,a+i>48  =  0;  a  =  0,  B  =  0,  p^^p^y. 

The  twelve  centers  of  similarity  of  the  inscribed  sphere 
and  the  three  escribed  spheres  opposite  -4,  B,  and  0,  will  lie  by 
sixes  on  the  eight  planes 

S  =  0;    a=0,  /3  =  0,  7  =  0,  ^,a+^^+j?,7-2p,8  =  0; 

P^  +Pa  -  P*^  =  0,  p{i  +i?ia  -;?,S  =  0,  p^a  +p^  +p^S  =  0  ; 

the  first  containing  the  six  external  centers ;  each  of  the  next 
four  containing  three  external  and  three  internal ;  and  each  of 
the  last  three  containing  two  external  and  four  internal  poles. 

The  twelve  centers  of  similarity  of  the  four  escribed  spheres 
will  lie  in  the  same  manner  on  the  eight  planes 

i^i«+P«/8+ft7+A8  =  0;  a  =  0,  ^8  =  0,  7  =  0,  8  =  0; 

pfi  -^pfi-  p{i  -p^B  =  0,  p^a  -pfi  -pa  +  p^h  =  0, 

A* -i^i^  +  J>»7 -i?*^  »  0. 

441.  To  find  the  distance  betioeen  the  centers  of  the  inscribed 
and  circumscribed  spheres. 

The  tetrahedral  co-ordinates  of  the  center  of  the  inscribed 

r       r       r       r      • 
sphere  are  —  ,   —  ,   —  ,   —  ,  if  r  be  its  radius ;  hence  the  rect- 

Pi      Pt      Pi       Pa 

angle  of  tlie  segments  of  any  chord  of  the  circumscribed  sphere 
passing  through  this  point 

W.    P^Pa    PtPi    PtPi    PiPt    P»PJ 
or,  if  A  be  the  distance  between  the  centers, 

A*=^-rM + + + + + : 

\P2P»    P^4.    PtPx     PiPa     PlPt    P^J 

a  result  due  to  Mr  Salmon.     Quarterly  Journal,  No.  15. 
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XIX, 


1.  If  Af  B,  C,  D  he  the  yertioes  of  the  foar  cones  of  the  second 
degree,  whidi  caa  be  described  through  the  curve  of  intersection  of 
two  coniooidfi)  the  triangle  BCD  will  be  a  conjugate  triad  of  the  sec- 
tion made  hj  its  plane  of  the  cone  whose  yertex  is  A  • 

2.  If  of  eight  ^yen  points  six  lie  by  threes  on  two  non-inter- 
secting straight  lines,  shew  that  no  cones  can  be  described  through 
the  eight  points ;  but  that  there  is  an  infinite  number  of  points, 
lying  on  two  storaight  lines,  which  have  their  polar  planesi  with 
respect  to  any  conicoid  containing  the  eight  points,  fixed. 

3.  If  of  seyen  given  points  six  lie  by  threes  on  two  non-inter- 
secting straight  lines,  shew  that  the  remaining  line  of  intersectioiL 
of  any  two  paraboloids  passing  through  the  seven  points  will  be  a 
fixed  straight  line  at  infinity. 

4.  If  a  conicoid  be  described  containing  the  edges  AB,  BCf  CD 
of  a  tetrahedron,  the  pole  of  the  plane  bisecting  the  edges  AB,  CDj 
ACf  BD  will  lie  on  the  plane  bisecting  the  edges  AB,  CD,  AD^  BC. 

5.  Shew  that  only  one  conicoid  can  be  described  containing  two 
given  non-intersecting  straight  lines^  and  touching  three  given 
planes. 

6.  Shew  that  eight  conicoids  can  in  general  be  described  passing 
through  four  given  points,  touching  three  given  planes,  and  having 
the  intersections  of  the  tangent  planes  at  the  four  given  points,  with 
the  corresponding  planes  containing  the  points,  lying  in  one  plane. 

7.  Shew  that  four  conicoids  can  in  general  be  described  passing 
through  five  points  in  one  plane,  two  other  given  points  not  in  that 
plane^  and  touching  two  given  planes. 

8.  Shew  that  a  sphere  can  be  described  touching  the  edges  of  a 
tetrahedron,  whose  lengths  are  a,  a';  b,b';  c,c';  if 

a±a  =6±6'  =  c±c', 

the  ambiguities  being  independent. 

9.  If  a  tetrahedron  be  self-conjugate  with  respect  to  a  sphere, 
shew  that  the  opposite  edges  are,  two  and  two^  at  right  angles ;  and 
that  all  the  plane  angles  containing  one  of  the  solid  angles  must  be 
obtuse.  Shew  that  this  angular  point  will  lie  within  the  ephere^ 
and  the  three  others  without^  and  determine  the  radius  of  the  sphere. 

10.  The  number  of  paraboloids,  which  can  be  drawn  through 
eight  given  points^  is,  in  general,  threa 

11.  Prove  that  the  equations  of  two  conicoids  cannot  both  be 
obtained  in  the  form  of  Art  (41 6),  if  they  have  a  common  generating 
line. 

12.  Four  cones  of  the  second  degree  can  be  drawn,  each  contain- 
ing the  locus  of  the  center  of  a  conicoid  passing  through  eight  given 
points ;  and  having  their  vertices  coincident  with  the  vertioes  of  the 
cones  on  which  lie  the  eight  given  points. 
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13.  ProTe  that,  in  general,  one  conicoid  can  be  deBcribed,  which 
is  self-conjugate  with  respect  to  one  given  tetrahedron,  and  also  with 
respect  to  another  of  which  three  angular  points  are  given.  Shew 
also  that  the  fourth  angular  point  of  the  second  tetrahedron  will  be 
fixed. 

14.  If  two  oonicoids  be  so  related  that  a  tetrahedron  can  be 
drawn,  whose  fiices  touch  one  of  the  coniooids,  and  two  pairs  of 
whose  opposite  edges  lie  on  the  other,  an  infinite  number  of  tetrahe- 
drons can  be  so  drawn. 

15.  If  the  oonicoids 

be  so  related,  prove  that  a  similar  relation  will  exist  between  the 
oonicoids 

ro*+w'i3*  +  wV  +  /S»=0  and  ^a«  +  — /3«  +  ^y +  ^8-  =  0. 

16.  Prove  that  two  tetrahedrons  may  be  inscribed  in  the  coni- 
coid 

/o* +  mj3*  +  r*/  +  ry  =  0, 

having  their  fiices  parallel  to  the  fiwsee  of  the  fundamental  tetrahe- 
dron,  provided  that 


(«  +  w  +  n  +  r)(j  +  -+-  +  -)<4. 


17.     Prove  that,  in  order  that  the  two  oonicoids  in  (15)  may  be 
80  related,  one  of  the  following  conditions  must  hold : 


r 

m' 

n' 

¥ 

-ff 

+ 

ZS   "— 

"r' 

I 

m 

n 

v 

n 

m' 

/ 

1 

■f 

— 

+  -, 

n 

m 

r' 

I 

/ 

« 

+ 

—^ 

3:  — — 

+  — . 

I 

r 

m 

n 

Z2 


CHAPTEE  XIX. 


CURVES. 


•  442.  We  liave  already  considered  curves  as  the  complete  or 
partial  intersection  of  surfaces ;  but  in  the  investigation  of  the 
properties  of  curves  we  may  also  have  to  consider  curves  as  the 
locus  of  points  each  of  which  satisfies  given  laws,  the  algebraical 
statement  of  which  assumes  the  form  of  equations  between  the 
co-ordinates  of  any  point  in  the  curve,  and  variable  parameters, 
the  number  of  equations  being  two  more  than  the  number  of 
parameters. 

Instances  of  this  mode  of  representation  of  a  curve  occur  in 
•djrnamical  problems  in  which  the  curve  is  defined  by  equations 
between  the  coH3rdinates  of  the  position  of  a  particle  and  the  time 
of  its  arrival  at  that  position. 

If  from  such  equations  the  parameters  were  eliminated,  the 
xesult  would  be  two  final  equations,  that  is,  the  equations  of 
two  surfaces  whose  complete  or  partial  intersections  are  the  curve 
in  question. 

As  an  example  of  a  curve  in  space  considered  in  this  point  of 
view,  we  may  take,  the  Helix,  which  is  generated  by  the  uniform 
motion  of  a  point  along  a  generating  line  of  a  right  cylinder  as 
the  generating  line  revolves  with  uniform  angular  velocity  about 
the  axis  of  the  cylinder. 

If  we  take  the  axis  for  the  axis  of  z,  and  the  axis  of  x  through 
the  generating  point  at  any  initial  time,  0  the  angle  through 
which  the  generating  line  has  revolved  when  the  point  has  moved 
through  a  space  z  on  the  generating  line,  we  have,  for  the  co- 
ordinates of  the  point,  a  being  the  radius  of  the  cylinder, 

35  =  a  cos  6^  y  =  a  sin  ^,  z=na0\ 

here  6  is  the  variable  parameter,  and  the  curve  is  the  intersection 
of  the  surfaces 

a? 4-  w'=  a',    and  y  =  a? tan  —  • 
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Tdnffent  line  to  a  Curve, 

443.  To  fivd  the  equations  of  the  tangent  line  at  a  given 
point  in  a  curve. 

Let  (oj,  y,  a?)  be  the  given  point  P,  (a;4-  Aa?,  y-\-  Ly^  «+'A;») 
an  adjacent  point  Q^  the  equations  of  the  line  FQ  are 

Ao?        Ly         l^z   * 

If  ^  move  up  to  and  ultimately  coincides  with  P,  the  limiting 
position  of  PQ  is  the  tangent  at  P,  if,  therefore,  dx  :  dy  z-dzhe 
the  ultimate  value  of  Ao; :  Ay  :  A;;,  the  equations  of  the  tangent 
at  P  are 

dx         dy         dz    ' 

(1)  Let  the  equations  of  the  curve  be  given  in  terms  of  a 
variable  parameter  0,  in  the  form 

dx  :  dy  :  dz'^ti,'  {&)  :  ^'  iff)  '.  x'  {&), 
and  tlie  eqaations  of  the  tangent  at  a  point  corresponding  to  6  are 

f  —  a?  _  17  —  y  _  f  —  « 

(2)  Let  the  equations  be  those  of  surfaces  containing  the 
curve,  F{1  r,,  ?)  =  0,  and  G  (?,  v,  ?)  =  0. 

Then  on  anj  point  P  of  the  curve, 

F'{x)  dx  +  F'{i/)  dy  +  F\z)  dz  =  0, 

"and  O'{x)dx+G'{y)dy+&'{z)dz  =  0; 

whence  the  equations  of  the  tangent  PQ  may  be  written 

\    .        F'{x){^-x)  +  F'{y)iv-y)  +  F'{z){^-z)  =  0, 

and        G'{x)  {^-x)  +  G\y)  {v-!/)  +  G' (z)  (?-  «)  =  0, 

which  equations  represent  analytically  the  fact  that  the  tangent 
to  the  curve  lies  in  each  of  the  tangent  planes  to  the  surfaces 
at  the  common  point  P. 

(3)  If  the  surfaces,  of  which  the  intersection  gives  the 
curve,  be  cylindrical  surfaces  whose  sides  are  parallel  to  the  two 
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axes  of  z  and  y,  and  their  equations  be  i;=/(f),  il'=^(f)>  the 
equations  of  the  tangent  will  be 

Those  equations  are  the  analytical  representation  of  the  fact 
that  the  projections  of  the  tangent  to  the  curve  are  the  tangents 
to  the  projections  of  the  curve  on  the  co-ordinate  planes  of  xy^ 
zx ;  which  is  obviously  true,  since  the  projections  of  P  and  Q 
have  their  ultimate  coincidence  simultaneously  with  that  of  P 
and  Q. 

444.  If  the  point  P  be  a  multiple  point  on  the  curve,  there 
being  more  than  one  tangent  line,  the  equations  given  in  (2) 
of  the  last  article  will  be  satisfied  by  more  than  one  system 
of  values  of  dx:  dy  :  dz;  therefore, 

either  i^'(a:)  =  i^'(y)  =  i^»  =  0  (I), 

or  G\x)^G'{j/)^G\z)^0  (2), 

or  both  sets  of  equatipns  hold  simultaneously,  or  else 

G'ix)  ""  (?'(y)  "  G\z)  W- 

•  The  case  (1)  occurs  when  the  first  surface  has  a  multiple 
point  at  P,  in  which  case  the  tangent  lines  at  the  multiple  point 
of  the  curve  are  the  intersections  of  the  conical  tangent  to  the 
first  surface  with  the  tangent  plane  to  the  second. 

The  case  of  (1)  and  (2)  holding  simultaneously  is  that  of 
both  surfaces  having  multiple  points  at  P,  and  the  tangent  lines 
are  the  intersections  of  the  conical  tangents. 

The  case  (3)  occurs  when  the  surfaces  have  a  common  tan- 
gent plane  at  P. 

445.  ^  Tojlnd  the  directions  of  the  branches  of  the  curve  of 
intersection  of  two  surfaces,  at  a  multiple  point. 

The  equations  of  the  surfaces  being 

J^(feT;,5)  =  0,    and  <?(f,^,S)  =  0, 

9^^  (^  V}  ^)  being  a  multiple  point  P  on  the  curve,  let 

^-T—^- — ^  = '^r  (1) 

t  m  n  ^  ' 
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be  the  equations  of  a  line  through  P,  the  points  in  which  this 
line  meets  the  surfaces  are  given  by  the  equations 

J^(aj  +  ?r,  y  +  mr,  a  +  nr)=Ov 
and    0{x-\'lr,  y-\-mr,  «  +  nr)  =0j  ^  ^' 

there  are  an  infinite  number  of  directions  which  give  two  values 
of  r  equal  to  zero,  since  the  curve  has  a  multiple  point  at  P: 
therefore  the  two  equations 

must  be  one  or  both  identically  satisfied,  or  else  they  must  not  be 
independent  equations. 

1.  If  (3)  be  identically  satisfied,  then  of  the  values  of  r 
common  to  the  equations,  two  become  zero  for  the  directions 
given  by  equation  (4),  and 

and  these  determine  the  directions  of  the  tangent  lines  at  the 
multiple  point. 

2.  If  (3)  and  (4)  be  both  identically  satisfied,  the  directions 
of  the  tangent  lines  are  given  by  the  two  equations 

3.  If  neither  be  identicallj  satisfied,  let  (3)  x  X  +  (4)  x  /t  -  0 
be  an  identical  equation,  and  by  (2), 

XF(a  +  ^,  y+«»n  «  +  nr)+/t<?(«  +  Zr,  y  +  mr,  «+nr)=0; 

therefore  the  directions  of  the  line  (1)  which  give  two  values 
of  r  common  to  (2),  each  equal  to  zero,  axe  given  by  the  equations 
(3)  or  (4),  and 

/i^  +  m|.  +  „^y{VF(aj,y,»)+/»G'(a!.y,»)}-0....(6). 


344  CURVES* 

If  (5)  combined  with  (3)  or  (4)  give  equal  values  of  l:m:  n, 
the  two  tangents  coincide  and  the  point  P  is  in  this  case  a  cusp 
on  the  curve. 

.  We  can  proceed  in  a  similar  manner  for  higher  orders  of 
multiplicity. 

446.  Tojind  the  differential  coefficient  of  the  arc  of  a  curve. 

If  X,  y,  z  and  x  +  Ax,  y  +  Ay,  a  +  A£j  be  the  co-ordinates  of 
P,  and  an  adjacent  point  on  the  curve,  As  the  length  of  the  arc 
between  them,  _  

pqt  =  A^' + Ayl' + A^'  J 

PO 

therefore,  since  limit  -^  =  1,  dividing  by  (As)*  and  proceeding 

to  the  limit  we  obtain 

If  the  position  of  P  be  determined  by  the  variable  ^, 

^  ^  ©■-  i^h  ith  ©■> 

and    -T-,  -J- ,   J-  are  the  direction-cosines  of  the  tangent. 

447.  To  find  the  differential  coefficients  of  the  arc  referred  to 
polar  co-ordinates. 

Transforming  to  polar  co-ordinates 

aj  =  r8in^cos^  =  pcos<^, 
y  =  r  sin  5  sin  ^  =  p  sin  (f>, 
z  =  r  cos  0y 
/)  =  r  sin  0, 

The  equation  is  easily  obtained  geometrically  by  observing 
that  ultimately 

AJ]»  =  Sn  V  i^V  +  (r  sin  0A<t>)\ 
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Also,  i{p  be  the  perpendicular  from  the  pole  upon  the  tan- 
gent, and  -^  the  angle  between  r  and  the  tangent, 

-r^  =  seci^  ultimately, 
and  sin  il%s=-^: 


••  \dr)  ~7^-f' 


Normal  Plane, 

448.  To  find  the  equation  of  the  normal  plane  at  any  point 
of  a  curve. 

Since  the  tangent  line  is  perpendicular  to  the  normal  plane, 
the  direction-cosines  of  the  normal  plane  are  in  the  ratio 

dx  X  dy  I  dz. 

The  equation  is  therefore 

(X-x)  dx+  (i7-y)^y  +  (f-«)  dz  —  O. 

449.  To  find  the  edg^  of  regression  of  the  devdopable  sur-* 
face  formed  by  the  normal  planes  to  a  curve. 

The  equation  of  a  normal  plane  at  (a;,  y,  z)  is 

(f-aj)da5  +  (i7-y)rfy+  (?-«)  dz  =0* 

The  line  of  intersection  of  this  normal  plane  with  the  normal 
plane  at  the  point  {x  +  dx,  y+dy,  z  +  dz)  is  given  by  the  above 
equation  and  the  equation 

and  any  point  in  the  edge  of  regression  is  therefore  given  by 
these  equations  and  the  equation 

{S'-x)d'x  +  {v-'y)d'y  +  {^-z)d'z    , 
-  3  {dxd*x  +  dy  d^y-vdzd^z)  =  0. 

The  two  equations  of  the  edge  of  regression  are  therefore  ob- 
tained by  eliminating  x,  y,  z  between  these  equations  and  the 
equations  of  the  curve. 
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Oscuhttfiff  Plane, 

450.  Def.  The  osculating  plane  is  the  position  which  a 
plane  passing  through  three  adjacent  points  assumes  as  a 
limiting  position,  when  the  three  points  are  ultimately  coin- 
cident. « 

451.  To  find  the  equation  of  the  osculating  plane  at  any  point 
of  a  curve. 

Let  the  co-ordinates  of  anj  point  P  in  the  curve  be  con- 
sidered as  functions  of  a  variable  t^  and  let  t^r  and  ^  +  r  be 
the  values  of  t  corresponding  to  points  Q  and  B  on  opposite  sides 
of  P. 

The  direction-cosines  of  QP  and  PB  are  proportional  to  the 
differences  of  the  co-ordinates  of  their  extremities,  and  if  X,  |£y  y 
be  the  direction-cosines  of  the  normal  to  the  plane  QPfi, 

+ -0, 

where  €,  e',  •••  vanish  when  r  is  indefinitelj  diminished,  there- 
fore ultimately 

and  ^-Tj^r  +  Z^-^f +  ''^75  =  0, 


whence 


d^  '  '^  rf^  '     de 

X a 

dy  d^z     dz  d^y  "  dz  d^x     dx  d^z 
'd^Wdi'W    diWIiW 


therefore  the  equation  of  the  osculating  plane  is 

/dy  d^z     dz  d\\  .^       \  ,  fdz  d}x     dx  d^z\  ,         . 
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452.  The  osculating  plane,  may  be  considered  also  as  the 
plane  which  has  the  closest  contact  with  the  curve  at  the  given 
point. 

Thus,  if  Z(f-a;)  +if  (17  -y)  +  JV(f-«)  =  0  be  the  equation 
of  the  osculating  plane  at  {Xj  y,  z)  and  x  +  Axj  y  + Ay,  e  +  Aa 
be  the  co-ordinates  of  a  point  near  {x,  y,  z)^  the  perpendicular 
distance  from  this  point  on  the  plane  is 

LAx  +  if  Ay  +  NAz 

(A^T  +  A^T  +  Ai^l*)*' 
If  x,  y,  z  be  functions  of  ty 

where  £  vanishes  in  the  limit ;  therefore  L,  M,  N  must  be  chosen 
so  as  to  make  LAx  +  ifAy  +  NAz  the  least  possible  when  A^  is 
made  as  small  as  we  please ;  therefore 

Ldx  +  Mdy  +  Ndz  =  0, 

and  Ld^x  +  Mdy  +  Nd^z  =  0, 

whence  the  equation  of  the  osculating  plane  is  found  as  before. 

453.  The  osculating  plane  is  also  the  plane  containing  two 
tangent  lines  at  consecutive  points. 

Their  equations  will  be  ^ZL^  =  5^=  ^, 

ax         dy         az 

,  f  —  a;--da?_^  —  y  —  <?y_^— g  —  <fe 

dx-{-d^x   "  dy+d^y   "  dz+d*z 

If  therefore  the  equation  of  such  a  plane  be 
Z(f-a?)-l-w(i7-y)+n(j:-«)  =  0, 

we  obtain  the  equations 

ldx  +  mdy  +  ndz  =0, 
and  ld^x-hind*y+nd*z=iO* 

454.  To  find  the  directum-caaines  of  the  oacuhHng  plane* 

If  2,  m,  n  be  the  direction  cosines, 

I m n 1 

dy  d*s -- d»  d*y     dzd^x—dxdh ""  dxd^y  -  dy  d^x^u ' 
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where    i**=  [dy  cPz  —  dz  d^yY '\- 

—  [dxd^x  +  dy  d^y  +  dzd^zf^ 

and  ^'  +  ^r  +  &]*  =  ^'; 

/.  dxd^x  +  dyd^y  +  dzd^z^dsd^si 

•    Z=  dyd^z-'dzd'y 

d8'>/d^x\'  +  d^y\^^d''z?--d^8\-    ' 

in  whicli  df'«  =  0  if  «  be  the  independent  yariable* 

455.  The  osculating  plane  is  perpendicular  to  the  line  of 
intereection  of  consecutive  normal  planes^ 

This  is  obvious  geometricallj,  since  consecutive  normal  planea 
are  the  limiting  positions  of  planes  perpendicular  to  two  adjacent 
sides  of  the  polygon  whose  limit  is  the  curve,  and  their  line  of 
intersection  is  perpendicular  to  the  plane  containing  the  sides 
which  is  ultimately  the  osculating  plane. 

The  equation  of  the  normal  plane  being 

(S-x)dx  +  {v-y)dy+{^''z)dz  =  0, 

and  of  the  consecutive  normal  plane 

(f  •-«-<&)  {dx+d^'x)  ^Tf-y-'dy)  {dy+d^y)+{^-Z'^  (&-hP«)=:0, 

at  the  line  of  intersection  we  have 

Hence,  the  direction-cosines  of  the  line  of  intersection  are  pro- 
portional to  dy  d^z  —  dz  d^y^  &c. 

The  line  is  therefore  perpendicular  to  the  osculating  plane. 

Principal  Normal. 

456.  Dep.  The  principal  normal  is  that  normal  which  lies 
in  the  plane  of  two  consecutive  tangents  or  in  the  osculating 
plane. 

457.  To  find  the  equations  of  the  principal  normal  ai  any 
point  of  a  curve* 
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The  direction-coBines  of  the  tangent  at  any  point  P  are 

dx     dy     dz 
^'   di'   S' 

and  if  a?,  y,  «  be  given  functions  of  ^,  let  *  +  t  correspond  to  a 
point  Q,  the  direction-cosines  of  the  tangent  at  Q  will  be 

d^^\dt\d^}'^^y'    ds^ '  S"*" 

If  \,  /A,  1/  be  the  direction-cosines  of  a  line  perpendicular  to 
the  principal  normal,  and  the  tangents  at  P  and  Q,  l^  m,  n  those 
of  the  principal  normal, 

4SMs©^f]^ -■'■■ 

^.^  ^^/^K ^0. 

*  *  ds  dt  \d8) 

Also  Z^-  +  «*-r  +  ^ j-  =  0> 
ds         da        da 

7  771  71 


S  V&/      S  \5?/      c?^  Kda) 
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458.  If  from  any  poinfin  a  curve  equal  dtatancea  he  tmot 
aured  along  the  curve  and  its  tangent^  the  limiting  position  of  the 
line  joining  ike  extremities  of  these  distances  is  the  principal, 
normal* 

From  the  point  {x,  y,  z)  let  equal  distances  <r  be  measured 
along  the  curve  and  the  tangent  to  the  points  Qj  T.  The  co- 
ordinates of  Q  are 

dx        (d^x      \t^    o 

and  those  of  T 

dx 


x  + 

ds""'  

> 

€  vanishing  in 

the  limit. 

The  equati 

ons  of  the  line  QT  are 

' 

J'x 
ds^-^' 

therefore  the  limiting  position  of  Q  7  is  the  principal  normal, 
being  perpendicular  to  the  tangent,  since 

dx  d*x     dy^  d^y     dz  dH  __ 
ds  d^      ds  df      ds  ds^^   " 

Cauchj  proposed,  as  a  definition  of  the  Principal  Normal  at 
zxij  point,  the  limiting  position  of  the  line  joining  the  points  on 
the  curve  and  tangent,  whose  distances  from  the  point  of  con- 
tact measured  along  the  curve  and  tangent  respectively  are 
equal;  by  which  means  the  definition  was  made  independait 
of  the  osculating  and  normal  planes. 


Four-point  System. 

459.    Equation  of  a  curve  of  double  curwUure, 

If  a,  fi,%S  he  the  four-point  co-ordinates  of  anj  plane,  the 
equation  of  a  point  is 

fa  +  w/S  +  «7  +  rS  =  0  (1), 

and  we  have  seen  (Art.  112)  that  if  7,  m,  n,  r  intolve  one  variable 
in  the  first  degree,  the  locus  of  all  the  points,  which  can  be 
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obtained  hj  givmg  to  the  variable  values  from  —  oo  to  +  oo ,  is  a 
straight  line. 

Let  /,  m,  n,  r  be  any  functions  of  a  single  variable  x,  we  can 
show  that  the  locus  of  points  corresponding  to  all  values  of  the 
variable  is  a  curve  line ;  for,  if  the  locus  be  cut  by  any  plane, 
and  the  co-ordinates  of  the  plane  be  substituted  for  a,  /3,  7,  S  in 
the  equation  of  the  point,  the  resulting  equation  determines  a 
series  of  values  of  the  variable  rr,  which  correspond  to  the  point 
in  which  the  locus  is  intersected  by  the  plane ;  and,  by  shifting 
the  plane,  we  obtain  a  continuous  series  of  such  points  which 
form  the  different  portions  of  the  curve  line  of  which  (1)  may 
therefore  be  considered  to  be  the  equation. 

If  Z,  fn,  n,  r  be  rational  and  integral  functions  of  x,  not  hav- 
ing a  common  factor,  and  one  at  least  being  of  the  n^  degree,  any 
plane  determines  n  values  of  Xy  real  or  imaginary,  and  there- 
fore meets  the  curve  in  n  points,  hence  the  curve  is  of  the  n^ 
degree. 

We  may  observe  that,  in  order  to  be  sure  that  the  curve  is  of 
the  n^  degree,  it  must  not  be  possible  to  make  any  substitution 
of  a  new  variable  so  as  to  diminish  the  degree,  while  the  functions 
remain  rational. 

460.  If  the  curve  which  is  the  locus  of  m/3  +  717 + rS  ==  0  be 
traced  on  the  fundamental  plane  BCD,  every  point  in  the  curve 
which  is  the  locus  of  (1)  lies  on  a  line  joining  A  with  a  point  of 
this  curve,  that  is,  on  the  surface  of  a  cone  whose  vertex  is  A 
and  guiding  curve  mfi  +  wy  +  rS  =  0. 

461.  K  l==a^  +  a^x  +  apf+ 

w  =  &^  + ^10?  + Jga?"+ 

and  ajx  +  J^  +  c^y  +  d^S  «  a  V, 

the  equation  of  the  curve  may  be  written 

aV  +  b'xff  +  c'a^y  +  d'afB'  +  ...  =  0. 

This  reduced  equation  exhibits  that  a  curve  of  the  first  de- 
gree is  the  straight  line  joining  the  points 

a'  =  0,  y9'  =  0. 
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Also  that  a  cnrye  of  the  second  degree  is  a  plane  cnrvey  the 
plane  containing  the  three  points 

a=0,   /3'  =  0,   7=0. 

Again,  by  the  preceding  article,  a  curve  of  the  third  degree, 
which  is  not  necessarily  a  plane  curve,  lies  on  two  cones  whose 
vertices  are  A'  and  D\  and  whose  guiding  curves  are  the  conies 
traced  on  BCD'  and  A'B'C  whose  equations  are 

h'^  +  c  V  +  d'a?Z'  =  0,  and  a! a!  +  Vx^  +  c^'  =  0, 

which  have  a  common  generating  line  A'D\ 

462.  To  find  the  equation  of  the  tangent  to  a  curve. 

Let  f{x)^la  ■\-mfi  +  n7  +  rS  =  0  be  the  equation  of  the  curve, 
And  let  x^  determine  any  point  P  in  the  curve,  a:^  +  \  a  point  Q 
adjacent  to  it,  whose  equation  will  be 

fix,  +  X)  =/(a;,)  +  \f  ix,)  +  ^/"  (a,J  +  . . .  =  0. 

The  straight  line  whose  equation  is 

is  the  equation  of  the  tangent  at  P,  since,  when  Q  moves  up  to  P 
and  ultimately  coincides  with  it,  the  straight  line  ultimately 
passes  through  Q. 

The  distance  between  adjacent  points  in  the  tangent  and 
curve  is  evidently  of  the  order  X*,  generally. 

If /"(iCo)  =  0,  the  distance  is  of  the  order  X',  and  the  curve, 
which  in  ordinary  cases  lies  on  the  same  side  of  the  tangent  on 
each  side  of  the  point  of  contact,  in  this  case  lies  on  opposite 
sides,  or  there  is  a  point  of  inflexion  in  the  osculating  plane. 

The  equation  /(ojJ  +fJ'f' i^o)  +^/'(^o)  =  0  is  the  equation 

of  a  conic  which  has  a  contact  of  the  second  order. 

A  double  point  occurs  when  I,  m,  n,  r  retain  the  same  ratio 
for  two  values  of  x. 

463.  To  find  the  equation  of  the  osculating  plane  at  any  point 
cf  a  curve. 

The  plane  whose  equation  is 

/(a'.)+M/W+«'/"W  =  0 
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is  the  plane  which  passes  through  the  points  f{x^  =  0,  /*  {x^  =  0, 
and  /"  {x^  =  0,  and  therefore  coincides  with  the  limiting  position 
of  the  plane  which  passes  through  three  contiguous  points  of  the 
curve. 

The  equation  is  therefore  the  equation  required. 

The  distance  of  a  point /(aj„+X)=0  from  the  osculating 
plane  is  ultimately  cX*/'"(^o)»  ^^  *^®  curve  generally  lies  on 
opposite  sides  of  the  osculating  plane  in  passing  throughthe  point 
of  contact. 

Singularitiea  ef  Curves  and  Develcpahles. 

464.  A  curve  of  double  curvature  and  the  developable  sur- 
face of  which  it  is  the  edge  of  regression,  may  be  considered  in 
connexion  with  one  another;  and  we  may  expect  that  singu- 
larities in  one  will  have  corresponding  singularities  in  the  other. 
Cayley  in  Liouville's  Journal^  Tom.  x.,  and  in  the  Cambridge  and 
Dublin  Mathematical  Journal^  Vol.  v.,  and  Salmon,  in  the  same 
place  in  the  latter  Journal,  have  investigated  equations  among 
the  number  of  such  singularities ;  and  Salmon  has  proceeded  to 
shew  how  curves  of  double  curvature  may  be  classified  by  the  con- 
sideration of  the  number  of  apparent  double  points  in  the  curves. 

We  shall  introduce  the  student  to  some  of  the  methods  em- 
ployed, and  leave  him  to  consult  the  papers  refeired  to,  if  he 
desire  to  enter  more  fully  into  the  subject 

465.  A  curve  of  double  curvature  may  be  considered  as  the 
locus  of  a  system  of  points,  or  as  the  envelope  of  a  system  of 
straight  lines,  and  the  corresponding  developable  surface  as  the 
locus  of  the  system  of  lines,  or  as  the  envelope  of  a  system  of 
planes. 

We  may  consider  the  three  systems  of  points,  lines,  and 
planes  as  connected  in  the  following  ways. 

1.  If  the  system  of  points  be  supposed  given,  each  line  of 
the  second  system  joins  two  consecutive  points  of  the  given  sys- 
tem, and  each  plane  contains  three  consecutive  points  of  the  same 
system. 

2.  If  the  system  of  planes  be  supposed  given,  each  line  of 
the  second  system  is  the  intersection  of  two  consecutive  planes  of 

A  A 
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the  given  system,  and  each  point  of  the  first  system  is  the  inter- 
section of  three  consecutive  .planes  of  the  given  system. 

3.  If  the  system  of  lines  be  supposed  given,  each  point  of 
the  first  system  is  the  intersection  of  two  consecutive  lines  of 
the  given  system,  and  each  plane  contains  two  consecutive  lines 
of  the  same  system. 

466.  •  The  following  terms  will  be  employed : 

A  line  through  two  points  denotes  a  line  joining  any  two 
arbitrary  points  of  the  system  of  points. 

A  line  in  two  planes  denotes  the  line  of  intersection  of  any 
two  planes  of  the  system  of  planes. 

A  point  in  ttoo  lines  is  the  intersection  of  any  two  lines  of 
the  system  of  lines  which  intersect. 

A  plane  through  tioo  lines  is  the  plane  containing  any  two 
lines  which  intersect. 

A  stationary  plane  is  a  singular  plane  which  contains  four 
consecutive  points,  or  three  consecutive  lines,  and  occurs  when 
two  consecutive  planes  coincide. 

A  stationary  point  is  a  singular  point  which  lies  in  four  oon- 
secutive  planes,  or  in  three  consecutive  lines,  and  occurs  when 
two  consecutive  points  coincide. 

Any  plane  not  belonging  to  the  system  contains  a  certain 
number  of  lines  in  two  planes. 

Any  point  not  belonging  to  the  system  lies  in  a  oertain 
number  of  lines  through  two  points. 

Any  plane  contains  a  certain  number  oi points  in  two  lines. 

Any  point  lies  in  a  certain  number  of  planes  through  two  lines. 

These  numbers  will  be  denoted  by  Z,  X,  p^  and  <r,  respectively, 
and  the  numbers  of  stationary  planes  and  points  by  s  and  a. 

467.  The  degree  of  a  curve  is  the  number  of  points  in  which 
it  intersects  an  arbitrary  plane. 

The  class  of  a  curve  is  the  number  of  osculating  planes  which 
contain  an  arbitrary  point 

The  degree  of  the  developable  sur£EU»  of  which  the  curve  is 
the  edge  of  regression  is  the  number  of  points  in  which  it  meets 
an  arbitrary  straight  line. 
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The  class  of  the  surface  is  the  number  of  tangent  planes 
which  can  be  drawn  through  an  arbitrary  point. 

The  rank  of  the  system  is  the  number  of  planes  which  can 
be  drawn  through  an  arbitrary  straight  line  so  as  to  contain  lines 
of  the  system. 

Ilence  the  rank  of  the  system  is  the  same  as  the  degree  of 
the  surface. 

The  class  of  the  curve  is  the  same  as  the  class  of  the 
surface. 

468.  Singularities  in  curves  of  double  curvature  are  by 
these  considerations  made  to  depend  upon  the  singularities  of 
plane  curves. 

Let  a  given  plane  intersect  the  surface,  the  plane  curve  is 
thus  connected  with  the  lines  and  planes  of  the  system  as 
follows. 

Every  point  of  the  plane  curve  is  in  a  line  of  the  system, 
every  tangent  to  the  plane  curve  is  the^  intersection  of  the 
cutting  plane  with  a  plane  of  the  system. 

A  straight  line  in  the  cutting  plane  meets  the  surface  in 
r  points,  if  r  be  the  degree  of  the  surface ;  therefore  the  degree 
of  the  curve  of  intersection  is  r. 

A  point  in  the  cutting  plane  lies  in  n  tangent  planes  to  the 
surface  if  w  be  the  class  of  the  surface,  hence,  n  tangent  lines 
to  the  curve  of  intersection  can  be  drawn  through  the  point ; 
therefore  the  class  of  the  curve  is  w. 

When  the  cutting  plane  has  a  point  in  two  lines  the  plane 
curve  has  a  double  point,  since  the  curve  of  intersection  may  be 
supposed  generated  by  the  intersection  of  lines  of  the  system 
with  the  cutting  plane,  and  the  generating  line  in  this  twice 
passes  through  the  same  point 

When  the  cutting  plane  has  a  line  in  two  planes^  it 
may  be  seen  similarly  that  the  plane  curve  has  a  double 
tangent. 

At  the  points  in  which  the  cutting  plane  meets  the  curve  of 
double  curvature,  two  lines  of  the  system  meet  the  plane  curve 
in  the  same  point,  this  point  is  therefore  a  cusp  in  the  plane 
curve. 

For  every  stationary  plane,  two  consecutive  planes  coincide, 

A  A2 
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and  therefore  two  tangeats  to  the  plane  cnrve  coincide,  or  there 
is  a  point  of  inflexioii. 

If  m  be  the  degree  of  the  curve  of  double  cnrvatare,  the 
plane  cnrve  is  of  the  degree  r,  and  of  the  class  n ;  it  has  I  double 
points,  j>  double  tangents,  m  cusps,  and  a  points  of  inflexion. 

Hence,  the  formulae  for  plane  curves  give  three  independent 
equations  among  these  numbers. 

These  formul®  are  given  bj  Salmon  in  the  following  forms. 

If /t  be  the  degree  of  a  plane  curve,  r  its  class,  S  the  number 
of  double  points,  te  of  cusps,  t  of  double  tangents,  i  of  points  of 
inflexion, 

i  —  fc^Z  {v  —  fi), 
and  2  (t  -  S)  =  (1/  -  /a)  (i;  +  /*  -  ^) ; 

whence  n  ==  r  (r  —  1)  —  2Z— 3m, 

«.m  =  3  (ft  — r), 
and  2(p-Z)  =  (»-r)  (n  +  r-9)- 

469.  If,  instead  of  considering  the  system  in  connexion  with 
a  plane,  which  intersects  the  developable  surface  in  a  curve,  we 
consider  it  in  connexion  with  a  point,  which  is  made  the  vertex 
of  a  conical  surface  whose  guiding  curve  is  the  curve  of  double 
curvature,  we  shall  obtain  other  relations  among  the  number  of 
singularities,  which  can  be  connected  with  those  of  a  plane 
section  of  the  conical  surface. 

Every  plane  through  the  vertex  cuts  the  curve  in  m  points, 
corresponding  to  which  are  m  generating  lines  of  the  cone; 
also  a  plane  which  cuts  the  cone  meets  the  curve  in  m  points; 
therefore  the  line  of  intersection  contains  m  points  on  the  curve, 
the  plane  section  of  the  curve  is  therefore  of  the  m^  degree. 

Again,  r  tangent  lines  meet  the  straight  line  joining  any 
point  in  the  cutting  plane  with  the  vertex  of  the  cone,  and  hence 
r  tangent  planes  to  the  cone  can  be  drawn  through  the  pomt  in 
the  cutting  plane;  therefore  there  are  r  tangents  to  the  plane 
section,  which  can  be  drawn  through  the  point,  that  is,  the 
islass  of  the  plane  section  is  r. 
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The  vertex  lies  in  «r  lines  through  two  points,  hence  there  are 
w  double  generating  lines  of  the  cone,  or  or  doable  points  on  the 
plane  section. 

The  vertex  lies  in  \  planes  through  two  lines,  hence  there  are 
X  double  tangent  planes  to  the  cone,  and  therefore  X  double  tan- 
gent lines  to  the  plane  section. 

The  r  planes  of  the  system  which  pass  through  the  vertex 
correspond  to  three  generating  lines,  therefore  there  are  n  points 
of  inflexion  of  the  plane  section. 

For  every  stationary  point,  two  consecutive  points  coincide ; 
therefore  the  cone  has  a  cuspidal  edge,  and  therefore  the  number 
of  cusps  of  the  plane  section  is  cr. 

Hence,  the  plane  section  of  the  cone  is  of  the  degree  m  and  of 
the  class  r ;  and  it  has  w  double  points,  X  double  tangents,  cr 
cusps,  and  n  points  of  inflexion. 

Thus,  three  more  independent  equations  are  obtained, 

r  =s  HI  (m  —  1)  —  2'or  —  30", 
n  — <r  =  3  {r-^m), 
and  2  (X  — -bt)  =  (r  — w)  (r  +  w  — 9). 

470.  As  an  exercise,  the  student  may  calculate  the  number 
of  such  points,  and  the  order  and  class  of  a  section  made  by  a 
tangent  plane  of  the  developable  surface,  and  of  a  conical  surface 
in  which  the  vertex  is  on  the  curve  of  double  curvature. 

He  will  find  that 

|A  =  r  —  2  for  the  first,  and  m  —  1  for  the  second, 

v—n^l  r  — 2 

S=  Z-2r  +  8  'or-w  +  2 

ir=:m— 3 <r 

T=p-n  +  2 X-2r  +  8 

^  ^s n  — 3 

and  the  results  of  substitution  in  the  three  equations  for  plane 
curves  lead  to  the  same  six  equations  among  the  number  of 
singularities. 

471.  If  a  cone  be  described  whose  guiding  curve  is  a  given 
curve  of  double  curvature,  X  lines  through  two  points  pass 
through  the  vertex  and  determine  a  double  side  of  the  cone. 
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The  two  points  through  which  any  line  through  Uoo  poitUs 
passes  may  be  either  distinct  or  coincident,  as  in  the  case  of  a 
multiple  point  of  the  coire ;  to  an  eye  placed  at  the  yertez  of 
the  cone  two  different  branches  will  in  both  cases  appear  to 
intersect,  bnt  will  actually  intersect  only  in  the  latter  case ;  and 
in  the  case  of  actual  intersection  the  intersection  will  take  place 
for  all  positions  of  the  vertex.  The  sum  of  the  apparent  and 
actual  double  points  is  X. 

Salmon  has  employed  the  number  of  these  double  points  to 
construct  a  classification  of  the  curves  which  are  the  complete 
or  partial  intersections  of  two  surfaces  of  given  degrees;  in 
which  the  distinctions  are  made  according  to  the  number  of 
points  in  which  the  surfaces  touch,  and  the  nature  of  the  con- 
stants where  they  do  touch.  The  student  is  referred  to  the 
article  in  the  Cambridge  and  Dublin  Journal^  Vol.  V. 

XX. 

(1)  The  equations  of  the  tangent  to  the  curve  of  intersection  of 
the  sar&ces 

aflj"  +  6y"  +  c«'=l 

and  6iB"+cy*  +  a«*  =  l, 

are  ^i^"^)  ^virj-y)  ^Si{t-z) 

ah  —  i?       be —  a'       ac  —  b*  ' 

The  tangent  line  at  the  point  x=j/  =  z  lies  in  the  plane 

(a  -  6) «  +  (6  -  c)  y  +  (c  -  a)  «  =  0. 

(2)  If  ae=^V  in  the  curve  of  the  last  problem,  the  tangent  lines 
trace  on  the  plane  of  x^/  the  two  straight  lines  whose  equation  is 

coc^  ay" 


(3)     The  equations  of  a  sphere  and  cylinder  being 

aj"  +  y*  +  «■  =  4a" 

and  a^-hs^  =  2ax, 

prove  that  the  equations  of  the  tangent  to  the  cm-ve  of  Intersection 
at  the  point  (a,  j3,  y)  are 

(a-a)a;  +  y«  =  0 
and  )3y  +  fluc=^a(4a-a), 
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and  that  the  equation  of  the  nonnal  plane  is 

(4)  The  paraboloid  whose  equation  is  oaf  +  (y*  =  4«  has  traced 
upon  it  a  curve,  everj  point  of  which  is  the  extremity  of  the  latus 
rectum  of  the  parabolic  section  through  the  axis  of  z;  shew  that  the 
tangent  to  the  curve  traces  upon  the  plane  of  xy  the  curves  whose 
equations  are 

rsm2^  =  ifc(a-6). 

(5)  A  curve  is  described  on  the  sur&oe  of  a  cylinder,  such  that  it 
cuts  each  generating  line  at  an  angle  proportional  to  the  angular  dish 
tance  of  the  principal  plane  through  the  point  of  intersection  from  a 
fixed  principal  plane ;  prove  that  the  equations  of  the  curve  are 

aj"  +  y*  =  a*,         e"'**  =  cos  Tft  tan"*  - j , 

the  axis  of  z  being  in  the  fixed  principal  plane. 

(6)  Find  the  projection  on  yz  of  any  curve  of  greatest  inclina- 
tion to  that  plane,  traced  on  the  surface 

(7)  Prove  that  the  edge  of  regression  of  the  developable  surfiice 
generated  by  the  normal  planes  to  a  helix,  is  another  helix: 

(8)  If  two  sur&ces  touch,  the  point  of  contact  is  a  double  point 
on  iJieir  curve  of  intersection. 

(9)  Prove  that  in  the  common  tangent  plane  of  two  surfaces 
which  touch  there  are  two  directions,  any  planes  through  which 
meet  both  sur&ces  in  three  coincident  points. 

(10)  Find  the  condition  that  two  suifiuses  which  touch  may 
have  a  cusp  in  the  curve  of  intersection  at  the  point  of  contact. 

(11)  Investigate  a  construction  for  the  apparent  double  points 
in  the  curve  of  intersection  of  two  conicoids. 

(12)  The  axes  of  two  elliptic  cylinders  intersect  at  right  angles, 
shew  that  the  locus  of  points  for  which  the  apparent  double  points 
coincide  is  a  hyperbolic  cylinder. 

(13)  If  an  eye  be  placed  in  either  of  the  axes  of  as,  y  or  ;e;  at  a 
distance  e  firom  the  origin,  the  two  apparent  double  points  of  the 
curve  of  intersection  of  the  surfaces 

xyz  =  a'  and  ic*  +  y*  +  «"  =  3a' 

are  distant  Jda'-c',  and  the  tangent  line  which  passes  through  the 
axis  of  X  meets  the  first  surfiwje  in  another  point  whose  distance  fi-om 
yz  is  4e». 
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(H)     Prove  that  the  edge  of  regressicm  of  the  develi^hle  whose 
tangent  planes  are  giren  by 

is  the  intersection  of  two  cones 

/  =  /38  andi8*  =  ay. 

Prove  also  that  the  equation  of  the  developable  is 

08y-a8>«=4(«y-i8^(/38-/). 

(15)  Prove  that  in  the  curve  of  the  last  problem 

m  =  ^,  n  =  Zf  r  =  4, 

tf  =  0,  1=0,  p  =  1, 

cr  =  0,  X  =  a,  W  =  1. 

(16)  If  A,  B,  Cy  D  be  fixed  points  and  P,  ^  be  drawn  in  AB, 
CD  dividing  them  in  any  the  same  ratio,  and  R  divides  FB  in  the 
duplicate  ratio,  shew  that  the  locus  of  J?  is  a  curve  of  the  third 
degree,  and  shew  that  if  SBT  meet  AC,  BD,  R  divides  ST  in  the 
ratio  oiAF  :  BP,  and  S,  T  divide  AC^  BD  in  the  ratio  oiFR  :  QR 


CHAPTER  XX. 


ENVELOPES. 


472.  The  problem  of  finding  the  locus  of  the  ultimate  inter- 
section, or  the  envelope^  of  a  series  of  surfaces,  will  separate  into 
two  distinct  classes  of  cases»  in  which  the  general  equation  of  the 
series  involyes  one  arbitrary  parameter,  and  those  in  which  it 
involves  two.  If  more  than  two  are  involved,  there  can  exist  no 
locus  of  ultimate  intersections,  for  by  making  small  variations  in 
each  of  the  parameters,  which  are  by  hypothesis  independent,  we 
shall  obtain  more  than  three  equations  for  determining  the  points 
in  which  any  given  surface  intersects  the  consecutive  surfaces, 
from  which  the  current  co-ordinates  may  be  eliminated,  and  one 
or  more  equations  obtained  involving  only  the  parameters,  and 
constants,  which  are  the  same  for  the  whole  series.  Unless  the 
equation,  or  equations,  so  obtained,  subsist,  there  can  be  no  locus 
of  ultimate  intersection ;  and  if  such  equations  do  hold,  the  case 
is  reduced  to  that  of  not  more  than  two  independent  parameters. 

We  have  already  had  occasion  to  notice  the  difference  of  the 
two  classes  of  envelopes  here  mentioned,  a  developable  surface 
being  the  envelope  of  a  series  of  planes  whose  equations  involve 
only  one  parameter,  and  other  surfaces  being  the  envelope  of  the 
corresponding  tangent  planes  whose  equations  involve  the  co- 
ordinates of  the  point  of  contact,  which  are  equivalent  to  only 
two  %nd^)enderU  parameters.  The  distinction,  in  the  nature  of 
the  contact,  which  exists  between  the  tangent  plane  to  a  develop- 
able,  and  to  a  non-developable  surface,  will  be  found  to  be 
general ;  the  envelope  of  a  series  of  surfaces  whose  equation  in- 
volves only  one  parameter  touches  each  of  the  series  in  an  infinite 
number  of  points  lying  on  a  curve,  and  that  of  a  series  whose 
equation  involves  two  parameters,  touches  each  separate  surface 
in  one,  two,  or  more  points,  but  in  Bome  fixed  number. 
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473.  To  find  the  locus  of  tdtinuUe  intersection  of  a  series 
of  surfaces^  the  general  equation  of  which  involves  one  arbitrary 
parameter. 

Let  !?'(«,  y,  «,  a)  ss  0 

be  the  equation  of  one  of  the  series,  a  being  the  parameter ;  and 
let  a  consecutiTe  surface  be  obtained  hj  taking  a  new  value  a+& 
of  the  parameter. 

The  equations  giving  the  points  of  intersection  are 
F{x,jf,eya)=0,   i^(a;,y,  «,  a  +  A)=0; 
the  second  of  which  may  be  written 

F{x,  y,  «,  a)  4-  hF'{a  +  0h)  =  0. 
The  points  in  question  then  lie  on  the  surfaces 
F{x,  y,  «,  a)  =  0,   F^a  +  0h)  =  0, 

and  the  ultimate  intersection  is  the  curve 

F{x,  y,  «,  a)  =  0,   ^F{x,  y,  z,  a)  =  0, 

from  which  we  maj,  by  the  elimination  of  a,  obtain  the  equation 
of  a  surface  on  which  all  these  curves  lie^  or  the  locus  of  ultimate 
intersections  of  the  surfaces. 

Since  this  locus  is  generated  bj  the  series  of  curves  whose 
equations  are 

T-f  rv  dF  ^ 

such  a  curve  is  called  the  characteristic  of  the  envelope. 

474.  To  find  the  equations  of  the  edge  of  the  envelope. 

It  will  generally  happen  that  any  characteristic  will  intersect 
the  consecutive  characteristic  in  a  definite  number  of  points. 
The  locus  of  these  points  of  ultimate  intersection  is  called  the 
edge  of  the  envelope. 

If  u  =  F{x^  y,  «,  a)  =  0  be  the  equation  of  one  of  the  series 
of  enveloped  surfaces,  the  characteristic  corresponding  to  this 
surface  is  given  by  the  equations 

r^   du     ^ 
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the  cbaracteristic  corresponding  to  a  consecative  surface  is  given 
by  the  equations 

€  and  17  yanishing  when  Sa  =  0. 

The  corresponding  point  in  the  edge  of  the  envelope  will 
therefore  satisfy  the  equations 

«  =  0,  ^  =  0,    and^  =  0, 

which,  by  the  elimination  of  a,  give  the  two  equations  of  the  edge 
of  the  envelope. 

Thus,  in  the  case  of  a  developable  surface,  which  is  the 
envelope  of  a  plane  whose  equation  involves  one  parameter,  the 
characteristic  is  a  straight  line  and  the  edge  is  the  edge  of  re- 
gression. 

475.  The  envelope  of  a  eeriea  of  surfaces,  whose  eqtiation  in- 
volves one  parameter  y  wiU  tn  general  touch  each  of  the  surfaces 
along  a  curve. 

If  from  the  equation 

dF     ^ 

we  obtain  the  equation  a=<l>{x,  y,  «),  the  equation  of  the  en- 
velope is 

F{x,  tf,  z,  ^  (a?,  y,  «)}  =  0, 

and  hence  the  envelope  meets  any  particular  surface 

F{x,  y,  z,  a)  =  0, 

in  all  the  points  in  which  the  surface  ^  (a;,  yfSs)=a  meets  it,  or 
in  all  the  points  lying  on  the  curve 

F{x,  y,  z,  a)  =  0,    ^  F{x,  y,  «,  a)  =  0. 

It  will  also  touch  the  surface  at  all  such  points,  for  the  values 

of  ^ ,   J-  in  the  two  surfaces  are  given  at  such  a  point  by  the 

equations 

^.dFdz^       dF     dF^_ 
dx      dz  dx       '    dy       dz  dy~~    ' 
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dF     dFdz     dF  (d<k     dSdz] 
dx      dz  dx     dq>  [dx     dz  dx) 

dz     dF  (d^     #^1      A 
dy'^d^Uy'^dzdy)^^' 


dF     dF 


dy      dz 

respectively. 

But,  at  all  the  points  in  qaestion,  ^  (x,  y^  z)  ^  0, 
or  ^-^(a?,y,«,  a)  =  0, 

whence  we  have  -^r  =  0,  and  the  two  pairs  of  equations  coincide. 

The  tangent  planes  to  the  two  surfaces  will  consequently  be  co- 
incident, or  the  envelope  will  touch  any  one  of  the  surfaces  along 
the  curve  in  which  that  surface  meets  its  consecutive.  The  con- 
tact will  be  real  or  unreal,  according  as  the  characteristic  is  real 
or  unreal ;  and  may  be  real  for  one  portion  of  a  series  of  surfaces, 
and  unreal  for  the  remainder. 

It  is  this  property  which  gives  rise  to  the  name  envelope  for 
the  locus  of  the  ultimate  intersections. 

476.  That  the  locus  of  the  ultimate  intersections  of  the 
surfaces  which  involve  one  parameter  touches,  in  general,  eadi 
of  the  surfaces,  or  is  the  envelope  of  the  surfaces,  may  be  seen 
by  geometrical  considerations. 

For,  if  t^,  t^,  Z?i  be  three  consecutive  surfaces,  the  two  curves 
of  intersection  of  C^ ,  C^  and  U^ ,  U^  are,  ultimately,  two  consecutive 
curves  which  generate  the  locus  of  ultimate  intersections,  and 
which  ultimately  coincide ;  these  consecutive  curves  lie  both  on 
the  locus  and  on  the  surface  V^,  therefore,  at  every  point  common 
to  the  surface  U^  and  the  locus  of  ultimate  intersections,  there  will 
be  a  common  tangent  plane ;  and  the  same  is  true  of  every  other 
surface  of  the  series ;  hence  the  locus  of  ultimate  intersections 
envelopes  every  surface  of  the  series  along  a  curve  line. 

As  an  example  of  this  class  of  envelopes,  we  may  take  a 
series  of  spheres  having  for  diametral  planes  one  series  of  circular 
sections  of  an  ellipsoid. 

liet  the  equation  of  the  ellipsoid  be 
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and  let  the  equation  of  a  drcnlar  section  be 

?  V?3j»  +  -  VJV:?  =  V.  (Art.  184.) 

a  c 

If  we  take  a  circular  section  of  the  other  system 

a  c 

the  equation  of  the  sphere  containing  the  two  will  be 

aj'  +  y^  +  ^'-J'-CflT  +  wO-V^'i* 

a 

+  («  -  w')  ~  V?^^  +-«rtsr'  =  0 ;    (Art.  186.) 

and  the  condition  that  the  former  section  may  be  a  diametral 
plane  of  the  sphere  supplies  the  condition 

whence  the  equation  of  the  sphere  may  be  written 
a^+ 3^+ ««.  j«_  ^2^  {ooj  V^^I^^f  C2  V^^ 

This  gives,  as  the  characteristic,  the  plane  section  made  bj 

and  for  the  envelope,  the  surface  whose  equation  is 

(a*- c*)  (aj»  +  y*+ «•-*•)  =  (aa5V^V^+ c»Vi*^«. 
This  equation  may  be  written  in  the  form 

aj»  .2»     «•_  1     (c'a;V^^'+a'igVy^^' 

which  proves  that  the  envelope  required  is  a  prolate  spheroid, 
concentric  with  the  ellipsoid,  and  touching  it  along  a  central 
-section. 

The  equations  of  the  axis  of  this  spheroid  are 


X 


=2  = 


the  locus  of  the  centres  of  the  circular  sections ;  and  the  squares 
of  its  semi-axes  may  readily  be  found  to  be  a*  +  c*,  and  J'.  The 
foci  will  therefore  be  two  of  the  umbilici  of  the  ellipsoid. 
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The  characteristic  in  this  case  is  given  hj  the  equations 

ai»  +  y  +  ^  =  J"  +  isr»^±^|, 

and  the  curve  will  therefore  only  be  real  for  values  of  «r  satisfy- 
ing the  condition 


or,  w* 


a'+c*  f    q*  +  cP     _  il  t  A» 


or,  «r«>>^(a»  +  c«-J«). 

Also,  since  the  characteristics  are  circles  on  a  series  of  parallel 
planes,  their  ultimate  intersections  will  be  impossible  and  at 
infinity ;  and  the  edge  of  the  envelope  is  in  this  case  the  two 
impossible  circular  points  at  infinity,  which  lie  in  the  plane 

ax  Va'-J'+  cz  V  J"  -  c*  =  0. 

477.  To  find  the  locus  of  uUtmate  intersection  of  a  series  of 
surfaces,  the  general  equation  of  which  involves  two  arbitrary 
parameters. 

Let  the  equation  of  any  such  surface  be 

J'(aj,y,  «,  a,  i)=0, 

in  which  a,  b  are  independent  arbitrary  parameters.     The  equa- 
tion of  any  consecutive  surfsu^  may  be  taken  to  be 

F{x,tf,Zj   a  +  Sa,  5  +  Si)=0, 

and  the  points  of  ultimate  intersection  of  the  two  surfaces  will  be 
given  by  the  equations 

or,  since  So,  Si  are  independent,  on  the  surfaces 

"'    da     "'     db       ' 
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and,  hy  the  elimination  of  a  and  b  from  these  equations,  the 
equation  of  the  loons  of  all  such  ultimate  intersections  will  be 
detennined. 

478.  To  shew  that  the  heus  of  ultimate  intersections  is  the 
envelope  of  a  series  of  surfaces ^  whose  general  equation  involves 
two  parameters. 

The  locus  of  ultimate  intersections  being  obtained  by  the 
elimination  of  a  and  b  from  the  equations 

we  may  assume  that  a  and  b  are  found  from  the  two  latter 
equations  in  the  forms 

and  that,  consequently,  the  equation  of  the  locus  is 

Now,  let  a?,  y,  «,  be  the  co-ordinates  of  any  point  in  which  the 
envelope  meets  the  surface 

jF(a?,y,  «,  a,  5)=0, 

we  shall  have,  to  determine  3"  >  3-  *^t  ^'^  point,  the  following 
pairs  of  equations  in  the  two  surfaces,  respectively, 

dF    dFdz     dF  frf</>^     dj^^  dz\      dF  (d^^     d<f>^  dz)  ^ 
dx      dz  dx     dif>^  \dx       dz  dx)      cUf}^  \dx       dz  dx)  " 


— + 
dy 


dFdz      dF  (d<f>^     d<t>^  dz\      dF  (d<f>^     d<f>^  dz)  ^ 
dz  dy     d(f>^  \dy      dz  dy)      d<l>^  [  dy       dz  dy) 


dF     dFd^_ 

dx'^dzdx"^ 
and 

dF    dFdz     ^ 

Bat,  at  the  point  in  qaestion,  we  haye 


_J 


I 
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whence,  also,  at  this  point, 

dF_        dF_ 

from  which  equations  it  follows  that  the  values  of  ^r- ,   ^-  are 

ctx     ay 

the  same  in  the  two  surfaces,  or  that  the  locus  of  ultimate  inter- 
sections touches  each  of  the  series  of  surfaces  in  the  points  in 
which  that  surface  meets  the  consecutive  surfaces.  The  locus 
of  ultimate  intersections  is  therefore  the  envelope. 

This  contact  maj,  as  in  the  former  case,  be  either  real  or 
unreal. 

479.  To  find  ike  envelope  of  a  series  of  surfaces  whose  equa- 
tion involves  n  parametersy  connected  by  either  n  —  1  or  n  —  2 
equations. 

We  have  already  remarked  that  no  envelope  can  exist  for 
a  series  of  surfaces,  if  the  general  equation  involve  more  than 
two  independent  arbitrary  parameters.  If  therefore  the  equation 
involve  n  parameters,  we  must  have  either  n  —  1  orn  —  2  equa- 
tions of  condition,  bj  means  of  which  we  might  eliminate  all  the 
parameters  but  one,  or  two,  respectively,  and  the  envelope  might 
then  be  obtained  as  before.  A  more  convenient  method,  however, 
may  be  deduced  from  the  consideration  that  the  equation  of  the 
envelope  of  the  surfaces 

i^(a;,y, «,  a,  i)=0 

is  ^  (a?,  y,  «)  =  0, 

where  ^  (a?,  y,  z)  is  the  maximum  or  minimum  value  of 

F{x,  y, «,  «,  h) 
obtained  by  variation  of  a  and  h. 

The  envelope  of  the  surfaces,  whose  general  equation  is 

u^F{x,y,z,  a^,a^ «0=0, 

in  which  a^,  a,» a.  are  connected  by  the  equations 

^  ^j  =  0,  ^,  =  0 ^.^  =  0, 

will  be  V  =  0,  if  t;  be  the  maximum  or  minimum  value  of  u  ob- 
tained by  variation  of  a,,  o,, a^  subject  to  then— 1  orn  — 2 

equations  of  condition. 


ENVELOPES.  369 

The  ordinary  method  of  proceedmg  hy  nndetermined  multi- 
pliera  is  described  and  explained  in  all  treatises  on  the  Diffe- 
rential Calcnlus.  We  will  only  exemplify  it  in  the  following 
case. 

480.  To  find  the  envelope  of  a  series  of  planes  passing  through 
the  centre  of  an  ellipsoid  and  intersecting  it  in  sections  of  con-- 
stant  area. 

The  equation  of  the  plane  may  be  taken  to  be 

w  =  fcc  +  mg  +  nz  =  Of 
the  parameters  I,  m,  n  being  connected  by  the  eqaations 

whence,    differentiating,   and  nsing    nndetermined   multipliers 
X,  /*,  we  obtain 

Xa:  +  ftZ  +  a*?  =  0, 

Xg  +  fim  +  Vm  =  0, 
7^  +  fjbn  +  c^n  =  0, 
and  multiplying  by  ?,  «i,  n,  respectively,  and  adding 

\tt  +  /*  +  c?  =  0, 
whence  we  may  obtain  the  equation 

a?  y*  z* 

or,  since  for  the  envelope,  u  =  0, 

x^      .      V*      .      z' 


"^  M      ^  "^  J       Ja  ~*  "j 


the  equation  of  the  envelope,  which  is  a  cone  whose  focal  lines 
are  the  asymptotes  of  the  focal  hyperbola  of  the  ellipsoid. 

We  may  observe  that  since  the  maximum  or  minimum  value 
of  u  is  zero  for  all  points  of  the  envelope,  we  may  put  it  zero  at 
any  stage  of  the  operation,  which  would  have  given  above  the 
equation 

and  the  suT)sequent  work  would  have  been  correspondingly  sim- 
plified. 

BB 
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481.  To  find  the  envelope  of  a  series  of  spheres,  having  for 
diameters  a  series  of  parallel  chords  of  an  ellipsoid. 

Take  the  diametral  plane  of  the  ellipsoid  bisecting  the 
chords  for  the  plane  of  xy^  its  principal  axes  for  those  of  x 
and  y,  and  the  axis  of  z  perpendicnlar  to  this  plane.  Then,  if 
2a,  26  be  the  principal  axes  of  this  section,  2c  the  diameter 
parallel  to  the  chords,  the  radios  of  a  sphere,  whose  center  is 
(^o>  y©*  ^)>  '^^  ^  given  by  the  equation 


and  the  equation  of  the  corresponding  sphere  will  be 


Hence,  for  the  envelope 


d 
and  the  equation  of  the  envelope  is 

The  envelope  is  therefore  an  ellipsoid,  whose  focal  ellipse 
is  the  section  of  the  given  ellipsoid  made  bj  a  plane  diametral 
to  the  given  chords.  Also,  we  see  that  if  a,  )8,  7  be  tlie 
semi-axes  of  the  envelope,  2y  being  the  axis  perpendicular  to 
the  diametral  plane, 

a^  +  ^^r/^a'+h'  +  cf^ 

or,  is  equal  to  the  sum  of  the  squares  of  the  semi-axes  of  the 
given  ellipsoid. 

It  may  easily  be  shewn  that  the  envelope  has  double  con- 
tact with  the  given  ellipsoid  at  the  points  where  a  normal 
coincides  with  one  of  the  given  system  of  chords,  and  that 
the  contact  of  the  envelope  will  be  real  only  when  the  center  of 
the  sphere  lies  within  the  ellipse  whose  equation  is 
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Differential  Equations  of  Envelopes, 

482.  To  find  the  differential  equation  of  the  envelope  of 
surfaces  containing  two  parameters,  one  of  which  is  any  arhitrary 
function  of  the  other. 

Let  u^  F{x^  y,  «,  a,  ^  (a)}  =  0  be  the  equation  of  one  of  the 
surfaces. 

The  equation  of  the  envelope  is  given  by  the  elimination  of 
a  from  the  equations 

«  =  0,     ^  =  0; 

therefore  the  equations 

^       du        du     ^        du  ^      du 

"=^'   ^+^^=^'    ^+?&=^' 

are  satisfied  whether  a  be  considered  constant  or  a  function 
of  x,yyZ;  hence,  the  differential  equation  in  p  and  q  obtained 
by  eliminating  a  and  <f>  (a)  between  these  equations,  will  belong 
either  to  the  envelope  or  to  any  one  of  the  family  of  surfaces. 

483.  To  find  the  differential  equation  of  the  envelope  of  a 
series  of  surfaces  involving  three  parameters^  two  of  which  are 
arbitrary  functions  of  the  third. 

If  the  equation  of  one  of  the  surfaces  be 

u^F{x, y,  z,  a,  <^ (a), ^r  (a)}  =  0, 

we  have  the  equations 

du        du     ^        ^  du  ^      du     ^ 

Differentiating  these  equations  with  respect  to  x  and  y,  con- 
sidering a  as  a  ftmction  of  x  and  y, 

rfV  d^u  d^u    t     du         /  d*u  d^u  \  (^  _  r^ 

daf         dxdz^      ds^  ^      dz         \dxda     ^  dzda)  dx        ' 

d^u        d^u  d^u  d^u  du 

dxdy     dx  dz"      dydz^      dz^ "     dz 


\dx  da     ^  dz  da)  dy        ' 


dzda)  dy 

B  B  2 
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d^u        cPu        .    d^u  d^u  du 

d^y^Wdk^^l^^^l^^^  dz^ 

(d^u  d^u  \du^ 

dyda      ^  dz  da)  dx  "    * 

d*u      ^  d^u       .  cTu  ^  ,  du^  ^  f  d^u    .       d^u  \du  _  ^ 
d/'^^d^z^^d^'^'^dz^'^[d^^^dxda)dy^^' 

or  writing  these  equations  in  the  form 

*  +  — ^|. 

and  if  a,  ^  (a),  -^  (a)  be  eliminated  between  this  equation  and 

the  equations 

dy         du     ^        du  ^      du     ^ 

the  differential  equation  of  the  envelope  or  of  any  of  the  sur- 
faces will  be  obtained,  which  is  linear  in  r,  »,  t  and  rt  —  8\ 

484.     WJien  a  family  of  surfaces  depends  on  two  parameters^ 
me  of  which  is  an  arbitrary  function  of  the  other ^  to  find  the 
form  of  the  function  in  order  that  the  envelope  may  contain  a 
.  given  directing  curve. 

Let  t^  =  0  be  the  equation  of  one  of  the  surfaces,  a,  ^  (a) 
being  the  parameters ;  and  v^O,  w==0  be  the  equations  of  the 
given  curve. 

Since  this  curve  must  be  a  tangent  to  each  of  the  en- 
veloped surfaces,  the  same  values  o{  dx  :  dy  :  dz  will  satisfy 
each  of  the  equations  w  =  0,  t?  =  0,  and  t£7  =  0. 
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Hence, 


=  0, 


du      du      du 
dx^    dy^    dz 

dv      dv      dv 
cte '    dy^    dz 

dw     dw     dw 
dx  *    dy^    dz 

and  eliminating  a;,  y^  z  between  these  fonr  equations,  we  ob- 
tain an  equation  involving  ^  (a)  and  a,  which  will  completely 
determine  the  form  of  0(a),  and  substituting  this  in  u  =  0,  we 
can  obtain  the  envelope. 

485.  To  find  the  form  of  the  arbitrary  function  of  the 
parameter,  when  the  envelope  touches  a  given  surface. 

Let  «  =  0,  t?  =  0  be  the  equations  of  one  of  the  enveloped 
surfaces  and  of  the  given  surface. 

Then,  since  the  two  surfaces  touch  one  another,  they  must 
have  a  common  normal,  therefore  besides  the  two  equations, 
we  have 

du     du     du 
dx  ^dy  __  dz 
dv     dv     av^ 
dx     dy     dz 

and,  eliminating  Xy  y,  and  z,  we  have  an  equation  for  determin- 
ing 0  (a). 

486.  If  the  surfaces  depend  upon  two  arbitrary  functions 
of  the  parameter,  we  can  obtain  the  form  of  the  functions,  in 
order  that  the  envelope  may  pass  through  two  directing  curves 
or  touch  two  surfaces. 

487.  To  find  the  edge  of  a  tubular  surface. 

A  tubular  surface  is  the  envelope  of  a  sphere  whose  center 
moves  along  any  curve. 

Let  the  equations  of  the  curve  be 

y  =  0(a?),  «  =  x(a?); 

the  equation  of  the  sphere  will  be  in  the  form 

(x  -  a)' +  {y  -  .A  («)}' +  {^^  -  X  (a)}' =  a'. 
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The  corresponding  characteristic  has  for  its  equations  this 
equation  and 

{x-a)  +  <l>'{a)  {y-^(a)}  +x'(a)  {«  -x(a)}  =  0, 

which  being  the  normal  plane  to  the  curve  on  which  the  center 
lies,  shews  that  the  characteristic  is  the  circle  which  is  the 
intersection  of  the  normal  plane  through  the  center  of  the  sphere 
with  the  sphere. 

The  edge  is  given  bj  those  equations  and  the  equation 

i+fRT+xWT=f' («)  {y-^(a)}+x»  {^-x(«)l. 

If  we  eliminate  a  between  the  last  two  of  the  equations,  we 
obtain  the  developable  surface  touching  the  normal  planes  of  the 
curve  of  the  centers,  which  joins  the  edge  of  the  tubular  sur- 
face whenever  it  is  met  bj  the  developable  surface. 

488.    To  find  the  envelope  of  a  plane,  whose  equation  is 

Ix  +  my  +  n«  =  v, 

the  parameters  I,  m,  n,  v  being  connected  by  the  equations 


r  w"  n' 


s 


We  have,  for  the  point  of  contact,  the  equations 

xdl+ydm  +  zdn  =  dv  (1), 

ldl+mdm  +  ndn  =  0  (2), 

Idl     .    mdtn    .    ndn  7    f      P  1  ,  k 

Using  undetermined  multipliers,  X,  /tt,  we  obtain 

fit 

\y  +  /*»»  +  ^^— J,  =  0,  (5), 

A*+Mn  +  T^=0,  (6), 

^+«{(l^r;?)-.+  -}'=o,  (7). 
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Multiplying  (4),  (5),  (6)  respectively  by  Z,  w,  n,  and  adding, 

we  obtain 

\v  +  fi  =  0,  (8), 

and,  multiplying  them  by  a;,  y,  0,  adding,  and  putting 

^  ,  Ix  my  nz 

v  —  a      V  —0      V  —<r 

or  x(r--t^)+^jj^+...  =0,  (9). 

Again,  from  (4),  (5),  (6)  we  obtain 

^*^"^  ■^(t;»-aV^(t;^-6V*'(v«-c')' 
=  XV-Hy  (7)and(8), 

Therefore        x  =  ^^^^js^    ^  =  -t?4v' 
and  substituting  in  (4),  (5),  (6), 

and,  multiplying  these  by  oj,  y,  «,  and  adding,  we  obtain  the 
equation  of  the  envelope 

a?  y*  ^'     _  t 

This  is  the  equation  of  the  Wave  Surface,  and  was  first  ob- 
tained in  this  manner  by  Mr  A.  Smith.  See  Cambridge  Trana- 
actions  J  Vol.  vi. 


376  PROBLEMS. 


XXL 


1.  A  series  of  similar  ellipsoids  are  described,  having  a  series 
of  sections  of  a  paraboloid,  perpendicular  to  the  axis,  as  principal 
sections;  prove  that  their  envelope  will  be  a  paraboloid,  similar  to 
the  former. 

2.  'Find  the  sur£BU)e  always  touched  by  a  plane  which  cuts  off 
a  pyramid  of  constant  volume  from  three  given  planes. 

3.  The  envelope  of  the  plane 

Ix  +  my  ■\-nz  =  a, 
I,  m,  n  being  connected  by  the  equations 

?  +  w*  +  n*  =  1,    AZ  +  /i7»  +  m  =  0, 
is  a  right  circular  cylinder,  whose  equation  is 

(iB*  +  y*  +  «■  -  a')  (X*  +  /i"  +  V*)  =  (Aic  +  fty  +  vz)^. 

4.  Find  the  envelope  of  planes  cutting  off  a  constant  volume 
from  the  cone 

5.  Find  the  envelope  of  the  surface 

(cub  +  j8y  -f  yz)  (ooj  +  6y  +  <»)  -  m. 

Of  pf  y  being  parameters,  satisfying  the  equation 

6.  If  an  enveloping  cone  of  an  ellipsoid  be  a  cone  of  revolution, 
the  plane  of  contact  will  touch  a  hyperbolic  cylinder. 

7.  If  a  cone  be  described  with  any  point  of  a  central  conicoid 
HS  vertex,  and  the  conjugate  central  section  as  base,  this  cone  will 
envelope  a  similar,  concentric,  and  similarly  situated  conicoid. 

8.  Two  generating  lines  of  a  hyperboloid,  of  the  same  system, 
are  fixed,  and  a  third  is  equally  inclined  to  the  two  former,  and  at  a 
constant  distance  from  the  middle  point  of  their  shortest  distance, 
prove  that  all  the  hyperboloids  will  touch  a  hyperboloid  of  revolution 
of  one  sheet. 

Pi'ove  that,  in  this  case,  the  characteristic  is  a  straight  line,  and 
the  edge  is  two  straight  lines. 

9.  Find  the  envelope  of  a  series  of  spheres  described  on  parallel 
chords  of  a  hyi>erbolic  paraboloid  as  diameters. 
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10.  Find  the  envelope  of  the  locus  of  a  point,  the  rectangle  of 
whose  distances  from  two  planes  is  constant,  these  planes  being  at 
right  angles  respectively  to  two  fixed  planes. 

1 1.  Find  the  envelopes  of  the  surfaces 


(1) 


a,   by    c 


a,o  c 


,    (2)    (aa;  +  /Sy  +  y«)x 


a,  b,  c 

a>Ar 


=  Wl, 


\a,  b,  c 
(3)    (aaj  +  i8y  +  7«)'  +  2|a,)5,y  =TO, 

k  y, « 

QLj  Py  yvcL  each  case  satisfying  the  condition 

12.     The  envelope  of  the  plane^  whose  equation  is 
a  cos  (d  +  <^)  +  )3co8  (d-  ^)  +  y  sin  (*  +  <^)  +  Ssin  (tf-  «^)  =  0, 
6j  <fi  being  pai-ameters,  is  the  surface 
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489.  To  find  the  differential  coefficients  of  the  solid  contained 
between  a  surfiice,  given  in  rectangular  co-ordinates^  the  co-ordi- 
7iate  planes,  and  planes  parallel  to  them^  drawn  through  any  point 
of  the  surface. 

Let  a;,  y,  z  and  x  +  Aa?,  y  +  Ay,  «  +  A2  be  the  co-ordinates 
of  two  points  P  and  Q  upon  the  surface. 


Draw  planes  through  P  and  Q  parallel  to  the  planes  of 
y«,  zxy  and  let  Fbe  the  volume  GBP80M  cut  off  by  these 
planes  from  the  given  solid.  If  A^^F^  be  the  increment  of  F, 
when  X  is  changed  to  a;  +  Aa?,  while  y  remains  constant,  and  a 
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similar  interpretation  be  given  to  the  operation  Ay,  the  volume 
PrM^t^^V\  also  the  volume  PQNM^  which  is  the  increment 
of  A.F  when  y  changes  to  y  + Ay  =  A^  (Aj,F),  which  is  easily 
seen  to  be  the  same  as  A,  (AyF). 

Let  z^,  z^  be  the  greatest  and  least  values  of  z  within  the 
portion  of  the  surface  PQ^  therefore  PQNM  lies  between  z^^^y 
and  zj^x^y ; 


<"£) 


-  -    — .  -      or         .  y      lies  between  z.  and  »,. 
Ay  Aa;  *  " 

If  we  proceed  to  the  limit,  in  which  z^-=^z^=-  Zy  we  obtain 


or  -T — T-  =  z. 


dy  dx        dx  dy 

Since  the  volume  PrM  is   ultimately  equal  to   the  area 

dV 
RM  X  Aaj,    the    partial    differential    coefficient  -^r-  represents 

dV 
the  area  RM,  and  similarly  -j-  the  area  /SM 

490.  The  differential  coefficient  of  the  volume  of  a  wedge 
of  the  solid  contained  between  the  planes  of  zx,  xy,  a  plane 
through  the  axis  of  Zy  and  a  plane  parallel  to  yOz  may  be  ob- 
tained as  follows. 

If  Fbe  the  volume  included  between  the  planes  zOx,  xOy, 
the  surfEu^e,  the  plane  whose  equation  ia  y  =  tx,  and  a  plane 
parallel  to  yOz  through  any  point  (jb,  y,  «),  A|F  is  the  incre- 
ment of  V  when  t  changes  to  ^  +  A^,  x  remaining  constant ; 
A^(A(F)  is  the  increment  of  A|Fwhen  t  changes  to  x  +  Ax; 
and  this  is  the  volume  of  the  prism  standing  on  a  base  between 
x^t  A^,  and  {x  +  Ax)  AtAx, 

A;,(A|  F)  is  between  z^xAtAx  and  0,  {x  +  A2;}  At  Ax ; 

At 
.'.       .        is  between  z^x  and  z^ {x  +  Aa;), 

and  proceeding  to  the  limit 

d'V 


dxdt 
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491.  To  find  the  differential  coefficient  of  the  portion  of  a 
surfdce  given  in  recUmgvlaT  co-ordinates^  cut  off  hy  the  co-crduuUe 
planes f  and  planes  parallel  to  them  drawn  through  any  point  of 

the  sutfice. 

Let  P,  C  be  the  points  (a;,  y,  z)  and  (a?  +  Aa;,  y  +  Ay,  z  +  As), 
8  the  surface  PRO 8^  cut  off  by  the  planes  through  P.  A^  >S  is 
the  surface  Pr,  which  is  the  increment  of  8  when  x  is  changed 
to  a?H-Aa;. 

Ay(Ac5)  is  the  surface  PQ,  which  is  the  increment  of  A,5 
when  y  is  changed  to  y  +  Ay,  and  is  evidently  the  same 
as  A^(Ay/S). 

Let  7j,  7,  be  the  greatest  and  least  inclinations  of  the  tangent 
plane  to  the  plane  of  xy  for  any  points  within  the  surface  PQ* 

Therefore  PQ  is  intermediate  between  AosAy  sec  7^  and 
Aa;Ay  sec  7,. 

Hence        .  or        >    ^     is  intermediate  between  sec  7, 

Ay  Aa?  '* 

and  sec  7,,  which  are,  in  the  limit,  each  equal  to  sec  7. 

^,       .         d^8  d'8  L  .   /efeV  .   (dz\ 

492.  If  iS  be  the  surface  contained  between  the  plane  zOx^ 
and  a  plane  whose  equation  is  y  =  to ;  we  can  shew,  by  proceed- 
ing as  in  Art.  (491),  that 


:iv{-(S)]^^(S)' 


1 

dxdt 


493.  To  find  the  differential  coefficients  of  the  volume  of  a 
surface  referred  to  polar  co-ordinates. 

Let  r,  ^,  ^  be  the  polar  co-ordinates  of  a  point  P  in  the  sur- 
face, 0  being  measured  from  Oz,  and  ^  from  the  plane  z  Ox,  and 
let  V  be  the  volume  of  the  wedge  of  a  cone  contained  between  the 
planes  zOx  and  zOP,  and  the  given  surface,  the  axis  of  the  cone 
being  Oz,  and  0  the  semi-vertical  angle. 
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0PRr8  is  the  increase  of  the  volume  when  6  increases  by 
Ad,  ^  remaining  constant,  therefore  0PBr8=AgV. 

0P8QT  is  the  increase  of  A^ Fwhen  ^  becomes  0  +  A^,  and 
therefore  =A^(A^F),  and  similarly  =  A^(A^F). 


Let  «„  «,  be  the  greatest  and  least  values  of  r'sind  for  the 
portion  PSQToi  the  surface,  then 

A^A^ Flies  between  -  s^  A<^  Ad,    and  -  s^  A<j>  Ad, 

and  proceeding  to  the  limit,  when  «i  =  «j  =  r'sin  0  we  obtain 

=  -r'sind. 


d^dO     3 

494    To  find  the  differential  coefficient  of  a  surface  referred 
to  polar  co-ordinates. 

Let  r,  d,  <f>  be  the  polar  co-ordinates  of  P,  and  let  8  be  the 
surface  (7PB, 
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A^Sia  the  increment  JPr  when  0  changes  to  0  +  A0, 
A^  {^S)  is  the  increment  PQ  when  <f>  changes  to  0  +  A^. 

Let  '^ly  '^a  he  the  greatest  and  least  inclinations  of  the 
tangent  planes  at  points  taken  within  PQ  to  the  corresponding 
tangent  planes  of  the  sphere  whose  radios  is  r  and  center  0. 

Therefore  PQ  is  intermediate  between  r^  sin  0^  A0  A^  sec  '^^ , 

and  r/  sin  0^ A0  A^  sec  ^^^ 

r^  sin  0^  and  r,'  sin  5,  being  the  greatest  and  least  values  of  r^  sin  0. 


^  i^ ..  =. 


Hence        ^  ,         is  intermediate  between  r  *  sin  0^  sec  '^, 
A9  *  *  ^ 

and  r^  sin  ^^  sec  -^^ ,  which  are  ultimately  equal  to  r*  sin  5  sec  -^ ; 

(P8        ,   .    /J         ,      r'sin^ 
=  r  sm  u  sec  y  = , 


d<f>d0 
,    1  _  1       1  fdr\\        1        /rfry 


d<f>d0 


='4^^©F^- 


495.  To  find  the  differential  coefficient  of  a  wedge  of  a  volume 
or  surfhce  contained  between  a  cylindrical  aurfacey  whose  gene- 
rating lines  are  parallel  to  the  edge  of  the  wedge^  and  a  given 
surface. 

Let  Oz  be  the  edge  of  the  wedge,  z  Ox  one  of  the  faces,  and 
let  the  base  of  the  cylinder  on  the  plane  of  xy  be  referred  to 
polar  co-ordinates  p,  (f>,  the  equation  of  the  given  surface  being 
F{py  (f>,  z)  =  0,  Fthe  volume  corresponding  to  any  point  (p,  ^,  z). 

^  (^P  ^)  is  the  prism  whose  base  is  /?A</>Ap,  which  lies  be- 
tween z^p^iki^/^p  and  z^p^A<f>Apf 

therefore  P —  lies  between  z^p^,  and  «^,;  hence,  proceed- 

ing to  the  limit, 
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496.  I£  She  the  surface  correspondmg  to  the  point  (p, ^,  z), 
proceeding  in  the  same  waj,  we  obtain,  as  before,  that 

i  .        Kes  between  p^  ^^  Ap  sec  7,  and  p^  A^  Ap  sec  7,, 
-    d'8 


-^jT^rn^'- 


497.  To  find  the  volume  of  a  solid  contained  between  a  cylin- 
drical surface^  and  two  surfaces  or  two  portions  of  the  same 
surfacey  whose  equations  are  given. 

Let  the  cjlindrical  surface  have  its  generating  lines  parallel 
to  the  axis  of  Zy  and  a  guiding  curve  traced  on  the  plane  of  xy. 

Suppose  the  volume  to  be  divided  by  a  series  of  planes  into 
slices  parallel  to  the  plane  of  ya,  one  of  which  (P)  is  contained 
between  the  planes  whose  distances  from  ya  are  a;,  a;  +  Ao; ;  the 
length  of  this  slice  measured  on  the  trace  of  the  first  plane  will 
be  y,  -  y,  in  which  y,  =/, (a?),  y,  =/, (a;),  the  forms  of  f  and  /, 
being  obtained  from  the  equation  of  the  trace  of  the  cylindrical 
surface  on  xy. 

.  Let  the  slice  (P)  be  subdivided,  by  planes  parallel  to  the  plane 
o{zXy  into  slips,  of  which  ( (?)  is  between  the  planes  whose  distances 
from  ex  are  y,  y  +  Ay,  the  length  of  this  slip  measured  along  an 
edge  will  be  «,  —  a^,  where  «j  =  ^,  (as, y),  «,  =  ^a  (a?,  y),  the  forms 
of  ^^  and  <t>^  being  obtained  from  the  equations  of  the  two  surfaces, 
or  of  the  portions  of  the  same  surface. 

Let  the  slip  {Q)  be  subdivided  by  planes  parallel  to  the 
plane  of  ajy  into  elementary  portions  (JS),  one  of  which  is  between 
planes  at  distances  z  and  z  +  Az  from  the  plane  of  an/y 

{Q)  =  S  (jB)  =  Aa;  Ay  S  (Ajs)  +  e  Aa;  Ay, 

eAxAy  being  the  two  portions  of  (^)  contained  between  the 
curved  surfaces  and  the  complete  parallelepiped,  therefore  c 
vanishes  when  Aa?,  Ay  are  indefinitely  diminished ; 

.•.  (C)=AajAy(«,-aj  +  c). 

Again,  if  6^,  6,  be  the  greatest  and  least  values  of  €  through 
the  slice  P,  (P)  =  S  (Q)  lies  between 
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AicS{Ay(«,-«j  +  €i)}  and  Aa;  2  {Ay  (2,-0, +  6,)}, 
or  between 

Aa?  jpPefe Jy+€j  {lf^-t/i)\  and  Ax \j  *jJdzdy-^€^  {y»-yi)j  I 

.-.  (P)  =  Aa:  [j^'jy^  dy  +  v)y 

where  17  vanishes  with  Ao;. 

Again,  the  whole  volume,  =  2  (P),  lies  between 

SJAicN    j  ^dzdy  +  ffAY  and  2  JAa?  N    J  '<fo<iy  +  0[, 

where  97 j,  17,  are  the  greatest  and  least  values  of  17  and  ultimately 
vanish ; 

/.  2  (P)  =^  /     /  '  /  ^dzdydx,  which  is  the  volume  required, 

the  integrations  being  performed  with  respect  to  z  first,  con- 
sidering X  and  tf  constant,  next  with  respect  to  y,  considering  x 
constant,  and  lastly  with  respect  to  x. 

The  following  examples  will  be  useful  to  explain  the  method 
of  determining  the  limits  of  integration. 

• 

498.     To  find  the  volume  contained  between  the  eUtpsoid  whose 

Q?     1/'     s^ 
ejuo^icm  w -5  +  ^ +-^  =  1,  and  the  cylinder  whose  equation  ia 

a^  -f.  y*  =  2rXj  2r  being  less  than  a. 

Here,  using  the  above  notation, 

yj  =  4"  V2ric  — a?,  a?j  =  0,    a?,  =  2r, 
and  the  volume  is 
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499.  To  find  the  volume  contained  between  the  surjuce  whose 
equation  is  {x-^-yY^  iaz^  the  tangent  plane  at  a  point  (a,  )3, 7),  and 
the  planes  ofzx  and  yz. 

The  equation  of  the  tangent  plane  at  (a,  )3,  7)  is 
(a+/8)(a5-a)  +  (a4-)8)(y-)8)-2a(«-7)=0, 

or  «  +  y==\/^(«  +  7)- 

In  this  case 

and  for  a  given  value  of  x  the  tangent  plane  meets  the  surface 
when  (a?+y)"=r4Va7(aj+y)  —  407,  ory  =  2V»y  — a:; 

/.  yj=0,    y,  =  2Va7-.aj; 

/.  ajj  =  0,    aj,  =  2V»y; 

t'%  [Vm  /*'• 

therefore  the  volume  =:  I    I     /    dzdydx 


-\l'jl%{<^  +  y-^^<^rdydx 


raVay       I  — 

=j,       -i2i(^-2Va7)'c& 

4.12a       3^ 

This  result  may  be  verified  thus.  Let  A  OB  be  the  surface, 
AGB  the  tangent  plane  along  the  line  AB^  ABB  parallel  to 
xOyy  adb  a  section  parallel  to  xOyot  the  surface  of  thickness  dzj 

area  adb  :  area  ABB  ::  ad^  :  AB^ 

::  (?£?  :  OB; 

['*         z 
.'.  volume -4 OjRD  =  1    1c^.-dz=^arf\ 

^(72)5=^207. 27  =  |ay; 


.".  volume  required  =  ^ 


cc 


3^ 
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500.     2o  find  the  volume  of  the  elliptic  paraboloid  ^  H —  =  2a?, 
cut  off  hf  the  plane  £r  +  niy  +  m  —p. 

Perform  the  integration  in  the  order  a;,  y,  Zj 


_  y '      «•  ^  —  my  —  m 


^«  =  ^  + 


26  '2c'    ^«~ 


I 


For  a  given  value  of  «,  the  valaes  of  y  at  the  curve  of  intersection 
are  given  by  the  equation  x^  —  a;,, 


or 


,  .  2hm        b  ^     2b  ,        '    .     ^ 


(1), 


of  which  y, ,  y,  are  the  roots,  and  z  must  be  taken  between  the 
limits  which  correspond  to  yi=y,,  or  «j,  z^  on  the  roots  of  the 
equation 

=  ^f''J'''(j/-yt)  (y.-y)  <^y  <&  ^y  W » 


I 
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therefore  the  yoltime 

^3c«i    (7*-^*)"^^,  where 27  =  i?,-«,, 
=  g-|7*/    co&*0d0,   putting  tt  =  7 sin  tf, 

4V        2*       ' 

/.  volume  =  ^VrcM±*^!±£!?l\ 

4  r 

The  student  may  verify  this  result  by  the  summation  of  ele- 
mentary sKces  bounded  by  planes  parallel  to  the  given  plane. 

501.     To  jmd  the  volttme  contained  between  surfaces  given  hy 
polar  co-ordinates. 

The  volume  of  an  elementary  parallelopiped  is 

r  BVi  6  dr  d0  d<f>. 

If  we  integrate  this  expression  from  r  =  r^  to  r  =  r, ,  r ^ ,  r,  being 
the  radii  of  the  bounding  surfaces,  corresponding  to  6^  0,  we 
obtain  a  frustum  of  a  pyramid  the  angular  breadths  of  whose 
faces  are  dO^  d<j>,  intercepted  between  the  two  surfaces  or  the     . 

two  sheets  of  the  same  surf9jce,  =  ^  sin  5  dO  d<f>  (r,"  —  r^y  the 

o 

radii  being  given  in  terms  of  6  and  <f>. 

CC2     . 
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If  now  we  integrate,  considering  <f>  and  ^  +  <2<^  constant, 
d  —  0^iod  =  d^y  0^,  0^  being  given  in  terms  of  <f>  by  the  bound- 
aries of  the  volume  considered,  we  obtain  the  portion  included 
between  the  planes  inclined  to  zOx  at  angles^  and  ^  +  €2^^ 

=  d<f>  r I  {r:-r,')  Bine. 

The  whole  volume  is  found  by  integrating  from  ^  =  <f>^  to 
<^  =  ^,,  the  extreme  planes  between  which  the  volume  is  in- 
cluded. 

The  volume  is  therefore  (     I     -  {r^ — r^  sin  0  d0  d<h, 

502.  To  find  the  volume  of  a  sphere  cut  off  hy  three  planes 
through  the  center. 

Let  a  =  radius  of  the  sphere,  ABC  the  spherical  triangle 
cut  oflf,  0(7  the  axis  of  «,  OCA  the  plane  oizx* 

The  equation  of  the  plane  OAB  is 

cos  <^  —  /3  =:  tan  a  cot  0* 

The  limits  of  integration  are 

r  =  0  to  r  =  a, 

5  =  0  to  5  =  cot"^  (cotacos<^-/9}> 

^=0  to  4>^G, 

volume  =s  \\  •^Bm0d0dff> 

a» d<l> 


J.    3 


3  Vsin*  a  +  cos*  a  cos'  (^  —  /5) 


-/i    3  Vl— cos'asin*^ 

603.  To  find  the  volume  of  a  wedge  of  a  sphere  cut  off  hy 
a  right  circular  cylinder^  a  diameter  of  whose  base  is  a  radius  of 
the  sphere. 

Let  the  equation  of  the  sphere  be  p"  +  «*  =  a\  and  that  of 
the  cylirder  p  =  a  cos  <f>. 
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The  Yolmne  is        |/2/)Va"— p*  dpdif>9 

from  p  =  0  to  p  =  acoB(f>y 

^  =  0  to  ^  =  a, 

=  /    -  (a"  — a'sin*^)  d<f> 

~3^  r""Z/    (3sin^-sin3^)d^|- 

2      f        3  1  ) 

"  3  "*' r  "  4  (^  "^®«)  +  12  (^  ""^«^*)j  • 

If  *  =  2  >  the  volume  =— ^  . 

The  snrface        -jj^/p'+{%J+pi%)\<^, 
between  the  same  limits^ 

^  a*  I    (1  —  sin  <f>)  d4> 
=  o"  (a  —  1  +  cos  a). 
If  a  =  5 ,  the  surface  is  ^*  ( 5"  ""  m  • 

504.     To  find  the  volume  of  a  solid  whose  hounding  surfiices 
are  given  hy  Tetrahedral  Co-ordinates. 

If  Xj  y,  e  be  co-ordinates  referred  to  rectangular  axes  of  a 
point  whose  tetrahedral  co-ordinates  are  a,  )8,  7,  S. 

Since  a,  fi,  7  are  linear  functions  of  x,  y,  z  and 

a  +  /8  +  7  +  S=l, 

jjjdxdydz^  cjjjdadfic^, 
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and  if  F  be  the  volnme  of  the  tetrahedron  of  reference, 

jjjdxdydz^V. 

K  the  limits  of  x,  y,  z  correspond  to  the  boundaries  of  the 

tetrahedron,  and  we  evaluate    1 1  lrfarf/8(iy  for  the  tetrahedron, 

the  limits  of  7  are  from  7=  0  to  8  =  0  or  7  =  1  -a-/9,  fi  from 
0  to  1  —  a,  a  from  0  to  1 ; 

/.  jjjdadfidy^p  .\  0=67. 

Hence  if  F{a,  )3,  7,  S)  =  0  be  the  .equation  of  any  closed 
surface,  the  volume  is  6  7  1 1 1 tfa  dJS  dy,  the  limits  of  integration 
being  obtained  from 

i^'Ca, /9,  7,  l-a-/3-7)=0* 


XXII. 

1.  Find  the  volume  of  the  surface  (cy +  y«  +  «a;  +  a*  =  0,  cut  off 
by  a  plane  x-\-y  +  z  =  c, 

2.  State  limits  which  can  be  used  to  find  the  volume  of  a 
closed  conicoid  whose  equation  is 

oaj'  +  6y"  +  c**  +  2af/z  +  2b'zx  +  2c  xy  =  1. 

3.  Find  the  portion  of  the  cylinder,  as*  +  y*  -  2rx  =  0,  intercepted 
between  the  planes, 

<ix  +  bt/  +  cz  =  0  and  ax  +  bi/  +  cz  =  0. 

4.  State  between  what  limits  the  summation  oi  dxdy  dz  must 
be  taken  in  order  to  obtain  the  volume  of  the  cone,  whose 
equation  is  05*  +  y*  =  (a  —  «)*,  cut  off  by  the  planes  x  =  0  and  x^z. 

5.  Find  the  volume  contained  between  the  surfaces 

^  +  2?*  =  iaXj  and  x  —  z  =  a. 

6.  Find  the  volume  included  between  the  surfaces  r  =  a^  «  =  0, 
^  =  0,  z~mr  cos  ^,  r  and  B  being  polar  co-ordinates  in  the  plane  asy. 

■  From  an  article  by  Professor  Slesser,  Journal  of  MathetntUica,  Vol.  n. 
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7.  Find  the  volume  enclosed  by  the  saifaces  a?-\'^=az 
ac*  +  y"  =  oo:,  and  «  =  0,  and  draw  a  figure  representing  the  progress 
of  summation. 

8.  A  cavity  is  just  large  enough  to  allow  of  the  complete 
revolution  of  a  circular  disk  of  radius  c,  whose  center  describes  a 
circle  of  the  same  radius  c,  while  the  plane  of  the  disk  is  constantly 
parallel  to  a  fixed  plane,  and  {perpendicular  to  that  of  the  cii'cle 
in  which  the  center  moves.     Shew  that  the  volume  of  the  cavity  is 

^'(3,r+8). 

9.  If  A^S*  be  an  element  of  the  surface  of  an  ellipsoid  at  any 
point,  and  A  the  area  of  a  section  by  a  plane  parallel  to  the  tangent 
plane  at  that  point,    drawn  through   the   center,   prove   that  the 

limit  of  2  -T-  =  4,  the  summation  being  taken  over  the  whole  sur- 

face. 

Find  A^  in  terms  of  a,  j3  ifa;  =  acosa,  y  =  5  sin  a  cos  )9,  and 
«  =  c  sin  a  sin  ^ 

10.  Prove  that  the  volume  cut  off  by  the  plane  y=h  from  the 
surface  aV+6V  =  2  (oa;  +  6«)y"  is  =-      . 

11.  Two  cones  have  a  common  vertex  in  the  center  of  an 
ellipsoid  and  bas's  cui-ves  in  which  the  surface  is  intersected  by 
planes  parallel  to  the  same  piincipal  plane,  prove  that  the  volume 
of  the  ellipsoid  contained  between  the  cones  varies  as  the  distance 
between  the  planes. 

12.  Prove  that  the  volume  contained  between  the  surface 
xs?  +  (a5  —  c)  r*  =  0,  and  the  plane  z  =  {c—x)  tan  a  is 

•^(6  cot  a  cosec  a  —  4  cos'  a  —  3Z,  cot     j . 

13.  Prove  that  the  volume,  intercepted  between  the  surfaces 
whose  equations  are  xyz  =  a*,  a'  =  6y,  y*  =  hx  and  as  =  c,  is  trisected  by 
the  planes  y  =  c  and  y  =  a. 

14.  If  iS^  be  a  closed  surfece,  dS  an  element  about  P,  at  a  dis- 
tance r  from  a  fixed  point  0,  <j>  the  angle,  wliich  the  normal  drawn 
inwards  makes  with  OP,  show  that  the  volume  contained  by  the 

surface  =  J  jjrcos<l>dSy  the  summation  being  extended  over  the  whole 

surface. 

0  being  the  center  of  an  ellipsoid,  apply  the  formula  to  find  its 
volume,  interpreting  geometrically  the  steps  of  the  integration. 
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15.  If  0,  ^  be  the  Tectorial  angles  of  a  line  OF  and  fifi^  ^) 
repreeeut  tihe  sum  of  the  projections  of  the  elements  of  anj  carved 
surface  Sy  all  taken  positiyelj,  upon  a  plane  perpendicular  to  OP^ 
prove  that 


rW  '<»/(«,  ^)  sin  tf  =  2»& 


Adapt  this  formula  to  the  case  of  an  ellipsoid,  testing  its  accuracy  bj 
any  independent  process. 

16.     Prove  that  the  area  of  a  closed  surface,  no  plane  section  of 
which  has  singular  points,  may  be  expressed  by  the  definite  integral 

z  > 


/::r 


where  p  is  the  perpendicular  from  the  origin  upon  the  tangent 
plane. 

17.     Find  jj  — ,  where  ci^  is  an  element  of  the  sur&oe  of  an 

ellipsoid,  p  being  the  perpendicular  from  the  center  upon  the  tan- 
gent plane  of  the  element^  the  integral  being  extended  over  the 
whole  surface. 


'^03T^-  ^oisn^ 


— ''^-.^^  '~-f''^^S02oy^^^ 


»^A«|^ 


44. 


CHAPTER  XXIL 

CUBVATUEB  OP  CURVES  IN  SPACE. 

505.  In  this  Chapter  we  shall  exhibit  some  of  the  methods 
by  which  the  degree  of  curvature  of  curves  of  double  curvature 
has  been  estimated ;  this  curvature  is  of  two  kinds,  one  having 
reference  to  the  rapidity  with  which  at  different  points  the  curve 
deflects  from  its  tangent  in  the  osculating  plane,'  and  the  other 
having  reference  to  the  rapidity  with  which  the  planes  contain- 
ing consecutive  elements  change  their  position.  The  first  is  of 
the  same  nature  as  the  curvature  of  plane  curyes,  the  second 
is  called  the  curvature  of  torsion,  and  is  peculiar  to  curves 
in  space. 

506.  Let  an  equilateral  polygon  be  inscribed  in  a  curve, 
of  which  consecutive  sides  are  PQ,  QR^  BSy  8T,  and  let 
jp,  j2^,  r,  «  be  the  middle  points  of  these  sides. 

Let  Aapy  Bbq^  Ccr  be  planes  perpendicular  to  these  sides 
forming  the  polygon  ABGD  by  their  intersections. 

If  the  sides  PQ,  QR^ be  diminished  indefinitely,  their 

directions  are  ultimately  those  of  tangents   to  the  curve,  the 

planes  Aap^  Ebq^ are  ultimately  normal  planes  to  the  curve, 

the  planes  PQRy  QR8, are  osculating  planes,  the  surface 

generated  by  the  plane  elements  Aai^  Bhc,  Ccd, is  ulti- 
mately the  developable  surface  enveloped  by  the  normal  planes 

of  the  curve,  of  which  ABGD is  ultimately  the  edge  of 

regression. 

The  developable  enveloped  by  the  normal  planes  is  called 
by  Monge  the  Polar  JDevelopable. 

507.  Osculaiing  Circle,  A  circle  can  be  described  contain- 
ing the  points  P,  Q^  R;  this  circle,  therefore,  lies  in  the  oscu- 
lating plane,  when  the  sides  are  indefinitely  diminished,  and  its 
curvature  may  be  taken  as  the  measure  of  curvature  of  the  curve 
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in  the  osculating  plane.  Let  the  plane  PQR  meet  Aa  in  C^and 
pUf  qUhe  joined,  since  AU  is  the  intersection  of  planes  per- 
pendicnlar  to  PQ,  QR,  it  is  perpendicular  to  the  plane  PQR  and 
therefore  topU,  qU;  hence,  since  pU^  qU  aie  perpendicular  to 
PQ,  QRj  U  is  the  center  of  the  circle. 

Therefore  the  center  of  the  osculating  circle  is  the  point  of 
intersection  of  two  consecutive  normal  planes  and  the  osculating 
plane. 

508.  Angle  of  Contingence.  The  angle  p  Uq  which  is  equal 
to  the  angle  between  the  two  consecutive  sides  PQ,  QR  of  the 
polygon,  is  ultimately  equal  to  the  angle  between  two  consecu- 
tive tangents,  and  is  called  the  angle  of  contingence,  this  angle 
is  also  the  angle  between  two  consecutive  principal  normals. 

509.  Spherical  Curvature,  If  pa^  qa  be  drawn  to  any 
point  in  Aa^  since  Pp  =  Qp^  a  is  equally  distant  from  P  and  Q, 
and  similarly  from  Q  and  R,  hence  any  point  in  Aa  is  equally 
distant  from  P,  Q  and  jB  :  similarly,  any  point  in  Bb  is  equally 
distant  from  Q^  Ry  and  8,  therefore  A  their  point  of  intersection 
is  equally  distant  from  the  four  points  P,  Q,  R,  S. 

Hence,  it  follows  that  a  sphere  can  be  described  whose 
center  is  A  and  which  contains  the  four  points  P,  Q^  fi,  S^  this 
sphere  is  ultimately  the  sphere  which  has  the  closest  possible 
contact  with  the  curve,  since  no  sphere  can  be  made  to  pass 
through  more  than  four  consecutive  points,  and  is  therefore  called 
the  sphere  of  curvature;  the  locus  of  the  center  of  spherical 
curvature  is  therefore  the  edge  of  regression  of  the  polar  de- 
velopable. 

The  line  of  intersection  of  two  consecutive  normal  planes, 
a  property  of  which  is  that  all  points  are  equidistant  from  the 
osculating  circle^  Monge  calls  the  Polar  line, 

610.  Curvature  of  Torsion,  The  plane  pUq  perpendicular 
to  AUa  contains  the  sides  PQ,  QR,  and  the  plane  qVr  perpen- 
dicular to  BVb  contains  the  sides  QR,  RS,  and  since  qU,  qVsit 
perpendicular  to  the  line  of  intersection  QR  of  the  two  planes, 
the  angle  UqV  is  their  angle  of  inclination. 

This  angle  which  is  ultimately  the  angle  between  consecutive 
osculating  planes  is  called  the  angle  of  torsion. 
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Also,  since  the  angles  UqVsini  UBV  are  equal,  it  is  evident 

that  the  angle  of  torsion  of  the  carve  PQRy is  equal  to  the 

angle  of  contingence  of  the  edge  of  regression  of  the  polar 
developable. 

511.  OsculcUing  Cone.  The  osculating  cone  at  any  point  is 
a  circular  cone  which  touches  three  consecutive  osculating  planes, 
having  its  vertex  at  the  point  of  the  curve  in  which  these 
planes  intersect. 

512.  EvohUes,  K  a  be  any  point  in  the  intersection  of  the 
planes  normal  to  PQ,  QBy  at  their  middle  points  p,  ;,  it  has 
been  shewn  that  ap  =  aq  and  they  make  equal  angles  with  Aa. 
Produce  qa  to  meet  Bb  in  b,  a  string,  placed  in  the  position 
bap,  would  remain  in  that  position  if  subject  to  tension,  since 
the  tensions  of  the  portions  ai,  ap  resolved  parallel  to  Aa  would 
be  equal,  and  if  fixed  at  a  might  pass  through  q  without  shifting 
the  position  of  a.  Similarly,  if  rb  be  produced  to  c  in  Cfc,  and 
if  Sc  be  produced  to  d  in  Dd. 

If  we  proceed  to  the  limit,  it  follows  that  a  string  may  be 
stretched  upon  the  polar  developable  in  such  a  manner  that  the 
free  end,  passing  through  any  point  in  the  curve,  would  describe 
the  curve,  if  the  string  were  unwrapped  from  the  surface  so  that 
the  part  in  contact  with  the  surface  remained  stationary.  The 
portion  in  contact  lies  on  a  curve  called  an  evolute. 

Also,  since  the  position  of  the  point  a  is  arbitrary,  the  curve 
which  is  the  limit  of  a,  b,  c,  d, ...  will  change  its  position  ac- 
cording to  the  position  of  a,  hence  the  number  of  evolutes  is 
infinite. 

All  the  evolutes  of  a  curve  are  geodesic  lines  of  the  polar 
developable. 

613.  Locus  of  Centers  of  Circular  Curvature.  Since  yZ7  will 
not,  if  produced,  pass  through  F,  because  j  17  and  jF  include  an 
angle  in  the  same  normal  plane,  the  locus  of  the  centers  of  cir- 
cular curvature  is  not  one  of  the  evolutes. 

514.     The  Rectifying  Developable, 

If  through  every  point  of  a  curve  a  plane  be  drawn  per- 


396  CUBVATUBE  OP  CUBVE8  IN  SPACE. 

pendicalar  to  the  corresponding  principal  normal,  these  planes 
will  envelope  a  surface  on  which  the  cnire  will  be  a  geodesic 
line,  since  its  osculating  plane  contains  the  normal  to  the  sur- 
face at  eyerj  point.  This  surface  is  called  the  Bectifying 
Developable^  since  if  it  be  developed  into  a  plane,  the  curve  will 
be  developed  into  a  straight  line. 

The  line  of  intersection  of  two  consecutive  planes  is  called 
the  rectifying  line  for  any  point  of  the  curve,  being  the  line 
about  which  the  surface  is  turned  in  order  to  rectify  the  element 
of  the  curve  on  that  point. 

It  may  be  observed  that  the  rectifying  line  is  not  generally 
coincident  with  the  btnormal^  which  is  the  normal  perpendicular 
to  the  osculating  plane. 

In  the  figure  at  page  (393)  the  surface  whose  edge  of  regres- 
sion is  ultimately  ABG...  is  the  rectifying  surface  to  the  curve 
which  is  the  limit  of  aic ...  Aa  is  the  rectifying  line  at  a,  and 
the  binormal  does  not  coincide  with  the  rectifying  line  unless /mz 
is  perpendicular  to  Aa,  or  a  be  the  center  of  circular  curvature  of 
the  involute  of  abc ... 

615.  If  the  polygon  FQBS ...  were  transformed  into  a 
plane  polygon  by  turning  the  portion  QRST...  through  the 
angle  of  torsion  F^CT' about  QR,  and  the  portion  EST...  about 
as  through  the  corresponding  angle  of  torsion,  the  inclination 
of  any  side  ST  in  the  new  position  in  the  plane  of  PQR  would 
be  inclined  to  PQ,  at  an  angle  equal  to  the  sum  of  the  inclina- 
tions of  the  sides  taken  in  order,  and  estimated  in  the  same 
direction. 

Proceeding  to  the  limit,  we  see  that  if,  as  a  point  moves  along 
a  curve  of  double  curvature,  the  curve  be  turned  about  the  tan- 
gent line  at  every  position  which  the  point  assumes  through  the 
angle  of  torsion,  the  curve  will  be  replaced  by  a  plane  curve, 
such  that  the  inclination  of  the  tangents  at  the  starting  point, 
and  any  other  point,  will  be  the  sum  of  all  the  angles  of  con- 
tingence;  if,  therefore,  e  be  taken  for  the  angle  between  the 
tangents  in  the  plane  curve,  de  will  be  the  angle  of  contingence 
corresponding  to  the  extremity  of  the  arc  traversed  by  the 
moving  point. 

516.    The  rate  at  which  the  osculating  plane  twists  about 
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the  tangent  line  at  anj  point,  called  the  rate  of  torsion,  is  mea- 
sured by  the  limit  of  the  ratio  of  the  angle  of  torsion  to  the 
arc  at  the  extremities  of  which  the  oscnlating  planes  are  taken* 

If,  as  we  pass  from  PQ  to  QB,  see  figure,  page  (393),  QB.he 
tamed  in  the  plane  PQR  so  that  PQE  is  a  straight  line,  and 
the  plane  QR8  be  then  turned  through  the  angle  VqUf  and  the 
same  process  be  repeated,  the  perimeter  becomes  rectified,  and 
the  inclination  of  the  last  to  the  first  position  of  the  plane  con- 
taining two  elements  is  the  sum  of  all  angles  such  aa  VqU. 

Proceeding  to  the  limit,  it  follows  that,  if  osculating  planes 
be  taken  along  the  curve,  and  the  elements  of  the  arc  be  rectified 
in  each  osculating  plane  in  order,  the  angle  between  the  first 
and  final  positions  of  the  osculating  plane  when  the  curve  is  so 
rectified,  is  the  sum  of  all  the  angles  of  torsion. 

If  therefore  r  be  this  angle,  dr  is  angle  of  torsion,  corre- 
sponding to  the  point  at  which  the  last  osculating  plane  is 
drawn. 

517.  To  find  the  angle  between  consecutive  radii  of  curva^ 
tare  of  a  curve. 

Let  FQy  rQB,  eBS  be  directions  of  sides  of  a  polygon  which 
are  ultimately  tangents  to  a  curve. 


In  the  planes,  PQr^  rBsj  respectively  draw  QU^,  QV  perpen- 
dicular to  rQB,  sBS,  these  are  ultimately  directions  of  consecu- 
tive radii  of  curvature. 
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Draw  QU'  in  the  plane  QB8  perpendicular  to  QR. 

Therefore  z  U'QU=^dT  ultimately, 

/  VQU'^de 

and  ^  VQ  U  =  rf^  the  angle  between  consecutive 

radii  of  curvature. 

Also,  if  VQ=VU  =  VU\ 

VIP=  Vir^^  UTT^  ultimately; 
.".  df^7  =  ^^Tf  4-  dr\ , 

ds 
and,  if -T7-S  -B  he  called  the  radius  of  complex  curvature,  p,  <r 

the  radii  of  circular  curvature  and  of  torsion, 

518.  To  find  the  vertical  angle  of  the  osculating  cone  of  a 
curve, 

"Let  pOoy  gPpy  r^j  be  three  consecutive  planes  which  be- 
come ultimately  the  osculating  planes  of  a  curve.  These  planes 
intersect  in  P. 


0 

Take  P  as  the  vertex  of  a  circular  cone  which  touches  each  of 
the  planes,  and  let  PH  be  the  axis,  op,  pq,  qr  the  sections  of  the 
planes  made  by  a  plane  perpendicular  to  the  axis,  f ,  u  the  points 
of  contact  with  pq  and  qr. 
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Draw  tH,  uH  perpendicular  to  the  planes  pPg^,  qQr\  there- 
fore if  -^  be  the  semi-vertical  angle  of  the  cone, 

and  ^~'pi  "ltimate^7i 

'^^-tH ' 


which  gives  the  vertical  angle  required. 

519.  The  rectifying  line  is  the  axis  of  the  osculating  cone  at 
any  point  of  a  curve. 

For,  in  the  figure  in  the  last  article,  each  of  the  planes  through 
the  tangent  lines  PQ,  QR  perpendicular  to  the  osculating  planes 
pPq,  qQr,  ultimately  contains  the  axis  PH. 

520.  The  rectifying  surface  is  the  locus  of  the  centers  of 
principal  curvature  of  the  developable  of  a  curve. 

It  will  be  shewn  in  the  following  chapter  that  the  normal 
sections  of  least  and  greatest  curvature  in  any  surface  are  per- 
pendicular to  one  another,  and  the  section  of  least  curvature 
in  a  developable  surface  is  that  through  a  generating  line,  the 
normal  section  perpendicular  to  this  line  is  therefore  the  section 
of  greatest  curvature. 

Now  the  plane  uHt  is  ultimately  the  normal  section  per- 
pendicular to  PQq,  and  H  is  therefore  the  center  of  principal 
curvature,  every  point  of  the  rectifying  line  is  also  such  a 
center,  and  the  rectifying  surface  is  the  locus  of  all  the  centers 
of  principal  curvature  of  the  developable  of  the  original  curve. 

Also  the  radius  of  principal  curvature  of  a  point  in  the  de- 
velopable whose  distance  measured  along  a  tangent  to  the 
curve  is  c,  will  therefore  be 

ac 
c  tan  >Ir  =  c  -T- . 
^         ar 
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521.  To  find  the  angle  of  conUngence  of  the  locus  of  the 
centers  cf  circular  carvaiure. 

Let  £F  be  the  intersection  of  the  planes  perpendicular  to 
QRy  RS  the  sides  of  a  polygon  which  are  ultimately  tangents  to 
a  curve ;  rVj  qV  perpendicular  toBV;  qU,  rTT perpendicular  to 


BU^  CWf  the  polar  lines  preceding  and  succeeding  BV.  UV, 
IFF  will  ultimately  be  tangents  to  the  locus  of  the  centers  of  cur- 
vature, and  if  WV  be  produced  to  w,  UVto  will  be  the  angle  of 
contingence  required.  Since  qVBj  qUB  are  right  angles,  Z7,  F 
lie  in  a  semi-circle  on  Bq^  and  qVU^ qBU=^  ^  suppose ;  also 

wVr^rOW  =  rCr'\-  V0W=^4>  +  di>  +  dr; 

if  therefore  a  sphere,  center  F  and  radius  unity,  meet  Fy,  Fr,  FZ7, 
and  Vto  in  y,  r\ «,  w  sudux  be  parallel  to  jV,  ttic'  =  t«a?  +  aw" 
ultimately,  uw  =  angle  required,  uq  =  ^,  qV  ^de^xw^d^'{-dr\ 
therefore  square  of  angle  of  contingence  =  (cos  ^  def  +  {d^  +  drfy 
where  sin  ^  =  ratio  of  the  radius  of  circular  to  that  of  spherical 
curvature. 

522.     To  find  the  element  of  the  arc  of  the  locus  of  centers 
of  circular  curvature. 
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-  Employing  the  figure  of  the  last  article,  we  aee  that  UV  is 
ultimately  the  element  required,  and  Fj  ^7'=  dr ;  hence 

Z7y«=  {qV-qUy+f^Udry; 

/.  da^  =^dp\  +  pdjY' 

.,  ZJF  J  Bin  Z7B7 _ sin  UqV 

^^^  5r  ""  Bin  BUV  "  sin  BgiV' 

.'.   UV^Bqsm  UqV; 

,\   da  =jBe?T, 

R  being  the  radius  of  the  spherical  curvature. 

623.     To  find  the  raditis  of  spherical  curvature. 

Since  UBV=  VqU^  dr^  and  Bq  is  ultimately  the  radius  of 
spherical  curvature,  =  R  suppose, 

qU—p,  qV=rV==p  +  dpj 

let   qBU==<l>;   /.  5sin^  =  p,  and  5sin  (^  +  e?T)  =p  +  d/); 

.'.  BcoB<l>=  -^; 

whence  also  -^  =  distance  between  the  centers  of  spherical  and 
circular  curvature. 

524.  To  find  the  radius  and  the  position  of  the  center  of 
the  circle  of  circular  curvature  at  any  point  of  a  curve  in  space. 

Let  aj,  y,  «,  and  x  4-  Ajj,  y  +i^y,  «  +  Aa?  be  the  co-ordinates 
of  any  point  P,  and  an  adjacent  point  Q\  I,  m,  n,  and  1+  A?, 
m  +  Aw,  n  +  An,  the  direction  cosines  of  the  tangents  at  Pand  Qy 
and  let  Ae  be  the  angle  between  the  tangents ; 

then         cos  Ac  =  Z  (Z+ A?)  +m{m  +  Am)  +  n  {n  +  An) 

=  1  +  lAl  +  mAm  +  nAn, 

but       (Z+AZ)»4-(m  +  Ain)"  +  (n  +  An)"=l=P  +  m*  +  n"; 

.•.  2  (ZAZ  +  mAm4-nAn)  + Aiff +  Awty  + Anl*  =  0; 

DD 
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therefore  proceeding  to  the  limit,  we  obtain 


0'<h&h{f)- 


hence,  if  «  be  the  independent  variable  andp  be  the  radios  of  the 
circle  of  ciunrature, 


P 
If  any  other  variable  be  the  independent  variable 

dl         ds     ds  d^x  —  dx  d*8  . 


d8      dT  {dsy  ' 

,  1      {dsd^x  -  dxd'sY+jdsd^tf  -  di/d's)''^  {dsd'z  -  d^d^a)* 
and-,-  ^,  , 

and  since  (c&)'  +  {dyY  +  {dz)*  =  (ds])* ; 

.*.  dxd'x'^-dycPtf+dzd'zssdsdUy 
hence  the  numerator  =  ds^  (cTx^  +  5^1*  +  d*e  |*) 

-- 2d8 d^8 . ds d's +  d^Y  dV\; 

The  equations  of  the  principal  normal  at  Pare 

^  —  xri—y     f-g      r 
dl         dm         dn       1 ' 
ds  ds         ds       p 

and  if  f  ,  97,  ir  be  the  co-ordinates  of  the  center  of  curvature 


r  =  p; 


.-.  f  =  a.  +  p«-,  &c. 
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525.  Another  method  of  determining  these  quantities  is  that 
depending  upon  the  property  that  the  center  of  curvature  is  the 
point  in  which  the  line  of  intersection  of  consecutive  normal 
planes  meets  the  osculating  plane,  mentioned  in  Art.  (507). 

The  equation  of  the  normal  plane  at  P  is 

{^•-x)dx+{v-y)dy+{S^z)dz^O  (1), 

and  from  the  consecutive  normal  plane  at  Q  we  have 

(f  -  x)  (Px  +  (17 -y)  d^y  +  (f - «)  d'z  =  &^  (2). 

The  equation  of  the  osculating  plane  is 

(f  — 0?)  {dy d^z  —  dz d^y)  +  (17— y)  {dzd*x  —  dxd*z) 
+  (?-«)  {dxd*y'-dycPx)^0. 

Employing  undetermined  multipliers  A  and  B,  we  obtain  the 
equations 

(f-a:)  [Adx  +  d'x  +  B{dyd*z-dzd''y)}=ds^, 

Ady  +  d*y-\'B{dzd*X''dxd'z)  =0, 

Adz  +  d^z+Bidxd'y'-dyd^x)  =0, 

and  multiplying  these  equations  successively  by  dxy  dy^  dz  and 
by  d^Xy  d^y,  ^z  the  coefficient  of  B  vanishes  in  both  cases,  there- 
fore 

(f-oj)  {Ads^->tdsdfB)^dfdx, 

/.  (f-a:)(5^^'  +  Al*+^'-^*=*(*^'^-^^«)(3)- 

Again,  multiplying  (1)  and  (2)  by  d^s  and  A,  and  subtract- 
ing, we  have 

(f  —  a;)  {ds^x^dxd^a)  + =2sl> 

therefore  by  equations  corresponding  to  (3), 

which  results  are  the  same  as  those   given  in  the  preceding 

article. 

dd2 
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526.  To  calculate  the  rate  of  torsion  ai  any  point  of  a  curve 
in  apace. 

Let  (x,  y,  z)  be  the  point  P,  and  l^  m,  n  the  direction  cosines 
of  the  normal  to  the  osculating  plane,  and  let  At  be  the  angle 
between  the  two  osculating  planes  at  P  and  an  adjacent  point  Q^ 
where  PQ  =  A«;  then,  exactly  as  in  Art.  (524),  we  obtain 


(drs^     fdlW /dm\\  fdn\^ 


^  I  m  n 

and 


dy  d^z  —  dz  d^y     dz  d^x  —  dx  d*z     dx  cPy  —  dy  d^x  ' 

I     m      n      I 

,,  ^du     udB 

J        dv     vdR 

ana  an  =  -^ r=-  . 

Also  -B*  =  tt*  +  v"  +  M^; 

.'.  IidB=^udu  +  vdv  +  wdw; 

_  ^j 

(i>  dw—wdv)'+  (u>du—udw)*+{udv-^oduy 
5* 

and  udv  —  vdu  =  u{dzd'x  —  dxoPz)  —  v  {dyd'z  —  dxd'y) 

=  (u  d*x  +  V  d*y  +  w  d*z)  dz ; 

/jtV  _  (m  rf'g  + 1>  (?*y  +  tc  <^g)*  _  1 
•*•  W  ~  (u'  +  «'  +  wy  ~<7»' 

wheie  o-  is  the  radius  of  torsion. 
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627.  We  may  observe,  although  it  is  not  necessary  to  in- 

vestigate  the  conditions,  that  -^  may  be  zero  identically,  which 

would  correspond  to  the  case  of  a  plane  curve ;  or,  that  it  may 
change  sign  in  passing  through  a  point,  which  will  be  what  is 
called  a  point  of  inflected  torsion^  if  it  pass  through  zero,  or  a 
cuspidal  point  if  it  pass  through  infinity ;  or,  that  it  may  pass 
through  zero,  without  changing  sign,  in  which  case  it  is  called 
a  point  of  suspended  torsion;  or,  it  may  pass  through  infinity 
without  changing  sign,  in  which  case  it  is  a  point  of  infinite 
torsion. 

Again,  -^  may  be  zero  identically,  in  which  case  the  line  is 

rectilinear ;  it  may  change  sign  through  zero  or  infinity,  in  which 
case  there  is  a  point  of  inflexion  or  a  cusp ;  or  it  may  be  zero 
or  infinity  without  changing  sign,  in  which  case  there  is  a  point 
of  suspended  or  infinite  curvature. 

628.  It  is  convenient  to  solve  problems  relating  to  the 
distances  of  tangents,  binormals,  &c.  at  points  very  near  to  one 
another,  and  others  of  this  kind,  by  taking  as  the  axes  of  Xy  y,  z 
the  tangent  at  any  point  of  the  curve,  the  binormal,  and  the 
principal  normal.  If  the  axes  be  so  chosen,  and  the  co-ordinate 
be  expressed  in  ascending  powers  of  «,  the  arc  reckoned  from 
the  point  of  contact,  observing  that  at  the  point  of  contact 

^"^'     d^'^^ds' 


,    d^x     ^      d'y 

we  have 

y=^bs'+  ... 
Z=:CS^  +  ... 

and  since 

$h{ih{ih-'' 

{Sbs' 

+  ...)*+ (2(W+. ..)'  =  - fi*""-  — 

and  hence 

2c' 
'^=       3   ' 

i 
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therefore,  if  0  be  very  small, 

x=s8 — T-«*,    y==i«',    and   z  —  c^. 

o 

'■-dsdf      dacU?-     '**^' 
dz  d^x     dx  d*z  _ 

_  dx  cPt/     dy  d^  _    , 
^  ds  d^      ds  da* 

Let  €,  r  be  the  angles  contained  between  the  tangents  and 
osculating  planes  respectively,  at  the  origin  and  at  a  point  P, 
whose  distance  from  the  origin,  measured  along  the  curve,  is  a. 

Therefore    sin* €  =  1  —  (^j  =  ^(?^  ultimately ; 

.'.  €  =  2c«  ultimately. 
Also    «inT==l-^,^^,^^,==^,^^,^^,  =  -^; 

.•.  T  =  —  ultimately. 
Hence,  if  p  and  o-  be  the  radii  of  curvature  and  torsion, 

c  =  limit  —  =  r- , 

28       2/9' 

i  =  -  limit  -  = 


3  8      Spa- ' 

and  the  equations  of  the  curve  near  the  origin  assume  the  forms 


-•  .8  ^ 


"^"'"ep^'    y-6^'    ^'2^' 
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529.  To  find  the  shortest  distance  het%oeen  two  consecutive 
tangents, 

Emplojing  the  axes  chosen  in  the  last  article,  the  distance 
between  the  tangent  at  P  and  the  axis  of  x  is  the  perpendicular 
from  the  origin  upon  the  projection  of  the  tangent  at  P  on  the 
plane  oiyz^  and  tiie  equation  of  this  projection  is 

b-y)S-(t-.)|=o. 

which  reduces  to 

therefore  S,  the  distance  between  two  consecutiye  tangents,  is 
ultimately  equal  to   -- — . 

530.  The  distance^  from-  the  osculating  plane  at  any  pointy 
of  a  point  near  the  former^  is  twice  the  distance  of  the  tangents. 

The  distance  of  P  from  the  osculating  plane  at  0 

^     6/90- 

531.  The  angle  "between  the  line  of  intersection  of  osculating 
planes  at  two  consecutive  points  and  the  tangent  at  one  of  the 
points  is  equal  to  half  the  angle  of  contingence. 

The  equation  of  the  osculating  plane  being 

Z(f-a?)  +  w(i7-y)  +  n(?-.i5)=0, 

the  line  of  intersection  with  the  osculating  plane  at  0  has  the 

equation 

Z  (f  -  a?)  +  n  ({;  -  «)  -  «iy  =  0, 

and  the  inclination  to  the  axis  of  x  is  ultimately 

n  ^ 

532.  To  find  the  angle  between  the  osculating  plane  at  any 
point  and  the  tangent  at  an  adjacent  point. 

The  angle  required  =  ^  =  o"  ^^^^^^^'j- 
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633.     To  find  the  angle  between  two  consectUive  principal 
normals  and  their  shortest  distance. 

The  equations  of  a  principal  normal  corresponding  to  a 
distance  s  from  0  are  ultimately 

8  8  1  * 

Tlie  direction  cosines   are   proportional  to  — ,   -  and  1, 
therefore  the  angle  between  this  normal  and  that  at  the  origin 

The  shortest  distance  is  equal  to  the  perpendicular  from  0 
upon  the  projection  on  the  plane  of  ay,  whose  equation  is 

/o(f-»)4-<rj7  =  0; 

therefore  the  shortest  distance  is 

ps 


PROBLEMS. 

1.  Prove  that  the  locus  of  the  center  of  absolute  curvatiu^ 
of  a  helix  is  another  helix,  coaxial  with  the  former. 

2.  Prove  that  the  equation  of  the  polar  sur&ce  to  the  helix  is 

X  cos  <^  +  y  sin  ^  +  a  tan*  a  =  0, 
where  oc^  +  y^  =  tan*  a  {a'  tan'  a+  {z  —  a  tan  a^)'}, 

and  that  its  edge  of  regression  is  a  helix  of  the  same  inclination  on 
a  cylinder  whose  radius  is  a  tan'  a. 

3.  Prove  that  the  area  of  the  hemispherical  spiral  in  which 
the  latitude  X  and  longitude  I  are  connected  by  the  equation 

contained  between  the  spiral  and  tHe  base  of  the  hemisphere  is  to 
the  area  of  the  hemisphere  as  2  :  ir. 

4.  A  curve  is  formed  by  tlie  intersection  of  a  hemisphere,  and 
a  cylinder  whose  base  is  the  circle  described  on  a  radius  of  the  base 
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of  the  hemisphere  as  diameter,  prove  that  the  area  of  the  hemi- 
sphere included  between  the  curve,  the  meridian  touching  the  cy- 
linder and  a  quadrant  of  the  base  of  the  hemisphere,  is  equal  to  the 
square  on  the  radius  of  the  hemisphere. 

5.  Prove  that  the  volume  contained  between  the  cylinder,  the 
hemisphere,  the  meridian  plane  touching  the  cylinder,  and  the  base 
of  the  hemisphere  is  |ths  of  the  cube  of  the  radius  of  the  hemi- 
sphere. 

6.  A  hemisphere  is  pierced  by  a  cylinder,  whose  circular  base 
touches  the  base  of  the  hemisphere,  the  diameter  of  the  base  of  the 
cylinder  being  less  than  the  radius  of  the  hemisphere.  Prove  that 
the  area  of  the  cylinder  included  between  the  henusphere  and  its 
base  is  equal  to  the  rectangle  contained  by  the  dimeter  of  the 
cylinder  and  the  chord  of  the  base  of  the  hemisphere  which  touches 
the  base  of  the  cylinder  and  is  parallel  to  the  common  tangent  of  the 
bases. 

7.  If  Pj  a-,  E  be  the  radii  of  curvature,  torsion  and  spherical 
curvature  of  a  curve  at  a  point  whose  distance  measured  from  a  fixed 
point  along  the  curve  is  a,  prove  that 


'•<%)'- 


i?. 


8.  When  the  polar  surface  of  a  curve  is  developed  into  a  plane, 
prove  that  the  curve  itself  degenerates  into  a  point  on  the  plane,  and 
if  r,  j>  be  the  radius  vector  and  perpendicular  on  the  tangent  to  the 
developed  edge  of  regression  of  the  polar  surface  drawn  from  this 
point,  prove  that 

9.  Prove  that  the  angle  between  the  shortest  distance  of  two 
consecutive  tangents  at  two  points,  and  the  binormal  at  one  is  equal 
to  half  the  corresponding  angle  of  tension. 

10.  Prove  that  the  angle  between  the  chord  joining  two  con- 
secutive points  and  the  tangent  at  one  of  them  is  half  the  angle 
of  contingence. 

11.  Prove  that  the  angle  between  the  radius  of  the  osculating 
sphere,  and  the  edge  of  regression  of  the  polai'  surface  is  equal  to 
the  angle  between  the  radiiis  of  the  osculating  circle  and  the  locus  of 
the  center  of  curvature. 


CHAPTER  XXm. 

CURVATURE  OP  SURFACES.      LINES  OF  CURVATURE, 

Def.  Two  surfaces  are  said  to  have  a  complete  contact  of 
the  n^  order  at  a  common  point,  when  the  sections  of  the 
surfaces,  made  by  any  plane  passing  through  that  point,  haye  a 
contact  of  the  n***  order. 

534.  To  find  the  conditions  necessary  in  order  that  two  sur- 
faces whose  equations  are  given  may  have  a  complete  contact  of  the 
n^  order  at  a  given  point. 

If  P  be  the   given  point,  and  if  P<3,  PQ'  be  equal  arcs 

measured  along  the  curves  in  whicli  any  plane  X,  fi,  v  intersects 

the  two  surfaces,  these  curves  will  have  a  contact  of  the  vl^ 

QQ 
order,  if  the  limiting  value  of  -p77s+i  be  finite. 

Hence  the  values  of 


dx     dy     dz 

d'x     d^y     d*z 

ds'   da'  ds 

<&"'   <&•'   «&-' 

must  be  respectively  equal  in  the  two  curves.     But  the  values 
of  these  differential  coefficients  are  foimd  from  the  equations 

dz  ^dz  dx     dz  dy  \^  a.     ^^         ^  —  n 

ds     dx  ds      dy  ds  ^  ds         ds         ds       ' 


(I)"-©'-©' 


1, 


and  the  equations  formed  by  differentiating  these.     We  shall, 
therefore,  obtain  them  as  functions  of 

.             de_     dz      d'z       d^z       d*z  d*z 

''*'^'d^'  ^'  ^'  ^^'  ^' ^' 
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In  order  then  that  these  may  be  respectively  equal  in  the  two 
curves  for  all  values  ofXifiiv^  we  must  have  the  values  of 

dx rfy* 

respectively  equal  in  the  two  surfaces  at  the  given  point.    These 
are,  therefore,  the  conditions  required. 

We  may  observe  that  if  two  surfaces  have  a  complete  con- 
tact of  the  rfi^  order  at  a  common  point,  there  will  be  w  + 1 
directions  in  which  a  plane  can  be  drawn  meeting  them  in 
curves  which  have  a  contact  of  the  {n+Vf^  order.  For,  taking 
the  origin  at  the  common  point,  and  referring  them  to  their 
common  tangent  plane  as  that  of  xy,  the  equations  of  the 
two  surfaces  will  each  be  of  the  form 

the  coefficients  being  the  same  in  the  two  surfaces  for  all  terms 
of  not  more  than  n  dimensions  in  x  and  y. 

If  then  we  take  a  section  of  the  surface  by  one  of  the  n  +  1 
planes,  determined  by  the  equation 

the  difference  of  the  ordinates  of  the  two  curves  in  such  a  plane 
will  in  the  neighbourhood  of  the  origin,  be  of  the  order  of  small- 
ness  (n  +  2),  and  the  curves  will  have  a  contact  of  the  (n  +  l)*"* 
order.  Hence  if  two  surfaces  have  a  common  tangent  plane, 
two  normal  sections  can  be  drawn  which  have  a  contact  of  the 
second  order.  If  two  surfaces  have  a  complete  contact  of  the 
second  order,  three  normal  sections  can  be  drawn  which  have 
a  contact  of  the  third  order. 

If  the  surfaces  be  conicoids,  it  may  easily  be  found  that  two 
of  these  three  sections  are  the  real  or  impossible  generating 
lines  through  the  point,  and  that  the  third  is  always  real, 
having  the  same  tangent  lines  as  their  remaining  curve  of  inter- 
section, which  is  then  a  plane  curve  passing  through  the  point 
of  contact. 

535.  To  determine  the  number  of  constants  which  must  he 
involved  in  the  general  equation  of  a  surface,  in  order  that  it  may 
be  made  to  ham  a  complete  contact  of  the  n***  order  with  a  given 
surface,  at  a  given  point. 


412  CONTACT  OF  SURFACES. 

Substituting  the  values  of  x  and  y  at  the  given  point,  we 
must  have  the  coiresponding  values  of 

dz     dz  d*a 

^'  S'  ^' ^ 

the  same  in  the  two  surfaces,  which  will  supply 

relations  among  the  constants  which  must  be  satisfied  in  order 
that  the  proposed  contact  may  take  place* 

Thus,  when  n  =  2,  we  require  six  disposable  constants, 
whence  we  cannot,  in  general,  find  a  sphere  which  has  a 
complete  contact  of  the  second  order  with  a  surface  at  any  point. 
Since,  however,  there  are  four  constants  in  the  general  equa- 
tion of  a  sphere,  our  six  conditions  for  contact  of  the  second 
order  will  lead  to  two  relations  among  the  co-ordinates  of  the 
point,  which  together  with  the  equation  of  the  surface  will 
determine  in  general  a  definite  number  of  points  at  which  a 
sphere  can  be  drawn  as  required.  Such  points  are  called 
umbilici. 

The  general  equation  of  a  conicoid,  referred  to  axes  parallel 
to  its  principal  axes,  involves  six  constants,  and  we  can  there- 
fore always  determine  a  conicoid,  with  axes  in  any  proposed 
directions,  which  shall  have  a  contact  of  the  second  order  with 
a  given  surface  at  any  point. 

536.  Also  the  general  equation  of  a  conicoid,  having  a 
given  point  at  the  extremity  of  one  of  its  principal  axes,  involves 
six  constants ;  and  we  can,  therefore,  always  determine  a  coni- 
coid which  shall,  at  the  extremity  of  one  of  its  axes,  have 
a  complete  contact  of  the  second  order  with  a  given  sur£EU» 
at  a  given  point. 

When  n  =  3,  the  number  of  conditions  required  is  ten,  and 
we  cannot  therefore,  in  general,  determine  a  conicoid  which  has 
a  contact  of  the  third  order  at  a  given  point  of  a  surface.  Two 
conicoids  cannot  have  a  contact  of  the  third  order  at  any  point 
without  complete  coincidence.  We  can,  however,  find,  at  any 
point  of  a  conicoid,  any  number  of  conicoids  such  that  all  normal 
sections  through  the  point  have  contact  of  the  third  order.     The 
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general  form  of  the  equation  of  such  conicoids,  referred  to  the 
tangent  plane  and  normal  at  the  given  point,  will  be 

z  =  aa?  +  iy*  +  a*yz  +  Vzx  +  c*xy  +  Cfe', 

the  constants  a,  i,  a\  l\  d  being  the  same  for  all,  and  G  arbi- 
trary. 

537.  To  investigate  the  relations  between  the  curvatures  of 
the  different  normal  sections  of  a  given  surface  at  a  given  point. 

Let  the  surface  be  referred  to  the  tangent  plane  and  normal 
at  the  given  point;  its  equation  may  then  be  written  in  the 
form 

z  sa  aa?  +  5y"  +  C2f*  +  2a  yz  +  2b' zx  +  2c' xy 

+  terms  of  higher  dimensions. 

Also,  let  p  be  the  radins  of  curvature  of  any  normal 
section,  inclined  at  an  angle  0  to  the  plane  of  zx.  Then,  if 
{x,  y,  £?)  be  a  point  near  the  origin,  we  shall  have 

i^2it.-^=2it.^+yv^^^, 

or  ^r-  =  a  cos'  6  +  2c'  sin  ^  cos  ^  +  a  sin'  0. 
2p 

whence  it  appears  that  the  radius  of  curvature  is  proportional  to 
the  square  of  the  diameter  of  the  conic 

aa?'+2c'a?y+iy'  =  l, 

which  is  parallel  to  the  tangent  line  through  which  the  normal 
section  is  drawn. 

It  follows  from  this,  that  there  will  generally  be  a  maximum 
and  a  minimum  value  of  the  radius  of  curvature  of  a  normal 
section  at  a  given  point,  corresponding  respectively  to  the 
transverse  and  conjugate  axis  of  this  conic.  If  p^  />,  be  these 
principal  radii,  and  p,  p  the  radii  of  curvature  of  any  other 
normal  sections  at  right  angles  to  each  other,  we  shall  have 

1111 

P       P         Pi        P% 

or,  the  sum  of  the  curvatures  of  any  two  normal  sections  at  right 
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angles  to  each  other ^  cU  any  point  of  a  given  surface,  is  constant; 
which  is  "  Euler's  Theorem." 

It  appears  also  from  the  aboYe,  that  the  section  made  bj  a 
plane  parallel  and  near  to  the  tangent  plane  at  anj  point  which 
is  not  a  singular  point,  is  ultimately  a  conic ;  this  conic,  from 
the  properties  here  proved,  is  called  the  **  Indtcatrix'^  of  the 
surface  at  the  given  point. 

The  indicatrtx  will  be  an  hyperbola,  ellipse,  or  two  parallel 
straight  lines,  according  as  the  two  tangents  to  the  intersection 
of  the  surface  by  its  tangent  plane  are  real,  impossible,  or  coin- 
cident; and  the  point  is  called  a  hyperbolic,  elliptic,  or  para- 
bolic point  accordingly.  The  criterion  distinguishing  these 
different  cases  is 

Cr»  (u  •  -  rir)  + . . .  +  2  VW  (uv!  -  vw')  +  ...><  =  0, 

writing  ?7for  -i-,  t*  for  -^,  u  for  -j-jry  &c.     See  Art  (289). 

If  the  equation  of  the  surface  be  given  in  the  form  2;  =  ^  (a;,  y), 
the  corresponding  criterion  is 

At  a  hyperbolic  point,  the  radius  of  curvature,  being  pro- 
portional to  the  square  of  the  corresponding  diameter  of  the 
indicatrix,  will  change  sign  on  passing  through  the  section 
whose  tangent  lines  are  parallel  to  the  asymptotes.  This  indi- 
cates that  the  corresponding  radii  of  curvature  will  be  drawn 
on  opposite  sides  of  the  tangent  plane.  The  radius  of  curvature 
will  be  infinite  for  the  limiting  sections,  as  might  have  been 
inferred  from  the  fact  that  in  those  directions,  three  consecutive 
points  of  the  surface  lie  in  a  straight  line,  Art.  (286).  At  an 
elliptic  point,  the  whole  of  the  surface  in  the  neighbourhood  of 
the  point  lies  on  the  same  side  of  the  tangent  plane,  and  only 
touches  it  in  one  point.  At  a  parabolic  point,  the  surface  in 
the  neighbourhood  of  the  point  also  lies  wholly  on  one  side  of 
the  tangent  plane,  but  it  has  contact  with  it  at  points  near  the 
given  one.  In  this  case,  the  radius  of  curvature  is  of  constant 
sign,  and  becomes  infinite  in  only  one  direction.  It  has  a  mini- 
mum value  for  the  normal  section  at  right  angles  to  this  direc- 
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tion,  and  if  p^  be  this  minimnm  valae,  p  the  radina  of  cunratnre' 
of  a  section  inclined  at  an  angle  6  to  this,  we  shall  have 

p  =  p^  sec'  6, 

The  reader  will  observe  that  every  point  of  a  developable 
surface  is  a  parabolic  point,  and  every  point  of  a  skew  surface 
a  hyperbolic  point.     Arts.  (295,  298). 

538.  To  determine  the  radius  of  curvature  of  a  given  ohlique 
section  ai  any  point  of  a  surface. 

Let  0  be  the  given  point,  Ox  the  tangent  line  to  the  given 
oblique  section,  Oz  the  normal  at  0,  ^  the  angle  between  the 
plane  of  section  and  the  plane  zOx\  through  N  any  point  on 


the  normal  draw  NQ  parallel  to  Ox  to  meet  the  surface  in  Q^ 
and  through  QN  draw  a  plane  parallel  to  the  given  section 
cutting  the  surface  in  the  curve  QR.  Then  in  the  limit  BQ 
will  coincide  with  the  given  section,  and  the  required  radius  of 
curvature  will  be  the  limit  of  the  radius  of  curvature  of  BQ 
at  B.  Let  r  be  this  limit,  p  the  radius  of  curvature  of  the 
normal  section  having  the  same  tangent  line,  that  is,  of  OQ. 


Then 


2r  =  It. 


!:=it. 


Q2P 
ON 


,      2p  =  lt.||', 
=  cos  ONB  =  cos  ^, 


p  NB 

since  the  distance  from  0  of  the  projection  of  B  on  ON  is  a 
quantity  which  ultimately  vanishes  compared  with  ON. 
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Hence,  the  radius  of  curvature  of  any  oblique  section  is  equal 
to  the  radius  of  curvature  of  the  normal  section  through  the  same 
tangent  line,  multiplied  by  the  cosine  of  the  angle  between  the 
planes,  which  is  "  Meunier's  Theorem." 

Combining  this  result  with  those  of  the  last  article,  we  see 
that  the  curvatmres  of  all  sections  of  a  surface  at  any  point  are 
completely  determined  when  we  know  the  directions  of  the 
principal  sections,  and  the  magnitude  of  the  principal  radii  of 
curvature  at  that  point. 

539.  To  determine  the  radius  of  curvature  of  a  normal  seo- 
tion  of  a  surface  through  a  given  tangent  line  at  a  given  point, 
in  terms  of  the  co-^yrdinates  of  the  point. 

Let  {xy  y,  z)  be  the  given  point,  F  {x,  y ,  «)  =  0  the  equation 
of  the  surface,  then  the  equations  of  the  normal  will  be 

X  ^  X  _y'  —  y  ^  z*  —  z 

Let  aj+db,  y  +  dy,  z  +  dz  be  co-ordinates  of  a  consecutive 
point  along  a  normal  section,  the  direction  cosines  of  whose 
tangent  line  are  X,  fi,  v. 

The  distance  of  this  point  from  the  normal  is 

A^.  ^..  ^«     {Udx+Vdy  +  Wdzf'^ 

^d^+dy'^-dz^-^      ^^^y%_^y^t     ^=^, 

and  its  distance  from  the  tangent  plane  is 

Udx-\-Vdy  +  Wdz  _ 

but,  by  the  condition  that  the  second  point  lies  on  the  surface, 
we  have,  neglecting  small  quantities  of  a  higher  order  than  the 
second, 

Udx-\-Vdy-{-Wdz  +  \{uda?-\'...'^2udydZ'\-...)^0. 

Now,  if  p  be  the  required  radius  of  curvature, 


=  iit  ^'-     It  {da?  +  df^-dz^)slU^  +  V^'^W\ 
^     *    *  w      *    '        udo^  +  ...  +  2udydz  +  ...        ' 
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dx     dy     dz 
or,  since  __.  =  _2.--  — 

X       ft       1/ 

^ +  sfTPV^^TyP 

^     t*\'  +  v/a'  +  loil^  +  2u'f(i/  +  2t;VX  +  2w\ii ' 
We  shall  have  the  conditions 

U\+ViJi,^Wv^O,    X*  +  /*'  +  i^  =  l, 

and  the  problem  of  finding  the  directions  of  the  principal  sec- 
tions, and  the  magnitudes  of  the  principal  radii  of  cnrvaturey  is 
the  same  as  that  of  finding  the  magnitude  and  direction  of  the 
principal  axes  of  the  section  of  the  conicoid 

va? -^ ...  +  2w'y«+...  =  l, 
made  bj  the  plane       Kc  +  T^  +  Wz  =  0. 

540.  To  determine  the  sections  of  principal  curvature^  and 
the  radii  of  principal  curvature^  at  any  point  of  a  given  surface ^ 
in  terms  of  the  co-ordinates  of  the  point. 

Writing  the  equations  of  the  last  article,  we  have  to  make 

i*X*  +  Vf/f  +  W  +  2ufiv  +  2vvK  +  2v)\^  =  - 

a  maximum  or  minimum,  bj  variation  of  X,  /i,  v^  subject  to  the 
conditions 

X"  +  aa"  +  i^  =  1,     Z7X  +  FAA  +  Fi/  =  0. 

Difierentiating,  and  using  undetermined  multipUers  A,  B, 
we  have 

MX  +  tt7>  +  vv  +  A\-\-BU=  0, 

tt7'x + v/i + tt'j/ + ^/A + 5r=  0, 

r'X  +  w>  +  wj;  +  uii;  +  £Tr=  0, 
whence,  multiplying  by  X,  ft,  i/,  and  adding,  we  have 


also,  we  obtain 


i  +  ^  =  0; 


BE 
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which  leads  to  the  quadratic  equation  in  r, 

'^•|('-;)("-9-»1^ 

+  2FTrjt;V-w'ftt-J)|  + =  0; 

and  since  -  =  • ,  this  equation  gives  the  values 

r  p 

of  the  principal  radii  of  curvature,  and  the  values  of  X  :  ft :  v, 
corresponding  to  each  root,  are  then  given  by  the  preceding 
system  of  equations. 

It  may  readily  be  shewn  from  these  equations  that  the  prin- 
cipal sections  are  at  right  angles,  for  if  A^^  A^  be  the  two  values 
of  A,  and  (X^  fi^y  i/J,  (\,  Ma)  ^t)  ^^^  corresponding  direction- 
cosines,  then  multiplying  the  system 

{u  +  A^j  \  +  t(?X  +  ^\  +  ^^=  ^1 

&C. 

by  \,  fi^i  v^  respectively,  and  adding,  we  obtain 

Xi(w\  +  wX  +  rVj)  +  ...  +  .4^  ( Xj\  +  A*i/*«  +  »'i»'«)  =  0. 
Treating  the  other  system  similarly,  we  obtain 

whence,  subtracting, 

which  shews  that,  except  when  the  principal  radii  of  curvature 
are  equal,  the  sections  are  at  right  angles.  When  the  principal 
radii  are  equal,  all  the  radii  of  curvature  of  normal  sections  are 
equal,  and  a  sphere  can  be  described  having  a  complete  contact 
of  the  second  order,  or  the  point  is  an  umbilicus.  The  principal 
sections  are  of  course  then  indeterminate. 

541.     To  determine  the  conditions  for  an  urnbilicus. 

At  an  umbilicus,  r  retains  a  constant  value  for  all  values  of 
X,  fif  V  subject  to  the  given  conditions ;  or 

[u  -  -j  X"  +  f «  — \^^^Lo^2\^j^  2ufiv  +  2vv\  +  2w\fi  =  0, 
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for  all  values  of  X,  ft,  Vy  satiBfjing  the  equation 

The  left-hand  member  of  the  latter  equation  must  therefore  be 
a  factor  of  the  left-hand  member  of  the  former,  and  the  other 
factor  will  therefore  be 

Multiplying  the  two,  and  equating  coefficients, 


f(«'-^)+t(''-;)=^"'' 


which,  on  eliminating  r,  lead  to  the  two  conditions 

W^v  +  V^to  -2VWu      ZPw+W^u  -  2  WW      ■ 

IP  +  V^ 

These  two  equations,  together  with  the  equation  of  the  surface, 
will,  in  general,  determine  a  definite  number  of  points,  among 
which  axe  included  all  the  umbilici.  It  may  happen  that  a 
common  factor  exists,  so  that  the  three  equations  are  satisfied 
by  the  co-ordinates  of  any  point  lying  on  a  certain  curve.  Such 
a  curve  is  called  a  line  of  spherical  curvature. 

It  should  also  be  observed  that  U,  F,  W  have'T)een  assumed 
to  he  finite  in  the  foregoing  investigation.  Should  one  of  them, 
as  Z7,  vanish,  we  must  have,  in  the  same  manner,  Vfi  +  Wv  a 
factor,  and  must  therefore  have 

iu  — )  X'+  ...  +  2u'/ii/4  ... 

EE2 
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This  identlly  gives 

W  V 

or  Vv=^Ww\    2u'  =  {v-u)-y  +  {w'-u)^^ 

which  with  27=0,  and  the  equation  of  the  surface,  give^^wr 
relations  between  the  co-ordinates,  and  these  will  not,  in  general^ 
be  simultaneously  true  of  any  point  on  the  surface.  Solutions 
of  the  equations  for  an  umbilicus  which  make  Uy  F,  or  IF  yanish, 
must  therefore  be  excluded. 

542.    To  determine  the  number  of  umbilici  on  a  surface  of 
ilie  »***  degree. 

If  the  equations  for  an  umbilicus  be  written  in  the  form 

the  degree  of  P,  Q\  R  is  2(n-l),  and  of  P,  ^,  iZ  is  3n-4. 
The  degree  of  the  surfaces 

is  therefore  bn  —  6,  and  the  degree  of  their  curve  of  intersection 
is  (5n  —  6)".  But  the  curve  5  =  0,  jB'  =  0  is  part  of  their  inter- 
section, and  does  not  lie  on  the  surface  PQ  —  PQ^O.  The 
degree  of  the  curve 

p__g_^ 

P^Q'^B' 

is  therefore     (5n  -  6)*  -  2  (n  - 1)  (3n  -  4)  =  19n»  -  46n  +  28. 
But  this  curve  includes  three  curves  similar  to 

which  do  not  meet  the  surface  in  umbilici.  The  degree  of  this 
curve  is 

(w-1)  (3n-4), 

and  the  degree  of  the  curve,  which  meets  the  surface  in  umbilici 
only,  is  therefore 

19n*- 46n  +  28  -  3  (n  -  1)  (3n  -  4)  =  lOn'-  25n  +  16. 
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The  whole  1101111)61  of  real  and  impossible  umbilici  is  therefore 

n(l(hi"-25n  +  16). 

Thus,  in  a  conicoid,  this  number  is  12,  four  in  each  of  the 
principal  planes ;  but  not  more  than  one  system  is  real,  and  if 
the  surface  be  a  ruled  surface,  none  are  real. 

There  can  never  be  real  umbilici  on  a  ruled  surface  of  any 
degree  whatever,  as  every  point  of  a  ruled  surface  is  either 
parabolic  or  hyperbolic, 

lAnea  of  Curvature. 

543.  Def.  If  on  any  surface  a  curve  he  traced  whose  tangent 
line  at  any  'point  lies  in  one  of  the  planes  of  principal  curva^ 
ture  at  that  pointy  such  a  curve  is  called  a  line  of  curvature. 

Since  there  are  two  principal  planes  of  curvature  at  each 
point,  there  will  be  two  lines  of  curvature  passing  through  every 
point,  and  these  will  cross  each  other  at  right  angles. 

544.  To  find  the  differential  eqyations  of  the  lines  of  curvature 
on  any  surface. 

Beferring  to  the  equations  of  Art.  (540),  we  see  that  X,  /i,  v 
are  the  direction-cosines  of  the  tangents  to  the  planes  of  principal 
curvature  at  any  point,  or  are  the  direction-cosines  of  the  tan- 
gents to  the  lines  of  curvature  through  that  point. 

Hence,  if  (a;,  y,  z)  be  the  point,  {x  +  rfa;,  y  +  dy^  z  +  dz) 
a  consecutive  point  on  a  line  of  curvature,  we  shall  have 

dx  ^dy  ^dz 
X       fi  ^  V  ^ 

which,  since  X,  /a,  v  are  determined  in  terms  of  x,  y,  »,  are  the 
differential  equations  of  the  lines  of  curvature. 

Since  X,  /*,  v  were  determined  so  as  to  satisfy  the  condition 

irx+  Vfi+Wp  =  0, 
we  shall  have  Udx  +  Vdy  +  Wdz  =  0, 

and  one  integral  of  these  equations  will  be  the  original  equation 
of  the  surfece.    Any  other  integral  we  may  find,  will  involve 
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one  arbitraiy  constant,  whicli  may  be  determined,  so  as  to  make 
the  line  of  corvature  pass  through  anj  proposed  point  on  the 
surface. 

It  appears  from  the  above,  that  all  the  surfeuses  represented 
by  the  equation 

^(«,y,  »)  =  c, 

for  different  values  of  c,  will  have  the  same  diffsrential  equations 
to  their  lines  of  curvature. 

545.  The  normals  to  any  surface^  at  two  consecutive  points  of 
any  line  of  curvature,  intersect  each  other. 

Let  (a?,  y,  «),  {x  +  dx,  y  +  dy,  &  +  dz)  be  two  consecutive 
points  on  the  surface,  the  normals  at  which  intersect.  The 
equations  of  these  normals  will  be 

jj    "     Y  —    i^p-  ='*^>  W> 

x'-^x-^dx  ^ 

U+udx  +  w'dy+v'dz     ""'  ^^^> 

whence,  we  have  the  three  equations 

{k*-h)  U+dx  +  k  {udx  +  to'dy  +  v'dz)-0, 

which  are  precisely  the  same  equations  as  those  of  Art  (540), 

1  h 

A  being  replaced  by  p ,  and  JB  by  1  —  r? ;  whence,  we  shall 

have 

dx     dy     dz 

X,  ft,  V  having  the  values  there  determined,  or  the  consecutive 
point  must  be  taken  along  a  line  of  curvature. 

The  condition  for  the  intersection  of  the  two  normals  (1) 
and  (2)  gives  at  once 

dx{V{v'dx+u'dy  +  todz)  -  W{to'dx  +  vdy +u'dz)}  +  ...  =0, 

or  {Vv'''Ww')da?+...-^[U{v--to)^Vw''^Wv}dydz  +  ...^0, 
which,  combined  with  the  equation 

Udx  +  Vdy  +  Wdz  =  0, 
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will  ^ye  the  direction  of  the  tangents  to  the  lines  of  curvature 
at  any  point. 

These  equations  are  then  also  the  differential  equations  of 
the  lines  of  curvature  on  the  surface. 

A  line  of  curvature  of  anj  surface  maj  therefore  be  defined 
to  be  a  curve  such  that  the  normals  to  the  surface,  at  anj  two 
consecutive  points  of  the  curve,  intersect  each  other. 

546.  The  property  of  lines  of  curvature  proved  in  the  last 
article,  may  be  easily  shewn  geometrically  by  means  of  the  in- 
dicatrix  at  the  point. 

For,  let  0  be  the  point,  xOy  the  tangent  plane  at  the  point, 
and  draw  a  plane  parallel  and  indefinitely  near  to  xy^  meeting 


the  surface  in  the  curve  PQ^  and  the  normal  at  P  in  C7.  This 
curve  will  then,  ultimately,  be,  in  general,  a  conic  whose  center 
is  (7;  Art.  (537). 

Let  P  be  a  point  on  this  conic  at  which  the  normal  to  the 
surface  intersects  Ozy  the  normal  at  0,  The  tangent  to  the  conic 
at  P  is  then  perpendicular  to  Oz  and  to  the  normal  at  P,  and 
since  these  intersect,  it  is  also  perpendicular  to  OP,  which  lies 
in  the  same  plane  with  them.  The  point  P  is,  therefore,  at  the 
extremity  of  one  of  the  axes  of  the  conic :  or  POz  is  one  of  the 
sections  of  principal  curvature  at  0.    Art.  (537). 

Hence  OP  coincides  with  one  of  the  lines  of  curvature  at  P, 
and  there  are  therefore  two  directions,  at  right  angles  to  each 
other,  in  which  we  may  proceed  from  any  given  point  to  a  con- 
secutive point,  at  which  the  normal  to  the  surface  intersects  the 
normal  at  the  given  point. 
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At  an  umbilictLB,  the  indicatrix  becomes  a  circle,  and  these 
directions  will  be  indeterminate.  In  this  case  the  shortest 
distance  between  consecutive  normals  vanishes,  to  the  second 
order  of  smallness,  in  whatever  direction  the  consecutive  points 
be  taken.  By  taking  account  of  the  terms  of  a  higher  order,  we 
can  determine  three  directions,  two  of  which  may  be  impossible, 
in  which  the  shortest  distance  between  consecutive  normals 
vanishes,  to  the  third  order  of  smallness.  The  equations  giving 
these  directions  will  be 

Udx+  Vdy+  Wdz  =  0, 

{rw'-rw)dx+ =0, 

JT,  V\  W*  being  the  values  of  J7,  F,  TF  at  a  consecutive  point, 
including  the  terms  of  two  dimensions  in  dx^  dy^  dz.  In  the 
second  of  these  equations,  the  terms  of  one  dimension  vanish 
identically,  those  of  two  dimensions  vanish  at  an  umbilicus,  and 
there  remain  only  the  terms  of  three  dimensions,  which,  combined 
with  the  first  equation,  give  us  a  cubic  for  the  determination  of 
the  ratios  dx  \  dy  \  dz. 

547.  The  foregoing  equations,  for  determining  the  principal 
curvatures,  imdergo  a  considerable  simplification,  if  the  equation 
of  the  surface  is  of  the  form 

We  shall  then  have  u',  v\  w'  all  zero ;  the  equation  giving 
the  length  of  the  radius  of  curvature  of  any  normal  section, 
whose  tangent  line  is  (X,  /*,  r),  will  be 

-  s =  u\  -f  vur  +  ioir: 

r  p  I"  J 

the  quadratic  equation  for  the  principal  radii  of  curvature  will  be 

Z7»         P     .    TF*       ^ 

■  4-  4-  ssO ' 

u V w 

r  r  r 

the  differential  equations  of  the  lines  of  curvature  will  be 

Udx-^Vdy-\-  Wdz=0, 
n{v'-v))dydz+  V{tO''u)dzdx+  W(u  —v)dxdy^O; 
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and  the  conditions  for  an  nmbiLicuB  are 

548.  To  obtain  equations  for  the  determination  of  the  curvar- 
tures  of  a  surface  at  any  point ,  when  the  equation  of  the  surface 
gives  one  of  the  co-ordinates  explicitly  in  terms  of  the  other  two. 

These  equations  could  of  course  be  deduced  from  those 
already  obtained,  but  the  results  being  considerably  shorter, 
though  not  generally  so  easy  to  deal  with  in  practice,  we  give 
a  separate  investigation. 

Let  the  equation  of  the  surface  be 

and  let  the  first  and  second  differential  coefficients  of  z  be  de- 
noted by  J?,  J,  r,  «,  t.  Then  if  (cc,  y,  «),  (a;  +  dx^  y  +  dy,  z+  dz) 
be  consecutive  points,  \,  /Lt,  v  the  direction-cosines  of  the  corre- 
sponding tangent  line,  the  distances  of  the  second  point  from 
the  normal,  and  tangent  plane,  at  {x,  y,  0),  are  respectively 

dz—pdx-^  qdy  _  p 

V1+/  +  / 

Also    dz^^pdx-^qdy  -\'^{rda?'\-2sdxdy-Vtdif)'\-.... 

Hence,  if  p  be  the  radius  of  curvature  of  the  corresponding 
normal  section, 

^     ^       P  rdaf-Y^sdxdy-^-tdf     ^^"r/^-rj^, 


'  R  p  l+y  +  2pym+(l  +  g'')w" 

m  being  the  value  of  -^  for  the  particular  tangent  line. 

The  equation  for  determining  the  principal  radii  of  curvature 
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will  be  found  bj  making  this  equation  in  m  have  equal  roots, 
and  will  therefore  be 

or,     {rt-a^JB^-  {(1  +p*)  ^ - 2pj5+(l+2«) r]B+l  4-/+2'=0. 

Also,  when  £  is  a  maximum  or  minimum,  m  must  satisfy 
the  equation 

or,  w'{^j<-5(l+jf )} +  «»{«(l+i?") -r  (1+2*)} +(l+p«)5-j>gr  =0. 

Beplacing  m  by  ^ ,  this  is  an  equation  which  must  be 

satisfied  at  all  points  on  a  line  of  curvature,  and  since  it  onlj 
involves  x  and  y,  it  is  the  differential  equation  of  the  projections 
of  the  lines  of  curvature  on  the  plane  of  a?y. 

The  conditions  for  an  umbilicus  may  be  determined  from 
either  of  the  properties,  that  B  is  independent  of  m,  or  that  the 
equation  for  m  is  indeterminate,  at  such  a  point.    They  will  be 

r  8  ~^      t     ' 

They  may  also  be  found  from  the  condition  that  the  equation 
in  B  may  have  equal  roots,  which  may  easily  be  expressed  as 
the  sum  of  two  squares,  and  for  real  values  of  the  differential 
coefficients,  these  must  separately  vanish,  and  we  obtain  the 
same  equations  as  before. 

549.  The  lines  of  curvature  on  a  conicoid  are  its  curves  of 
intersection  with  confocal  surfaces. 

Let  the  equation  of  the  surface  be 


^    y"    ^    . 

T  +  ^+r=l;  (1), 


b  '  c 


the  differential  equations  of  the  lines  of  curvature  will  then 
be  (Art.  547), 

a  h    ^      c  ' 

a?  (&-c)  rfy  (&+y  (c--a)  <&  (& +  «  (a-i)  dbrfysrO. 
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Bat  for  the  curve  of  intersection  of  (1)  with  a  confocal  surface, 

a?»  y«  g* 

-^^+1  +  b  +  k'^T+k "  ^'  ^^^' 

-  acdx jfdy zdz 

^^^*^®   a(6-c)(a  +  ifc)"*6(c-a)(i  +  A)"c(a-.J)(c  +  A)' 

g*  y  g'       • 

a;(ft-c)  ^  y(c-a)  ^  g(a-6)' 
£2b  dif  dz 

and  subtracting  (2)  from  (1),  we  have 


a{a  +  k)     b{b  +  k)     c  {c+k) 

at  all  points  of  the  curve  of  intersection.  Hence,  we  must  have, 
at  all  points  on  such  a  curve, 

dx  dy  dz  ^ 

or,      X {b  ^ c)  dy  dz  '\- y  [c  -^ a)  d»  dx •\- z  {a  --b)  dx  dy  =^ 0, 

and  the  differential  equations  of  the  curve  of  intersection  of  the 
given  conicoid  with  any  confocal  surface  coincide  with  the  differ- 
ential equations  of  the  lines  of  curvature ;  and  the  equations  of 
such  curves,  involving  an  arbitrary  constant  &,  are  therefore 
the  complete  integral  of  the  differential  equations  of  the  lines 
of  curvature. 

Having  given  any  one  point  {x\  y\  z')^  we  shall  have  the 
quadratic  equation 

g^  y^  g^« 

for  determining  A;,  and  to  each  value  we  shall  have  a  correspond- 
ing line  of  curvature  passing  through  the  point  {x\  y\  z). 

We  may  also  solve  the  equations  by  obtaining  the  differential 
equation  of  the  projection  on  the  plane  of  xy.  This  equation  is 

{x{b'^c)  dy+y{c  —  a)dx}  (-  dx  +  ?dyj 
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or, 

of  which  the  integral  is  (Boole's  Differ.  EquatianSy  page  135) 


r  ■*■(?>'  a  (a- J)  "^     f,a{b-c) 

i  (a  —  c) 


that  is,  a  conic 


^+2^  =  1 


a',  V  being  connected  by  the  equation 

—  (a  —  c)  —  -T  (ft  —  c)  =  a  —  J. 

Now  the  equation  of  the  projection  of  the  curve  of  intersec- 
tion of  the  confocal  conicoids  (1)  and  (2)  is 

ic'(a-c)     fih-c)  _ 
a{a  +  k)  '^  bip-^k)  "    ' 

a  conic  whose  semi-axes  are  connected  by  the  same  relation. 
This  conic  in  fact  coincides  with  the  former,  if  we  give  k  such 
a  value  that 

j^a{i  —  c)  _h  +  k 
J  (a  —  c) "~  a  +  A; ' 

The  relation  between  the  axes  of  this  conic  shews  that  it 
touches  four  real  or  impossible  straight  lines,  whose  equation, 
the  singular  solution  of  the  differential  equation,  is 

If  a,  bf  c  be  positive,  and  in  descending  order,  these  lines 
will  only  be  possible  in  the  plane  of  zx,  and  it  will  be  seen  that 
they  are  the  tangent  lines  to  the  principal  section  in  that  plane 
at  the  umbilici. 
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If  two  of  the  three  a,  &,  c,  be  negative,  there  will  in  like 
manner  be  only  one  system  of  possible  straight  lines ;  and  if 
one  only  be  negative,  all  the  systems  are  impossible. 

The  general  resnlt  is,  that  the  lines  of  enrvatnre  passing 
through  any  point  on  a  given  eonicoid  are  the  intersections  of 
the  given  surface  with  the  two  confocal  conicoids  passing  through 
the  proposed  point.  This  has  only  been  shewn  for  central 
conicoids,  but  the  paraboloids  are  of  course  included  as  a  limit- 
ing case. 

550.  The  preceding  results  may  also  be  proved  in  the  fol- 
lowing manner.     We  will  only  take  the  case  of  the  ellipsoid. 

Let  P  be  any  point  on  the  ellipsoid,  PGP'  the  diameter 
through  P,  CL  the  radius  parallel  to  the  tangent  line  at  P  to 


a  normal  section  whose  radius  of  curvature  is  required,  PQL  the 
central  section  having  the  same  tangent  line.  Through  Q,  a 
point  near  P  at  a  distance  tr  from  the  tangent  plane  at  P,  draw 
a  plane  parallel  to  the  tangent  plane,  meeting  CP  in  F.  Let  p 
be  the  perpendicular  distance  from  0  to  the  tangent  plane  at  P. 
The  required  radius  of  curvature  is  then 


vr 


V 


whence 


,     QV*_PV.VP'      «_PF 
CL*  ~      CP*     '    p~  CP' 

QV*     CLWP'        ,  ,,  QV*     „CL* 

,  and  It.  - —  =  2 


p.CP 


vr 
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or  the  required  radius  of  curvature  is  .    The  tangents  to 

the  sections  of  principal  curvature  at  P  are  therefore  parallel  to 
the  axes  of  the  central  section  conjugate  to  (7P,  and  if  a,  ^  be 
the  semi-axes  of  the  section,  the  values  of  the  principal  radii  of 

curvature  are  — ,   —  respectively. 

P      P 

Now,  let  the  equation  of  the  ellipsoid  referred  to  its  axes  be 

and  let  a;',  y\  «'  be  the  co-ordinates  of  P.  The  equation  of  the 
conjugate  central  section  is 

a'  ^V^  <?  ""* 
and  the  eipation,  giving  the  values  of  its  semi-axes,  is 

^J^  »t*^  4»*^ 

X  y  z 


V      .      c^ 


7?7+irr7+jr7=^'  Art.  (250); 


and  the  equation  giving  the  values  of  the  principal  radii  of 
curvature  is  therefore 


^^  •#'*  ^'* 


a«  («*  -  pp)  +  V  {b*  -pp)  -^<?A<?  -pp)  -  ®' 
and,  since 


a*^  b*^  o*~  ' 


we  shall  also  hare 


a'  y*  2" 

ISrirfp^-^p^J^p'^' 

651.  If  three  confocal  contcoids  {A)j  (5),  {€)  intersect  in  a 
point  P,  the  centers  of  principal  curvature  of  (A)  at  P  are  the 
poles  vnth  respect  to  {B)  and  [G)  of  the  tangent  plane  to  {A) 
at  P. 

Let  the  equation  of  (A)  be 

0?     v"     «» 
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and  let  {x\  y\  z)  be  the  co-ordinates  of  P.  The  equation  of  a 
confocal  surface  through  P  will  be 

a?  y  s? 

k  being  given  by  the  equation 

and,  comparing  these  with  the  equations  of  the  last  article,  we 
see  that  the  two  values  of  A;  are  the  two  values  of  ^p  with  the 
sign  reversed. 

Now,  if  X,  F,  ^be  the  co-ordinates  of  one  of  the  centers  of 
principal  curvature,  corresponding  to  a  radius  of  curvature  p, 
we  shall  have 

X^x'      Y-y'     Z-z' 
X  y  z 


a- 


V  7 


^{x-xr+{Y-yr+{z-zr_  p_, 

V   a        6       c  P 

whence,   X=»'(n-^),     r=y'(l  +  ^),    Z=/(l  +  |). 

But  these  are  the  co-ordinates  of  the  pole  of  the  plane 

^«  t-  j«  -t-  ^-1, 
with  respect  to  the  conicoid 

The  result  stated  is  therefore  true  for  central  conicoids,  and 
therefore  generally.     This  proposition  is  due  to  Mr  Salmon. 

552.  At  any  point  in  a  line  qfcurvatm'e  of  a  central  coniooid, 
the  rectangle  contained  hy  the  central  radius  parallel  to  the  tangent 
line  cU  the  point,  and  the  perpendictdar  from  the  center  on  the 
tangent  plane  at  the  point,  is  constant. 
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Let  the  equations  of  the  line  of  corYature  be 

i^44-'^  (1), 


Tk'^W+k'^c'  +  k^^'  ^^^' 


a* 

then  the  radius  conjugate  to  the  central  section  of  (1)  through 
the  tangent  line  at  (a;,  y,  z)  to  the  line  of  curvature  will  be 
parallel  to  the  normal  to  (2)  at  that  point.  For,  it  is  one  axis 
of  the  section  parallel  to  the  tangent  plane  at  (a;,  y,  zj^  and, 
therefore,  perpendicular  to  the  other  axis  which  is  parallel  to 
the  tangent  line.  It  is  also  perpendicular  to  the  normal  at 
{x,  y,  z)f  and  therefore  to  the  plane  containing  the  tangent  line 
and  the  normal,  or  to  the  tangent  plane  to  (2).  Hence  its  direc- 
tion-cosines are  proportional  to 

X  y  z 


and  its  length  will  therefore  be 


^/ 


cf  y'  ^ 


which,  by  virtue  of  equations  (1)  and  (2),  is  equal  to  2V— i. 
But,  if  a,  iS  be  the  two  semi-axes  of  the  central  section  parallel 
to  the  tangent  plane  at  (or,  y,  z)^  and  p  the  perpendicular  upon 
the  tangent  plane,  aySp  =  iJbc.  Now,  of  the  two  a,  )3,  one  is 
parallel  to  the  tangent  line  at  (a;,  y,  z)^  and  the  other  has  been 
proved  to  be  constant.  Hence,  if  ^  be  the  radius  parallel  to  the 
tangent  line,  we  have 

which  is  a  constant  quantity  throughout  the  same  line  of  cur- 
vature. 

553.     To  apply  the  general  equations  to  find  the  vmbUici  of 
a  central  conicoid. 
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It  is  obvious,  from  the  preceding  articles,  that  the  umbilici 
are  the  points  at  which  the  tangent  planes  are  parallel  to  cir- 
cular sections  of  the  conicoid,  which  snffiiuentlj  determines 
them.  But,  as  an  example,  we  may  use  the  equations  of  Art. 
(541),  to  find  the  umbilici  of  the  conicoid 

a:*     v"     «■ 
Li  this  case 

1/=-^,    V^-p,    ^==?'    ^"=?»    u«0,  &c. 

The  equations  therefore  become 

^^J^     A^^     ^M^ 

fi  +  1  -1  +  ^  -4+^ 

o*     c*  c      a*  a      0 

y"/l      1\        «Vl      1\ 

a'\^     W"     J*U"     A*/' 

which  are  satisfied  by  the  three  systems,  aj  =  0,  1f^cf\  y  =  0, 
ft"  =  6* ;  or  «  =  0,  i"  =  c" ;  only  one  of  which  however  leads  to 
real  values  of  all  the  co-ordinates ;  the  second,  if  a,  (|  c  be  in 
order  of  magnitude,  which  gives 

-A  <f       ^       €?  1 

results  which  are  the  same  as  those  obtained  firom  the  circular 
sections. 

554.  As  an  example  of  finding  general  expressions  for  the 
radii  of  curvature  of  families  of  surfaces,  we  may  take  the  fol- 
lowing. 

F  F 
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A  auffoce  is  generated  hy  the  motion  of  a  straight  line  which 
alvHiy$  intersects  the  oasis  ofxy  to  prove  that  the  radii  of  curvature 
at  any  point  on  iJie  axis  ofx  are 

dx  cos  5  +  1 
d^     sin  ^     ' 

X  being  the  distance  of  the  paint  from  the  origin^  6  the  angle  tchich 
the  corresponding  generator  makes  with  the  aans  ofx^  and  ^  that 
which  its  projection  upon  yz  makes  with  the  axis  ofy. 

Let  P,  P*  be  contiguous  points  on  the  axis  of  a?,  at  distances 
a:,  x  +  dx,  from  the  origin,  ^,  ^;  0  +  d0,  ^  +  d'^;  the  angles 
for  the  corresponding  generating  lines :  Q  a  point  on  the  gene- 
rator through  P'  at  a  distance  X  from  P'. 

The  tangent  plane  at  P  contains  the  axis  of  a?,  and  the  gene- 
rator through  P,  and  its  equation  is  therefore 

y  sin  ^  —  0  cos  ^  =  0 ; 

the  co-ordinates  of  Q  are 

x  +  dx  +  \coB{d  +  d0),    X sm ((?  +  d0)  cos (^  +  c?^), 

X  sin  {0  +  dff)  sin  {(f>  +  dif)^ 
and  we  have 

P^  =  ddf  +  2db?X  cos  {0  +  def)  +  X*. 

But  the  distance  Q?)  of  §,  from  the  tangent  plane  at  P,  is 

X  sin  {0  +  d0)  sin  d^, 

whence,  p  being  the  radius  of  currature  of  the  normal  section 
through  PQj  we  have 

^dx\^ .  ^  dx 


2p 


(dxy  .  ^  da?  >,       , 


p  fjL%\n0 


denoting  the  limit  of  -tt  bj  /*. 

The  equation  giving  the  principal  radii  of  curvature  is, 
therefore, 


(#)'(^*'^«^-^""^)' 
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or,     ^  (cos  ^  ±  1)  =  p  sin  ^, 
giving  the  values  for  p  as  stated. 

If  the  surface  be  a  right  conoid,  whose  axis  is  the  axis 
of  a?,  these  values  become  ±  ^rr ,  which  agrees  with  the  fact 

that  at  any  point  on  the  axis  of  such  a  surface,  the  asymptotes 
of  the  indicatrix,  being  parallel  to  the  generators,  are  at  right 
angles  to  each  other,  and  the  principal  radii  of  curvature  must 
therefore  be  equal  and  of  opposite  signs. 

556.     To  find  the  osculating  plane  of  a  line  of  curvature  at 
any  point  of  a  surface. 


Let  PQj  PR  be  small  arcs  of  lines  of  curvature  drawn 
through  P,  a  point  in  the  surface,  R8y  Q8  lines  of  curvature 
through  jB,  Q  respectively ;  and  let  PEG,  QII'  G,  RE,  SE'  be 
normals  to  the  surface  at  P,  Q,  R,  8y  so  that  PE,  QE*  are  ulti- 
mately the  radii  of  curvature  of  the  principal  normal  sections  Pfl, 
Q8,  and  PG  that  of  P^;  let  these  be  jB',  ^  +  dR,  and  R, 
dR  being  the  increment  of  R!  due  to  a  change  da  along 
the  principal  section  PQ, 

The  tangent  to  PR  at  P  is  perpendicular  to  the  plane  PE\ 
and  therefore  to  EE\  and  the  tangent  at  R  is  for  a  similar 
reason  perpendicular  to  EE\  which  is  therefore  parallel  to  the 

p  f2 
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binormal  at  P  to  the  line  PB,  and  determines  the  osculating 
plane  FOB. 

If  ^  be  the  inclination  of  the  principal  normal  section  to  the 

osculating  plane  oiPB,  OHP^  5" ""  ^' 

Draw  H'N  perpendicular'  to  P<?, 

^     ^     ,.       EN     y      HN   PQ 
tan  0  =  iim.  ^^  =  lim.  -p^ .  -gr,^ 

dB*       B 

^Wb^:^" 

Cor.  In  the  case  of  a  surface  of  revolution,  since  B!  is  the 
same  for  all  points  in  the  circular  line  of  curvature  supposed  to 

correspond  to  JS,  —7-  =  0,  and  the  osculating  plane  coincides  with 

the  normal  plane. 

Oauss*  Theorems  on  Curvature* 

556.  If  a  portion  of  a  surface  be  cut  off  by  a  closed  curve, 
the  total  curvature  of  this  portion  is  defined  by  Gauss  to  be  the 
area  of  the  surface  of  a  sphere  whose  radius  is  unity,  cut  off  by  a 
cone  whose  vertex  is  the  center,  and  whose  generating  lines 
are  parallel  to  the  normals  to  the  surface  at  every  point  of  the 
bounding  closed  curve. 

The  measure  of  curvature  of  a  surface  at  any  point  is  the 
ratio  of  the  total  curvatm'e  of  any  elementary  portion  of  the 
surface  including  the  point  to  the  area  of  that  elementaiy 
portion. 

657.  To  shew  that  Gauss*  measure  of  curvature  is  a  proper 
measure^  and  to  calculate  its  value. 


Let  any  elementary  area  be  described  about  the  point  P  of 
the  surface,  and  let  a  series  of  lines  of  curvature  divide  this 
area  into  sub*elementary  portions  such  asjp^r^,  and  let  p,  p  be 
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the  principal  radii  of  curvature  at  pin.  the  directions^,  ps,  the 
portion  of  the  area  on  the  unit  sphere  corresponding  to  pr  will 

be  on  sides  equal  to  "  ,  ^^  and  area^  =pj  .ps  ultimately. 

r  r 

Gauss'  measure  of  curvature  rives  the  value  lim.  -4/ ^.  , 

Z{pr) 

But  —!  lies  between  -^^  (1  +  e^)   and  -pw  (1  +  cj, 

where  e^,  e,  vanishes  in  the  limit ; 

1 


/.  the  measure  of  curvature  is 


which  is  independent  of  the  form  of  the  elementary  portion. 
Cob.    The  measure  of  curvature  at  any  point  of  a  surface 

«  =/(^>  y)  is  therefore  n^J^^y  •    -^-  (^^^)- 

558.     To  shew  that  the  measure  of  curvature  is  not  altered 
hy  any  deformation  of  the  surface  supposed  inextensihle. 


Let  a  surface  be  referred  to  axes  such  that  Oz  is  a  normal 
at  0,  and  the  planes  of  zx^  zy  are  principal  normal  sections  \  and 
let  J2,  m  be  the  radii  of  these  sections. 

Let  a  curve  be  described  whose  geodesic  distances  from  0  are 
constant  and  each  equal  to  s ; 

OPy  OQ  two  of  the  distances  whose  planes  are  inclined  to  zx 
at  angles  O,d  +  d0; 
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OJf ,  ON  the  traces  on  xy  being  r,  r  +  dr^  the  distances  of 
P,  Q  from  a?y  being  z^  z  +  dz,  and  a;=  Zr,  y  =  mr ; 


2  U     S^r 


let  /o  be  the  radius  of  cnrvature  of  OP; 


and 


•.  r  = 

p  8111-  = 
P 

«  — 

6p" 

»  = 

8 

p  vers  -  = 
P 

=  2p 

• 

1_ 

and  .=£-...  {l-^g.g)VlXM)H 
but  />  =  0?  =  />^^ 

A  2  2      4.2282 


.'.  <fo* 


I 

J 
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Henoe,  the  perimeter 


=  ^'^' ^*  -  6^8') ' 


thearea  =  /U  =  ,r^(l-j^). 


Hence,  since  in  any  deformation  the  distances  of  all  points 
measured  along  the  surface  remain  unaltered,  in  order  that  this 
may  be  the  case  about  every  point,  the  perimeters  of  geodesic 
circles  must  be  ultimately  unaltered :  therefore  the  measure  of 
curvature  at  any  point  remains  unchanged. 

The  student,  who  is  interested  in  the  subject  of  deformation 
of  surfaces,  instantaneous  and  permanent  lines  of  bending,  will 
find  a  most  ingenious  article  by  Maxwell  in  the  Cambridge  Phi" 
losophtcal  Transactions^  Vol.  IX.  Part  4,  No«  19. 

559.  Certain  properties  of  the  principal  radii  of  curvature 
may  be  conveniently  investigated  by  considering  the  angle  be- 
tween the  two  tangents  to  the  curve  in  which  a  surface  is  inter- 
sected by  the  tangent  plane  at  any  point.  In  these  directions 
three  consecutive  points  lie  in  a  straight  line,  and  the  radius  of 
curvature  of  a  normal  section  through  one  of  these  tangents  is 
therefore  infinite.  Hence,  if  0  be  the  angle  which  one  of  these 
tangents  makes  with  the  tangents  to  a  section  of  principal  curva- 
ture, we  shall  have 

^     cos*  0     sin"  0 

0= +— r-, 

P  P 

/>,  p  being  the  algebraic  magnitudes  of  the  radii  of  principal 
curvature.  Thus,  for  points  at  which  the  radii  of  principal  curva- 
ture are  equal  in  magnitude  and  opposite  in  sign,  we  shall  have 
tan' 5=1,  and  the  tangents  to  the  curve  of  intersection  will 
therefore  also  be  at  right  angles.  As  an  example  of  this  method 
we  shall  take  the  following.     To  prove  that,  in  the  surface 
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at  all  points  lying  on  the  plane  x^^a,  tlie  radii  of  cnrvatore  wlQ 
be  equal  in  magnitade»  and  of  opposite  signs.  This,  hj  what  has 
been  said,  will  be  true,  if  we  can  prove  that  the  two  straight 
lines,  drawn  through  any  such  point,  to  meet  the  surface  in  three 
consecutive  points,  are  at  right  angles  to  each  other. 

Let  — f—  =^ — =^  = =  r 

be  a  straight  line  which  meets  the  sur&ce  in  three  consecutive 
points.    The  equaticm 

(a+ fr)  («  +  nr)*=  (a-Zr)  {(a  +  Zr)»+ (y +mr)'} 

must  then^have  all  its  roots  equal  to  zero. 

This  gives  us  the  equations 

«*  =  a*  +  y',    &*  +  2na«  =  2a(a?+«iy)  -Z(a*+y^ 
2w&  +n*a=: a  (?+  m")  -  2l{la  +  my)^ 

of  which  the  two  latter  become,  by  reason  of  the  first, 

h^-^may  +  fioz  =  0, 
Pa  —  fffa  +  ffa  +  2n&  -t-  2?my  =  0. 

The  equation  giving  the  two  values  of  n  :  2,  is 

oy*  (a?  +  an"  +  2«nZ)  -  (Zy*  +  new)"  +  2?y*  (Zy'+ntM?) «  0, 

whence,  if  (^,  w^,  «J,  (Z,,  f»,,  nj  be  the  directions  of  the  two 
lines,  we  have 

^i^_y'(^^+y^_-y'^ 
^A"«"(y*-0""  «*  ' 

and  similarly,  eliminating  n,  we  obtain 

t,m,_aV  +  y^-2yV     y';g'-(y^gr_y'ig'-a* 
^A  "^     a"(y'-«")  ^?  "■      a*      ' 

whence,  finally, 

or  the  two  lines  are  at  right  angles.  Hence  at  all  points  of  the 
surface  lying  in  the  plane  x^a^  the  radii  of  curvature  are  equal 
and  of  opposite  sign. 


I 
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560.  Dupik's  Theobeh.  If  there  he  three  aeries  of  eurfaces 
such  that  any  ttoo  surfaces  of  different  series  intersect  everywhere  at 
right  angles^  the  curves  of  intersection  are  lines  of  curvature  on  both 
surfaces. 

Let  tlie  origin  be  a  point  of  intersection  of  three  surfaces,  one 
of  each  series,  and  the  tangents  to  their  lines  of  intersection  the 
axes.    The  equations  of  the  three  surfaces  may  then  be  written 

X  +  ay*  +  2byz  +  cz*  +  ..•  =  0,  (1). 

y-faV  +  2i'«a?  +  cV+  ...  =  0,  (2). 

z  +  d^of  +  2J"ajy  +  c'y^  +  ...  =  0,  (3). 

At  a  consecutiye  point  on  the  curve  of  intersection  of  (2)  and 

(3),  we  have 

y=:0,  e  =  0,  aj  =  a?', 

and  the  equations  of  the  tangent  planes  are,  ultimately, 

sr.  2cV  +  y  +  z .  2JV  =  0, 
X .  2a"x  +  y .  2b"  x' + «  =  0, 

and  since  these  also  are  at  right  angles, 

4aVaj'*  +  2JV+iV  =  0, 
or,  taking  the  limit,  b'  +  b"  =  0. 

Similarly,  J"  +  8  =  0,  J  +  J'  ==  0,  which  lead  us  to 

&=ro,  y  =  o,  &"=0, 

or  the  axes  are  tangents  to  the  lines  of  curvature  on  each  surface. 

Hence,  the  tangent  lines,  at  any  point  of  intersection  of  three 
surfaces,  to  their  curves  of  intersection,  are  tangents  to  the  lines 
of  curvature  of  the  surfaces  through  that  point,  and  conse- 
quently, their  curves  of  intersection  must  coincide  with  the  lines 
of  curvature. 

561.  As  an  example  of  three  series  of  surfaces,  satisfying 
the  conditions  of  Dupin's  theorem,  we  will  take  the  locus  of  the 
points  of  contact,  of  tangent  planes  drawn  to  a  series  of  confocal 
conicoids,  from  fixed  points  on  the  axes.    For  each  fixed  point. 
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we  Bhall  obtain  a  surface  locus^  and  for  eacli  axis  a  series  of  sncb 
surfaces.  We  will  now  prove  that  these  surfaces  intersect  eveiy- 
where  at  right  angles. 

Let  (a,  0,  0),  (0,  ^8, 0),  (0,  0,  7)  be  the  co-ordinates  of  three 
points  from  which  tangent  planes  are  drawn  to  the  aeries  of  ooni- 
coids,  oonfocal  with  the  ellipsoid 

-i  +  ^  +  j  =  l. 
a      0      <r 

The  equations  of  the  surfaces  may  readily  be  found  to  be 

a?'  y  ^'  _ 

and  -I-r-i 51  +  — .^«      .  +  -=!>  (3). 

The  points  of  real  intersection  of  (1)  and  (2)  may,  by  sub- 
tracting their  equations,  be  found  to  lie  in  the  plane 

ax  —  a*  Bft  /%  ^  h\ 

which,  combined  with  (1),  gives  the  equation 

the  equation  of  a  sphere.    The  curves  of  intersection  are  then 
circles. 

Let  the  equation  of  any  one  of  the  confocal  conicoids  be 

of  y'  g« 

and  let   the  tangent  plane  at  {x\  y\  z*)    pass  through   the 
straight  line 


« 


ax 
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the  point  {x\  y\  z*)  will  then  lie  on  the  intersection  of  (1)  and 
(2)..  This  gives  na 

'-o«+ft,  y8y'  =  J'+Aj,  «'»-{d«+ft){l-^-^}    (4); 

and  if  (aj',  y\  z*)  be  the  point  of  intersection  of  (1),  (2),  (3),  we 
shall  have 

k  being  determined  by  the  equation — ^  +  — ^  -f  -  7,    =  1. 

Let  (\,  fly  v)  be  proportional  to  the  direction-cosines  of  the 
tangent  line  at  this  point  to  the  intersection  of  (1)  and  (2). 
Then,  by  (4), 

Similarly,  if  (X',  ft',  i^')  be  the  direction  of  the  tangent  at  this 
point  to  the  intersection  of  (1)  and  (3), 

and  these  will  be  at  right  angles,  if 

a'^2\j3'     a-     r/J^^W     of    /8-;     "' 
which  is  obviously  true. 

The  tangent  lines  to  the  three  circles  of  intersection  are  then 
mutually  at  right  angles,  and  therefore  the  planes,  each  of  which 
contains  two  of  these  tangent  lines,  are  mutually  at  right  angles, 
and  these  are  the  tangent  planes  to  the  surfaces  at  the  point. 
Hence,  at  any  point  which  is  the  intersection  of  three  such  sur- 
faces, the  tangent  planes  are  mutually  at  right  angles.  But,  by 
varying  7,  a  and  fi  remaining  constant,  we  can  make  this  point 
coincide  with  any  proposed  point  on  the  intersection  of  (1)  and  (2), 
and  the  surfaces  will  therefore  cut  each  other  orthogonally  at  all 
points  on  their  curve  of  intersection. 
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The  angle  between  the  curve  of  intersection  of  (1)  and  (2), 
and  the  tangent  plane  to  (1)  at  the  point  in  question  will  be 

found  to  be  tan"*  - ,  a  value  which,  not  depending  on  7,  will  be 

constant  throughout  the  curves,  as  is  always  the  case  when  a  line 
of  curvature  is  a  plane  curve. 

The  lines  of  curvature  on  any  surface  (1)  will  then  be  two 
systems  of  circles,  whose  planes  are  parallel  to  the  axes  of «  and  y 
respectively,  and  pass  each  through  one  of  two  fixed  points  on 
the  axis  of  x. 

XXIV. 

1.  The  principal  radii  of  curvature,  at  the  points  of  the  sur&ce, 
a V  =  s?{a?  ■{■  y*),  where  x^y  =z,  are  given  by  the  equation 

2p»-llV3af)  +  18a».=  0. 

2.  Prove  that,  in  the  surface 

the  radii  of  principal  curvature,  at  points  where  it  is  met  by  the  cone 

are  equal,  and  opposite. 

3.  Deduce  the  conditions  for  an  umbilicus  from  the  equation 
giving  the  radji  of  curvature,  by  making  the  roots  of  the  equation 
equal. 

The  only  sur&ce  of  revolution,  such  that  the  radii  of  curvature 
are  at  every  point  equal  and  opposite,  is  that  produced  by  the  revolu- 
tion of  a  catenary  about  its  directrix. 

4.  Prove  that  the  only  real  points  on  the  sur&ce 

«(«■  +  y" +  «•)  =  2a  (ar'  +  y^, 

at  which  the  radii  of  curvature  are  equal  and  of  opposite  signs,  are 
those  lying  on  the  hyperbola 

aj  =  o,    «'-y*=a*. 

5.  A  Bur&ce  is  generated  by  the  revolution  of  a  parabola  about 
its  directrix;  shew  that  the  principal  radii  of  cui'vature  at  any  point 
are  to  each  other  in  a  constant  ratio. 


PB06LEMS.  445 

6.  If  p>  p'  be  the  principal  radii  of  cnrvatore  at  a  point  of  a  sur- 
face^ where  the  normal's  direction-cosines  are  I,  nty  n,  prove  that 

1      1  _  ^^      ^^     ^^ 
p     p      dx     dy      dz* 

7.  Shew  how  to  find  the  lines  on  a  surface  at  which  one  of  the 
principal  curvatures  vanishes.  How  does  the  form  of  the  surface 
alter  in  passing  across  such  a  line?  Is  the  line  in  question  a  line  of 
curvature] 

8.  The  locus  of  the  centers  of  curvature  of  all  plane  sections  of  a 
given  surface  at  a  given  point  is  the  sur£stce  whose  equation,  referred 
to  the  normal  and  the  principal  tcuigents^  as  axes,  is 


>r«        Pi' 


9.  Shew  that  the  projection,  on  the  plane  of  xy,  of  the  indica- 
trix  at  any  point  of  the  surface  «  =  (e*^  +  e~^  cos  x  is  a  rectangular 
hyperbola. 

10.  If  at  any  point  of  a  surface  p, ,  Pg  be  radii  of  curvature  of 
normal  sections  at  right  angles  to  each  other,  and  R^^  R^  be  principal 
radii  of  curvature,  the  sections  corresponding  to  p^  p,  being  inclined 
at  an  angle  a,  prove  that 

COS*  a     sin*  a  ^  cos  2a 
Pi  P^    "    ^'     ' 


and 


sin'  a     cos'  a         cos  2a 


/ 

A 


11.  Find  the  umbilici  on  the  sur&ce  whose  equation  is 

a^     y*     a»     , 

and  shew  that  the  radius  of  curvature  there  is  ^  (a*  +  6'  +  c^'. 

12.  A  sur&ce  is  generated  by  the  motion  of  a  variable  circle 
which  always  intersects  the  axis  of  Xy  and  is  parallel  to  the  plane 
oi  yz.  If  r  be  the  radius  of  the  circle  at  a  point  on  the  axis  of 
Xf  and  0  the  inclination  of  the  diameter  through  that  point  to  the 
axis  of  Zy  prove  that  the  principal  radii  of  curvature  at  the  point 
are  given  by  the  equation  p'r-^]r  (p  -  r)  =  0,  where  p  is  the  value  of 

-yr  at  the  point 
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13.  A  sarfiu^  is  generated  by  a  straiglit  line  which  always  in- 
tersects a  given  circle,  and  the  straight  line  through  the  eenter  of  the 
circle  normal  to  its  plane,  prove  that  the  principal  radii  of  cnrvatnre 
of  the  surface,  at  any  point  on  the  drde,  are  given  by  the  equation 

a  being  the  radius  of  the  circle,  6  the  angle  which  the  generator  at  the 
point  makes  with  the  fixed  line,  and  <f>  the  angle  which  the  radius  of 
the  ciicle  through  the  point  makes  with  a  fixed  radius. 

14.  Find  the  differential  equation  of  surfitces  possessing  the  pro- 
perty, that  the  projections  on  a  fixed  plane  of  their  lines  of  curvature 
cross  each  other  everywhere  at  right  angles.  Prove  that  it  is  satisfied 
by  sur&ces  of  revolution  whose  axes  are  perpendicular  to  the  fixed 
plane ;  and  obtain  the  general  solution. 

15.  Two  sur&Lces  touch  each  other  at  the  point  P ;  if  the  princi- 
pal curvatures  of  the  first  sur£su^  at  P  be  denoted  by  a  «k  6,  thoee  of 
the  second  by  a'^h';  and  if  tr  be  the  angle  between  the  principal 
planes  to  which  a +  5,  a^  +  b'  refer,  8  the  angle  between  the  two 
branches  at  F  of  the  curve  of  intersection  of  the  sur&ces,  shew  that 

^        6'-266'cos2tsr+6"* 

16.  The  measure  of  curvature  at  any  point  of  an  ellipsoid  is  pro- 
portional to  p\  p  being  the  perpendicular  from  the  center  on  the 
tangent  plane. 

17.  The  measure  of  curvature  at  any  point  of  the  paraboloid 

P      9 
varies  as  f  -  j  ,  p  being  the  perpendicular  fixnn  the  origin  on  the  tan- 
gent plana 

18.  The  planes  drawn  through  the  center  of  an  ellipsoid,  parallel 
to  the  tangent  planes  at  points  along  a  line  of  curvature^  envelope  a 
cone  which  intersects  the  ellipsoid  in  a  spherical  conic. 

19.  If  i?  be  the  radius  of  absolute  curvature  at  any  point  of  a 
line  of  curvature  on  an  ellipsoid,  r,  r'  the  radii  of  curvature  of  the 
normal  sections  of  the  ellipsoid,  and  the  confocal  hyperboloid  which 
contains  the  line  of  curvature,  through  the  tangent  to  the  line  of 
curvature,  prove  that 

11       1 
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20.  If  P  be  any  point  on  a  surlace,  a,  5  the  principal  radii  of 
curvature  at  P,  *  FQ  s^a  an  indefinitely  small  arc  taken  along  a 
normal  section  making  an  angle  0  with  the  principal  section  to  which 
a  refers,  proye  that  if  D  be  the  minimum  distance  between  the 
normals  at  F  and  Qy  c  the  distance  from  F  of  their  point  of  nearest 
approach, 

sin'gco8'^(a~ft)V  fl5  (a  sin' g  +  6  cos' g) 

^■"    a'sin'^  +  6*coe-6l    '    ^"    a' sin* fl  +  6" oos" tf   ' 

Prove  that  the  maximum  value  of  the  ratio  —  is  (—^]  .  the 


upper  or  lower  sign  being  taken,  accordini^  as  the  point  is  elliptic  or 
hyjierbolic.  Prove  also,  that,  in  the  case  of  the  ellipsoid,  this  maxi- 
mum value  is  greatest  at  the  extremities  of  the  mean  axis. 

21.  Prove  that  the  surface  generated  by  normals  drawn  to  a 
surface,  at  points  whose  distance  from  the  normal  at  a  fixed  point  F 
is  constant  and  small,  will  intersect  a  normal  plane  making  an  angle  ff 
with  one  of  the  principal  planes  at  P,  in  two  parabolas,  whose  radii  of 
curvature  are 

P«  (p.  -  Pi)      Pi(pi-P») 

pj ,  p^  being  the  principal  radii  of  curvature. 

22.  If  a  line  of  curvature  be  a  plane  curve,  its  plane  cuts  the 
tangent  planes  to  the  surfJBM^e,  at  points  lying  along  it,  at  a  constant 
angle. 

23.  If  one  series  of  lines  of  curvature  on  a  sur&oe  be  plane 
curves,  lying  in  parallel  planes,  the  other  series  will  also  be  plane 
curves. 

24.  If  -ff  be  the  radius  of  absolute  curvature  at  any  point  of 
the  curve,  which  is  the  intersection  of  two  surfaces  -4,  j5,  and 
r,  /  be  the  radii  of  curvature  of  the  sections  of  the  surfaces  A,  B 
made  by  the  tangent  planes  U>  B,  A  respectively,  and  0  be  the  angle 
between  the  tangent  planes,  prove  that 

J__^l      2co3g      l^ 
B''r^        W     ■*"r'"' 

25.  If  a  plane  curve  be  given  by  the  equations 

-  =  cos  ^  +  log^tan  ^ ,     -  =  sm  ^; 

the  surface,  produced  by  the  revolution  of  this  curve  about  the  axis 
of  a;,  will  have  its  measure  of  curvature  constant 
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26.  In  a  sor&ce,  generated  as  in  (13),  if  ^  =  log  tan  ^ ,  the  mea- 

sure  of  curvature  will  be  the  same  at  corresponding  points  on  the 
axis  of  z  and  on  the  circle. 

27.  On  an  mnbiHcal  conicoid^  the  projections  of  the  lines  of 
curvatore  on  the  planes  of  circular  section  by  lines  parallel  to  an 
axis,  form  a  series  of  confocal  conies,  the  foci  of  which  are  the  pro- 
jections of  the  umbilici 

28.  Prove  that  the  three  surfaces 

intersect  each  other  always  at  right  angles  ;  and  hence  prove  that,  on 
a  hyperbolic  paraboloid,  whose  principal  sections  are  equal  parabolas, 
the  sum  or  the  difference  of  the  distances  of  any  point  on  a  line  of 
curvature,  from  the  two  generators  through  the  vertex,  is  constant. 

29.  In  the  helicoid,  whose  equation  is  y  saltan— ,  the  lines  of 

curvature  are  the  intersections  of  the  helicoid  with  the  surfaces  re- 
presented by  the  equation 

a  c 

for  different  values  of  c. 

Also,  prove  that  the  principal  radii  of  curvature  are,  at  every 
point,  constant^  equal  in  magnitude,  but  of  opposite  signs. 


CHAPTER  XXIV. 


GEODESIC  LINE^. 


562.  Def.  a  geodesic  line  of  a  given  Burface,  between  two 
given  points  on  it,  is  a  line  of  maximum  or  minimnm  length. 
Any  infinitesimal  arc  of  snch  a  line  will  manifestlj  be  the  mini- 
mum line  between  its  extremities,  but  if  the  two  given  points 
be  at  a  finite  distance,  a  geodesic  passing  through  them  mav 
be  either  a  maximum  or  mbimum,  L  thL  may  be  an  infinii 
number  of  such  maxima  and  minima. 

563.  The  osculating  plane  at  any  point  of  a  geodesic  on  any 
surface  contains  the  normal  to  the  surface. 

The  distance  between  two  indefinitely  near  points  will  be 
the  least  possible,  when  the  curvature  of  the  line  joining  them 
is  the  least,  or  when  the  radius  of  curvature  is  the  greatest. 
Now  the  curvature  of  any  curve  on  a  surface  will  be,  at  any 
point,  the  same  as  that  of  the  section  of  the  surface  made  by  the 
osculating  plane  at  that  point,  since  the  two  curves  will  have 
three  coincident  points.  Also,  of  all  sections,  having  a  common 
tangent  line,  the  normal  section  is  that  of  least  curvature,  by 
Meunier's  Theorem  (Art.  538).  Hence,  the  osculating  plane 
of  a  geodesic,  at  any  point,  must  be  a  normal  section. 

This  also  appears  firom  the  consideration  of  a  stretched, 
weightless  string,  joining  any  two  points  on  a  surface.  This 
will  manifestly  assume  the  form  of  the  shortest  line  joining  the 
points,  and  since  the  resultant  of  the  tensions  of  two  consecutive 
elements  of  the  string  is  balanced  by  the  normal  reaction  of  the 
surface,  the  normal  must  lie  in  the  plane  of  these  elements,  that 
is,  in  the  osculating  plane  of  the  curve. 

GG 
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The  equations  of  any  geodesic  line  on  the  surface  2^(0?,  y,  z) =0, 
may  therefore  be  written  in  the  form 

d^x     d^y     d^z 
d^  _W_d? 

dx      dy       dz 

One  integral  of  these  equations  is,  of  course,  F{x^  y,  z)  =0, 
and,  if  another  can  be  found,  it  will  involye  two  constants,  to  be 
determined  so  as  to  make  the  line  pass  through  any  two  proposed 
points. 

The  form  of  the  equations,  connecting  the  constants  of  inte- 
gration with  the  co-ordinates  of  the  two  proposed  points,  may 
be  such  that  an  infinite  number  of  values  can  be  givea  to  the 
constants,  to  each  of  which  will  correspond  a  geodesic  through 
the  two  given  points.  As  an  example  of  such  a  femily  of 
geodesies  joining  two  given  points,  we  will  take  the  very  simple 
case  of  a  right  circular  cylinder. 

564.  To  investigate  the  equations  of  a  geodesic^  joining  to 
given  points  on  a  right  circular  cylinder. 

Let  the  equation  of  the  cylinder  be 

a^  +  y«  =  a*, 

and  let  the  given  points  be  (a,  0) ;    (a  cos  a,  a  sin  a,  c),  re- 
spectively. 

The  general  equations  of  a  geodesic  give 

d*x     d*y     d*z 

X        y        0   * 
Hence  -j-  is  constant  =  cos  /S,  whence  f -t-  j  +  l-j-j  =  sin*;?. 

Eliminating  x  and  «,  the  equation  connecting  y  and  z  is 

.    r\dz  a 

smp  ;t-  = 


dy.    V^^Cy  ' 


therefore  «  sin  /8  =  a  sin"*  f  2.  j  ^  (7, 
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To  determine  C  we  shall  have  the  equation 

0+ a  sin"* 0  =  0, 

and  the  equation  of  the   geodesic  will  be,  whatever  possible 
value  we  assign  (7, 

.    fz  sin  B\ 

We  shall  then  have,  to  determine  j8,  the  equation 


.    /c  sin  p\ 
sm  a  =  sm  ( ^  1 , 


which  admits  of  anj  solution  of  the  form 
c  sin^S 


=  nr  +  (—  1)*"  a,  T  being  any  whole  number ; 


a 

which  give,  for  the  geodesic,  the  equation 

|  =  8m^W  +  (-ir«}, 

and  there  will  be  a  different  curve  for  every  different  value  of  r. 
Thus  there  wiU  be  an  infinite  number  of  geodesies  joining  any 
two  proposed  points  on  the  cylinder. 

This  is  obvious  geometrically,  for  we  can  wind  a  string  round 
the  cylinder  in  either  direction  as  many  times  as  we  please  so  as 
to  start  from  one  point,  and  pass  through  the  other,  and  retain 
its  form  under  tension.  If  a  be  a  positive  angle  less  than  two 
right  angles,  the  value  r  »  2m  will  give  a  geodesic  crossing 
every  generating  line  m  times,  and  a  certain  portion  of  them 
w  + 1  times ;  and  r  =  2w  + 1  will  give  a  geodesic  crossing  every 
generating  line  m  times,  and  a  certain  portion,  supplementary  to 
the  former  portion,  m  + 1  times.  Two  points  describing  geodesies 
of  different  systems  will  start  in  opposite  directions  from  one  of 
the  points  to  proceed  to  the  other, 

565.  To  xnveaHgate  the  eqwUuma  of  a  geodesic,  joining  two 
given  points  on  a  cone  of  revolution* 

Let  the  equation  of  the  cone  be 

y»^-;8'=«!'tan*a, 

0  0  2 
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and  let  the  two  given  points  be  (a,  a  tan  a,  0) ;  {b,  b  tan  a  cos/3, 
J  tana  sin /S) ;  then,  for  the  geodesic,  we  have 

W  d?     d? 


—  X  tan'  a      y        «;    ' 

If  we  take  y  sr  cos^,  2;  ==  r  sin  ^,  we  have  r=^x  tan  a,  and 
the  above  equation  becomes 

OS 

Also,  we  have  the  equation 

whence  ^,_^^^)  4.y«=.  ^ 

sin  a\a^/  A 

the  solution  of  which  is 

r  =  A  sec  (^  sin  a  +  0)^ 

A,  C  being  constants,  to  be  determined  so  as  to  make  the  geo- 
desic pass  through  the  two  given  points.    Hence 

a  tan  a  =  A  sec  (7, 

b  tan  a  =  A  sec  (/8  sin  a  +  O), 

and,  eliminating  A,  (7,  we  obtain,  for  the  geodesic,  the  equation 
-  sin  {OS  —  ^)  sin  0}  +  T  sin  (^sin  a)  =  sin  (^sin  a)  tan  a. 

Now,  the  two  points  on  the  cone  remain  unchanged,  if  for  fi 
we  substitute  2m7r+)8,  m  being  any  positive  or  negative  integer, 
and  to  each  such  value  will  correspond  a  geodesic  line,  joining 
the  two  points.  The  number  of  these  lines  is  however  limited  by 
the  condition  that  the  angle  {^mir  +  /9)  sin  a  must  lie  between  the 
limits  TT  and  —  tt.     For,  if  we  take  (2f»ir-f /8)  sin  a  =  n7r+  S,  « 


ryV>   fnrp.   Viftnp.   L^%  1 
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being  any  whole  number,  then,  if  n  be  odd,  we  shall  have,  when 
^sin a=s=S,  r  =«  —  J ;  and  if  n  be  even,  when  ^  =  7r+S,  r  =  —  J; 
or,  in  both  cases,  we  shall  have  negative  values  of  r,  for  a  value 
of  <t>  less  than  the  one  corresponding  to  our  second  point.  Hence, 
r  must  have  passed  through  the  values  0  or  oo .  But,  it  is  mani- 
fest, that  r  —  0  does  not  satisfy  the  equation ;  hence  r  must  have 
passed  through  the  value  oo  before  arriving  at  the  second  point, 
and  there  will  be  no  corresponding  geodesic  of  finite  length.  The 
number  of  finite  geodesies  joining  the  two  points  will  therefore  ex- 
ceed by  unity  the  sum  of  the  integral  parts  of  the  two  quantities 


sm  a  Bin  a 


2w       '  27r       ' 

and  cannot  differ  by  more  than  unity  from  the  integral  part  of 

-T — .    It  has  been  assumed  that  8  lies  between  0  and  2ir, 
sina 

The  form  of  the  geodesic  lines  which  can  be  drawn  from  any 
point  A  to  any  other  J?  on  a  cone,  are  exhibited  in  the  figure. 
With  the  radius  VB  and  center  V  let  a  semicircle  be  described, 
whose  base  contains  the  point  Ay  and  let  CFO^  be  the  sector  into 
which  the  portion  of  the  cone  terminated  by  the  circle  containing 
B  would  be  developed,  VA  being  less  than  VB.  Let  equal 
sectors  be  placed  in  order  whose  bases  are  O^Cj^,  0,(7,,  G^G^^ 
which  in  the  figure  are  all  the  complete  sectors  which  can  lie 
within  the  limits  of  the  semicircle. 

Take  G,B^=  G,B^=  G,B,^  G.B,-.  GJ>  =  GJ>,  =  (7,J,=  GB, 

and  join  A  by  straight  lines  to  all  the  points  B  and  J,  intersect- 
ing the  radii  VG^ ,  &c.  in  P,  ^,  Q,  j,  -B,  r  and  S. 

Take  VQl^VQ,,  Fi?,"  =  F^/ =  F(2„  and  join  Q;q;,  Q;'B. 

One  of  the  lines  AB^  crosses  into  three  of  the  sectors,  and  if 
the  second  and  third  be  placed  upon  the  first  the  portions  of  the 
line  corresponding  will  fall  on  Ql  Q^  and  Q^'B^  and  if  the  cone 
be  formed  of  the  sector  GVG^j  these  portions  will  form  a  con- 
tinuous line,  being  a  geodesic  line  from  AU>  B,  Similarly  for 
AB^,  AB^,  and  ^5,. 
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In  the  same  waj,  if  the  semicircle  on  the  opposite  side  of  CD 
were  divided  into  sectors  and  a  similar  construction  made,  we 
should  obtain  other  geodesic  lines  corresponding  to  the  dotted 
lines  Ah,  A\,  &c.  the  figure  being  supposed  turned  about  CD  to 
the  opposite  side. 

It  is  evident  that  the  number  of  geodesic  lines  on  each  side 
will  be  limited  by  the  consideration  that  each  line  AB  must  cross 
the  sectors  consecutively,  in  order  that  a  continuous  line  may  be 
obtained  on  the  cone,  corresponding  to  each.  Hence,  in  the  par- 
ticular case  of  the  figure,  there  will  be  five  setting  out  on  the  one 
side  of  VG  and  four  on  the  other. 

Grenerally,  if  7  be  the  developed  angle  between  the  generating 
lines  through  A  and  J?,  and  B  the  complete  developed  angle  of 
the  cone,  the  number  r  + 1  on  one  side  is  given  by  the  in- 
equality 7  +  rS  <  TT,  or  the  number  is  the  integer  next  less  than 

— K--^  + 1)  the  number  on  the  other  is  that  next  less  than 

TT— 8  +  7  ,  ^     ^  7r  +  7 


566.  To  prove  that,  throughout  a  geodesic  on  any  surfaot 
of  revoluttoUy  the  distance  of  any  point  from  the  axis  varies  as 
the  cosecant  of  the  angle  between  the  geodesic  and  the  meridian. 

Let  the  axis  of  the  surface  of  revolution  be  taken  as  the  axis 
of  «,  and  let  the  equation  of  the  surface  be  «=/(»"  +  y*). 

Then,  for  any  geodesic,  we  have 

d^x     d^y     d^z 


ds^  _  ds^  ^dP 
iz       dz      — 1 


dx       dy 
But  from  the  form  of  the  equation, 

dz        ^  _/\ 

,  d*y        d*x     ^        du        dx     J 

whence  a>^-y^  =  0,    x^-y-^^h 
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This  may  be  transformed  by  the  formulsB 

x  =  p  COS  <f>,  y^  p  sin  0, 

when  it  takes  the  form  p^  -^  =  h. 

Now,  p  -^  may  be  readily  proved  to  be  the  sine  of  the  angle 

between  the  curve  in  question,  and  the  meridian  of  the  surface  of 
revolution.  If  this  angle  be  denoted  by  /,  we  see  that  through- 
out any  geodesic  on  a  surface  of  revolution 

1 

p  QO    -. =. 

'^       sm/ 

567.  To  prove  thaty  throughout  a  geodesic  on  a  central  cont- 
coidy  pd  is  constant^  p  being  the  perpendicular  on  the  tangent 
plane  from  the  center,  and  d  the  central  radius  parallel  to  the 
geodesic. 

Let  the  equation  of  the  conicoid  be 

a?*     V*     2*     - 

and  let  (7,  m,  n)  be  the  direction  of  the  tangent  line  at  any  point 
of  a  geodesic.    We  shall  then  have  the  equations 


(1). 


dl 

dm 

dn 

E- 

JL- 

a 

=h 

X 

y 

Ix 

nz 

=  0, 

P  + 

m*  + 

n»  = 

=  1. 

(2), 


(3). 


Differentiating  (2)  we  obtain 

X  dl      y  dm     z  dn      P     m*     n*  _ 
a''3i,'^P'da"^?d;>^a'^b'^c'~^' 

^vhence,  by  (I),    ^-  (^  +^  +  "^)  +  J  +  F  +  ?  =^- 
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Therefore   (  J  +  «t|  +  „^)  (^+^  +  g 


fP.fn*,  n*\  fix  ^  my  ^  nz\ 


(I  dl  ,  mdtn     n  dfC\  /a^  ,  y*  ,  «*\ 

^  W^  i'  ^  <?/  U  (&  ^y  A  ^c*  <&>/  ~"' 

which  gives  the  first  integral 

Also         ^~^+.!^  +  i"       i-i!  +  ^"+^" 

and  therefore,  finallj,  -j-^  =  C>  or  pcZ  is  constant. 

The  equations  of  a  geodesic  on  a  conicoid  have  not  been  in- 
tegrated farther,  but  the  property  here  proved  to  belong  to  them 
leads  to  many  important  results.  The  following  geometrical 
proof  of  this  property,  and  the  corresponding  one  for  lines  -of 
curvature,  was  published  by  Mr  Joyce,  in  the  Quarterly  Journal, 
Vol.  5,  page  265. 

Consider  any  curve  traced  on  a  surface  as  the  limit  of  an 
equilateral  inscribed  polygon,  as  in  Chap.  xxii.  The  tangent 
planes  to  the  surface  at  the  different  points  of  the  curve  wiU  be 
the  limiting  positions  of  planes  passing  through  the  sides  of  this 
polygon,  and  intersecting  the  surface  in  conies,  of  which  these 
sides  are  diameters,  and  the  normals  to  the  surface  will  be  the 
limiting  positions  of  lines  drawn  through  the  middle  points  of  the 
chords  perpendicular  to  these  planes.  Let  the  line  of  intersection 
of  two  consecutive  tangent  planes  be  called  the  ccmjugate  line. 
Then,  if  two  consecutive  normals  to  the  surface  make  equal 
angles  with  the  osculating  plane  containing  the  corresponding 
sides  of  the  polygon,  these  sides  must  also  make  equal  angles 
with  the  conjugate  line,  and  the  angles  which  they  make  with 
the  same  part  of  the  conjugate  line  will  be  equal,  or  supplemen- 
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taiy,  according  as  the  nonnals  lie  on  the  same  side,  or  on  oppo- 
site sides,  of  the  osculating  plane. 

If  the  normals  lie  on  the  same  side  they  will  intersect, 
and  the  limit  of  the  polygon  will  then  be  a  line  of  corra- 
ture. 

If  the  normals  lie  on  opposite  sides,  then,  in  the  limit,  when 
they  coincide,  the  normal  to  the  surface,  which  is  their  common 
limit,  must  lie  in  the  osculating  plane,  or  the  curve  becomes 
a  geodesic. 

On  any  surface,  therefore,  consecutive  sides  of  those  polygons 
which  become,  in  the  limit,  lines  of  curvature  will  make  equal 
angles  with  the  corresponding  conjugate  line;  and,  for  those 
whose  limits  are  geodesies,  these  angles  are  supplementaiy. 

Now,  let  LM^MN'h^  consecutive  elements  of  such  a  polygon, 
on  a  conicoid  whose  centre  is  (?,  MP  the  corresponding  conju- 
gate line,  Om  the  central  radius  vector  parallel  to  the  conjugate 
line,  mlf  mn  chords  of  the  ellipsoid  parallel  to  ML,  MN.    Then 


ml,  mn  will  ultimately  be  tangents  to  the  central  section  made  * 
by  a  plane  parallel  to  the  tangent  plane  to  the  surface,  at  a 
point  on  the  curve.  Also,  since  the  angles  Omly  Omn,  are 
either  equal  or  supplementary,  the  perpendiculars  from  0  on 
these  tangents  will  be  equal.  That  is,  if  a  plane  be  drawn 
through  the  center  parallel  to  the  tangent  plane  at  any  point  on 
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the  curye,  and  a  tangent  line  be  drawn  to  this  section  parallel 
to  the  tangent  line  to  the  curve,  the  perpendicular  from  the 
center  on  this  tangent  line  will  be  of  constant  length.  Let  y 
be  this  length.  Then  i^pd  will  be  the  volume  of  a  parallelo- 
piped  enveloping  the  conicoid,  and  having  its  faces  parallel 
to  conjugate  planes,  and  will  therefore  be  constant. 

Hence,  since  p'  has  been  shewn  to  be  constant,  pd  is  con- 
stant. 

568.  The  constant  jpd  has  the  same  value  for  aU  geodestca 
passing  through  an  umbilicus. 

For,  at  the  umbilicus,  p  is  common  to  all  the  geodesies, 
also  d  being  parallel  to  a  tangent  line  at  an  umbilicus,  is  a 
diameter  of  a  central  circular  section,  and  is  therefore  equal 

to  ah,  whence  pd=^  j-h=ac. 

569.  The  locus  of  a  point  on  an  ellipsoid^  the  sum  or  dif- 
ference of  whose  geodesic  distances  from  two  ac^acent  umbilici  is 
constant,  is  a  line  of  curvature. 

For,  let  Z7,  F  be  two  adjacent  umbilici,  P  any  point  on  the 
locus,  then  at  P,  pd  will  be  the  same  for  the  geodesies  PCT,  PVy 
and  p  being  the  same,  d  will  also  be  the  same :  that  is,  the  central 
radii  parallel  to  the  tangents  are  equal.  These  radii  must  there- 
fore make  equal  angles  with  the  axes  of  the  section  in  which 
thej  lie,  which  is  parallel  to  the  tangent  plane  at  P.  But  these 
axes  are  parallel  to  the  tangents  to  the  lines  of  curvature,  at  P. 
The  geodesies  PU^  PV  will  therefore  make  equal  angles  with 
the  lines  of  curvature  at  P.  But  if  the  sum  of  the  geodesic 
distances  PZ7,  PV  be  constant,  the  locus  of  P  will  be  some 
curve  which  always  bisects  the  external  angle  between  P?7,  PVj 
and  if  the  difference  be  constant,  the  locus  will  always  bisect 
the  internal  angle,  by  the  same  proof  aa  is  n^  for  the  cor- 
responding  property  of  plane  conies.  But  the  lines  of  curvature 
have  been  shewn  to  possess  this  property.  The  locus  of  P 
will  therefore  be  one  of  these  lines  of  curvature,  according  as 
the  sum  or  the  difference  is  constant. 

570.  All  geodesies  joining  two  opposite  umbilici  are  of  equal 
length. 
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Let  P  be  any  point  on  a  line  of  curvature,  J7,  V  two  um- 
bilici for  which  ^7+  PVis  constant,  U'  the  umbilicus  opposite 
U.  Then  PUy  PU\  making  equal  vertically  opposite  angles, 
with  the  tangent  to  the  line  of  curvature  at  P,  will  be  parts  of 
the  same  geodesic.  Also  the  line  of  curvature  will  bisect  the 
internal  angle  between  PU\  PV,  and  the  difference  of  PU\  PV 
will  therefore  be  constant.  But  the  sum  of  PZ7,  PVia  constant, 
and  therefore  the  sum  of  PZ7,  PU'  is  constant,  or  the  geodesic 
UPU'  is  of  constant  length. 

571.  The  constant  pd  has  the  same  value  for  all  geodesies 
which  totich  the  same  line  of  curvature. 

For  pd  is  constant  throughout  a  line  of  curvature,  and,  at 
the  point  of  contact  with  any  geodesic,  both  p  and  d  are  the 
same  for  both  curves. 

572.  Ttoo  geodesic  tangents^  dravm  to  a  line  of  curvaturCf 
toill  make  equal  angles  with  the  lines  of  curvature  at  their 
intersection. 

For,  pd  will  be  the  same  for  both,  and  therefore  at  the  point 
of  intersection,  d  will  be  the  same  for  both,  which,  as  in  Art. 
(569),  leads  to  the  property  enunciated. 

It  follows  from  this,  by  the  same  proof  as  for  plane  confocal 
conies,  that  if  two  tangents  be  drawn  to  a  line  of  curvature, 
from  a  point  lying  on  another  line  of  curvature  of  the  same 
system,  that  the  sum  of  the  tangents  will  exceed  the  intercepted 
arc  by  a  constant  quantity. 

673.  The  locus  of  the  intersection  of  two  geodesic  tangents 
to  two  lines  of  curvature,  at  right  angles  to  each  other j  lies  on 
a  sphere. 

Let  the  lines  of  curvature  be  given  by  the  equations 

a?  y*  z' 

a^^kyV^k^'^c^^k^"' 

a^^kyv^ky<?^lc;'  ^' 
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then,  along  these  lines,  pd^-j-j  or,  -^,  Art  (552),  and  at 

the  intersection  of  the  two  geodesies,  pd  has  these  valaes  for 
both,  and  p  is  the  same  for  both.  Let  a',  b'  be  the  semi-axes 
of  the  central  section  conjugate  to  their  point  of  intersection, 
d,  d*  the  central  radii  parallel  to  the  tangents  to  the  geodesies. 
These  being  at  right  angles,  we  have 

1        1  _  1       1  _a^  +  5^ 
d^'^d'^^a'^'^b'^"  a'^b"" 


r  being  the  central  distance  of  the  point  of  intersection. 
Hence, 

whence  r  has  a  constant  value,  or  the  point  of  intersection  lies 
on  a  sphere. 

A  particular  case  of  this  is,  that  the  foot  of  the  geodesic 
perpendicular  from  an  umbilicus,  on  any  tangent  to  a  line  of 
curvature,  lies  on  a  sphere,  any  geodesic  through  an  umbilicus 
touching  the  limit  of  the  lines  of  curvature,  obtained  by  taking 
k^b. 

574.  Another  form  of  the  fundamental  equation  for  geo- 
desies may  be  found,  in  terms  of  the  parameters  of  the  lines 
of  curvature  at  any  point  of  the  geodesic,  and  the  angles 
which  the  geodesic  makes  with  the  lines  of  curvature. 

Let  Oj-^'-O  be  these  angles,  and  \ ,  k^  the  parameters 

of  the  lines  of  curvature,  then  \^  \  are  the  semi-axes  of  die 
central  section  conjugate  to  the  point  considered,  and 

1  _  cos*g     sin'g 
rf'~   k*   '^   kl'    • 
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Also,  if  {x,  yj  z)  be  the  pointi  tHe  equation  whose  roots  are 
k^,  i^  is 

a»(a*-i^^6*(J^-A!)^(^(c'-&')     "' 

whence  A.V  =  aW  (^  +  ^  +  ^-^. 

From  these  equations  we  have 

per       ■  * 

or  i,"  cos*  0  +  ij'  sin"  0  =  const. 

K  there  be  two  geodesies  at  right  angles  to  each  other,  for 
each  of  which  ^(2  is  a  given  quantity,  we  shall  have 

;fc,"co8"tf  +  A:,"sin»d=\*, 

i/sin'd  +  i.'cos^e^X'*, 
whence  k^*  +  k*  =  \*  +  X", 

or  a"  +  ft'  +  c'-a'-2/*-2'  =  X»  +  X'», 

and  the  point  of  intersection  lies  on  the  same  sphere  as  that 
found  in  the  last  Article. 

From  each  point  of  this  locus,  we  can  then  draw  two  pairs 
of  tangents  at  right  angles  to  each  other,  one  of  each  pair 
touching  the  corresponding  line  of  curvature,  and  since  only 
two  geodesies  can  be  drawn  through  each  point  (unless  an  um- 
bilicus) having  a  given  pd^  we  see  that  every  geodesic,  for  which 
pd  has  a  given  value,  will  touch  the  corresponding  line  of 
curvature. 

575.  J^  a  point  of  an  ellipsoidy  and  a  line  of  curvaturey  he 
projected  on  a  plane  of  circular  section^  by  lines  parallel  to  the 
greatest  or  least  axis ;  the  angle  between  the  geodesic  tangents 
draton  from  the  point  to  the  line  of  curvature  will  be  equal  to  the 
angle  between  the  tangents  from  the  projection  of  the  point  to  the 
projection  of  the  line  cf  curvature. 
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Let  {Xf  y^  z)  be  any  point  on  the  ellipsoid,  (X,  Y)  the  co- 
ordinates of  its  projection  bj  a  line  parallel  to  the  aus  of  x 
on  a  plane  of  circular  section,  the  axis  of  Y  coinciding  with  that 
of  y,  and  the  axis  of  X  lying  in  the  plane  of  circular  section. 
We  shall  then  have 

y=Yy    «  =  Xsin  o, 
where  2a)  is  the  angle  between  the  planes  of  circular  section. 

Hence,  we  have 

The  equation  of  the  projection  of  the  line  of  curvature,  whose 
parameter  is  X,  will  then  be 


which  reduces  to 


"^  ^  »        M  ""  ^t 


!.«> 


or  the  projection  of  a  line  of  curvature  is  a  conic  having  given 
foci,  which  are  readily  seen  to  be  the  projections  of  the  um- 
bilici. 

Now,  let  (x\  y\  z*)  be  a  point  from  which  geodesic  tangents 
are  drawn  to  the  line  of  curvature  X,  and  let  \^  \  be  the 
parameters  of  the  lines  of  curvature  through  {x',y\z').  Then, 
if  20  be  the  angle  between  the  tangents,  0  is  given  by  the 

equation 

i;cos*^  +  ;fc/sin*^=X*. 

Let  (X',  r')  be  the  projection  of  (a,  y\  «'),  then  i^,  A,  are 
the  roots  of  the  equation 
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and  if  20  be  the  angle  between  the  tangents  from  {X\  Y')  to 
the  conic 

X'       r'  _   y 

we  dhall  have 

But,  from  the  equation  in  k, 

T-T — ^,  (\* — «,^  (\  —  i/) 


and 


Hence        tan'  2^  =  -  4 j. 


(«*-*") 


5(V  +  A:.*-2X')' 


-  {k,'  +  k,'-2\y    ' 


^^*'^''      (V  +  V-2X') 


>\9> 


A,»  + V-2X'=  ±  {K-h^  CO8*0, 

which  gives  the  equations 

ij'  sin*  <^  +  V  ^^"^^  ^  =  ^y 
or  A;^'  cos'  <^  +  k^  sin'  <^  =  \', 

which  proves  that  20  is  either  equal  to  2tf,  or  to  tt  —  ^6,  and  in 
either  case  the  acute  angle  between  the  geodesic  tangents  is 
equal  to  the  acute  angle  between  the  tangents  to  the  projection. 

676.  If  a  geodesic  he  drawn  through  an  umbilicus^  mcltned 
at  a  constant  angle  to  a  geodesic  tangent  to  a  fixed  line  ofcurvaturej 
the  point  of  intersection  will  lie  on  one  of  two  spheres. 
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For,  the  locns  of  the  projection  of  the  point  will  be  the  locus 
of  the  point  of  intersection  of  a  straight  line  drawn  through  a 
focus  with  the  tangent  to  a  fixed  conic,  and  will  therefore  be  one 
of  two  circles.    But,  since 

we  see  that  if  the  projection  lie  on  a  circle  in  the  plane  of  cir- 
cular section,  the  corresponding  point  of  the  ellipsoid  must  lie 
on  a  sphere. 

A  particular  case  of  this  will  be  that,  if  two  geodesies  be 
drawn  through  two  adjacent  umbilici,  inclined  at  a  constant 
angle,  their  point  of  intersection  will  lie  on  a  sphere. 

577.  The  tangent  lines  to  a  geodesic  on  a  conicoid  toiU  oB 
touch  a  fixed  confical  conicoid. 

Let  IftnyU  be  the  direction-cosines  of  a  tangent  line  to  the 
conicoid, 

at  a  point  (a;,  y,  0).     This  gives  the  condition 

a       o       c 
and  the  condition  that  this  line  may  touch  the  confocal  conicoid, 


which  is,  on  redaction,  a  quadratic  in  Jf,  one  of  whose  roots  will 
of  course  be  zero. 

Making  the  substitntions 

9«.«  ««  -  W^  (^'^    ^    "*^ 
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and  the  like,  we  obtain  for  the  sum  of  the  roots,  and  therefore 
for  the  second  value  of  ib^,  the  expression 

whence  it  follows  that  for  the  tangent  lines  to  any  fixed  geodesic, 
this  value  of  If  is  constant. 

This  value  is  the  same  as  the  parameter  of  the  line  of  curva- 
ture which  is  touched  by  the  geodesic,  or  the  tangent  lines  to  a 
geodesic  on  a  conicoid  will  all  touch  the  confocal  conicoid  which 
contains  the  line  of  curvature  touched  by  the  geodesic. 

When  A;  =  &,  the  corresponding  pd  is  equal  to  ac^  and  the 
geodesic  passes  through  an  umbilicus.  The  confocal  surface 
then  reduces  to  the  umbilical  focal  conic,  or  "  all  tangent  lines 
to  a  geodesic,  which  passes  through  an  umbilicus,  will  intersect 
the  umbilical  focal." 

The  plane  of  two  consecutive  tangents  to  the  geodesic  will 
be  a  tangent  plane  to  the  confocal,  since  it  contains  two  conse- 
cutive tangent  lines  to  that  confocal. 

Hence,  the  osculating  planes  of  a  geodesic  will  envelop  a 
confocal  conicoid.  Also,  since  the  osculating  plane  is  normal 
to  the  surface  on  which  the  geodesic  lies,  it  follows  that  the 
tangent  planes  drawn  to  two  confocal  conicoids  through  a  common 
tangent  line  will  be  at  right  angles  to  each  other. 

Hence,  the  locus  of  the  points  of  contact  with  the  confocal 
surface  will  be  a  geodesic  on  that  surface,  for  the  osculating 
plane  at  any  point  of  that  locus  will  be  a  tangent  plane  to  the 
first  surface,  and  therefore  at  right  angles  to  the  tangent  plane 
to  the  confocal,  that  is,  will  contain  the  normal  to  the  confocal 
at  the  point  of  contact,  and  the  curve  will  therefore  be  a 
geodesic. 

These  corresponding  geodesies  will  touch  the  line  of  curva- 
ture, in  which  the  confocals  intersect,  at  the  same  point. 

578.  The  developable^  enveloped  hy  the  tangent  planes  to  a 
conicoid  along  a  geodesic^  toill  have  its  edge  of  regression  on 
another  conicoid. 

For  the  edge  of  regression  is  the  locus  of  the  intersection 
of  three  consecutive  tangent  planes,  and  any  point  on  it  will 

II  H 
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therefore  be  the  pole  of  the  plane  passing  through  three  conse- 
cutive points  of  the  geodesic,  that  is,  of  an  osculating  plane  of 
the  geodesic.  But  the  osculating  plane  is  a  tangent  plane  to 
a  confocal  conicoid,  and  the  edge  of  regression  will  therefore  lie 
on  the  reciprocal  polar  of  this  confocal  with  respect  to  the 
original,  that  is,  will  lie  on  another  conicoid. 

Also,  the  confocal  will  remain  the  same,  for  all  geodesies 
which  touch  the  same  line  of  curvature ;  and  therefore,  the  locus 
of  the  edge  of  regression  corresponding  to  anj  such  geodesic  is 
a  fixed  conicoid. 

For  geodesies  passing  through  an  umbilicus,  this  fixed  coni- 
coid reduces  to  the  hyperbola, 

g'(a'-y)    g'(y-c')  „ 

a*  c*        "*^' 

579.     On  the  geodesic  lines  of  the  paraboloid. 

The  equations  maj  be  integrated  a  first  time  &r  paraboloids 
in  much  the  same  way  as  for  central  conicoids,  but  we  may  more 
readily  obtain  the  limiting  form  of  the  equation 

by  transferring  the  origin  to  the  extremity  of  the  axis  of  a;,  and 
making  the  axes  infinite,  so  as  to  reduce  the  equation  of  the 
conicoid  to  the  form 

^  +  -  =  2a?. 
0       c 

The  equation  for  the  geodesic  becomes,  by  this  transformation, 

V     (?     If 
b,  c,  k  replacing  the  limits  of  —  ,  —  ,  — . 

a      a      a 

If  k^y  k^  be  the  parameters  of  the  lines  of  curvature  at  a 
point  {xj  y,  z),  given  by  the  equation 

y'  z^ 

i(i-A:)"*"c(c-A)"*"^"^' 
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and  0y  -  +0  be  the  angles  which  a  geodesic,  whose  parameter 

is  X,  makes  with  these  lines  of  curvature,  we  shall  have,  by- 
taking  the  limit  of  the  equation  of  Art.  (574), 

\  cos*  5  +  Aj  sin*5=s  X. 

Hence,  for  the  locus  of  the  intersection  of  geodesic  tangents 
to  two  given  lines  of  curvature,  at  right  angles  to  each  other,  we 
shall  have 

K.  T"  aL  ^^  ^  ~t~  A»  j 

or  2a?  =  J  +  c  —  X  —  X', 

and  the  locus  lies  on  a  plane  perpendicular  to  the  axis.  All  the 
properties  depending  on  the  umbilici,  and  circular  sections,  will 
be  true  for  the  elliptic  paraboloid.  Thus,  for  one  system  of  its 
lines  of  curvature  the  sum  of  the  geodesic  distances  from  the 
umbilici  is  constant  on  each  line,  and  for  the  other  system,  the 
difference  is  constant. 

580.  It  should  be  noticed  that  on  any  conicoid,  generated 
bj  straight  lines,  each  such  straight  line  is  of  course  a  geodesic, 
but  such  geodesies  are  not  included  in  the  systems  whose  properties 
we  have  investigated.  If  (x,  y,  £)  be  a  point  on  a  fixed  straight 
line,  we  shall  have 

zLT  — 0      -—^=0     -—=0 

and  therefore  the  equations  of  a  geodesic  are  satisfied,  whatever 
be  the  forms  of  ^,  -7-,  -j-  •    In  our  integration,  it  was  tacitly 

assumed  that  -jt  »  &c.,  were  finite. 

581.  To  find  the  radius  of  torsion  at  any  point  of  any 
geodesic  line  on  a  surface. 

Take  the  point  considered  as  origin,  and  let  the  surface  be 
referred  to  the  tangent  plane,  and  planes  of  principal  curvature, 
so  that  its  equation  assumes  the  form 

S  9 

a;      V 

2;?  =  —  +^  + 

Pi    p. 

Pj,  p%  being  the  principal  radii  of  curvature. 
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Let  a  geodesic  through  the  origin  make  an  angle  0  with  the 
axis  of  X,  and  let  de  be  the  angle  between  two  oonsecntive 
normal  planes,  dr  the  angle  between  two  consecutiye  osculating 
planes,  to  the  geodesic.  The  normal  to  the  surface  at  the  conse- 
cutiye point  {x^  t/y  z)  on  the  geodesic  lies  in  the  osculating 
plane  at  that  point.  Hence,  the  normal  at  (a;,  j^,  z)  may  be 
made  parallel  to  the  normal  at  the  origin,  bj  turning  it  through 
the  angles  Jr,  de  successiyelj  in  planes  at  right  angles  to  each 
other ;  or  if  \  be  the  angle  between  the  two  normals, 

cos  \  =  cos  dr  cos  d€=l ultimately. 


But       cos  X  = 


Hence,  <Zt*  +  aJe*  = -^  +  ^ 

Px        Pt 


,2 


or,  if  p  be  the  radius  of  absolute  curvature  of  the  geodesic, 
and  o-  the  radius  of  torsion, 

1       1      cos'g  .  sin'g 

<^  P  Pi  P% 

,    ^     1     cos'tf  ,  sin"d       ,           1        .  «/,       ././I       IV 
but     -  = 1 ,  whence  -i  =  sm'5  cos'5  ( J, 

P         Pi  P2  <^  \Pi      pJ 

or  —  =  f 1  sin  5  cos  Q. 

<^     Vi     pJ 

The  torsion  of  a  geodesic  consequently  yanishes  at  a 
point  where  it  touches  a  line  of  curyature,  and  the  torsion  of 
all  geodesies  passing  through  an  umbilicus  yanishes  at  the 
umbilicus.    (Eouth  and  Watson's  Cambridge  iVoJfeww,  1860.) 

582.    Def.    If  two  points  be  taken  on  a  curye  traced  on  a 

surface^  at  a  distance  ds  from  each  other ;  and  if  geodesic  tangents 

be  drawn  to  the  curye  at  those  points,  the  angle  between  them 

ds 
being  du^  the  limiting  yalue  of  ^  is  the  radius  of  geodesic 

curyature  of  the  curye  at  the  point. 
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If  we  suppose  this  indefinitelj  small  part  of  the  surface 
developed  on  the  tangent  plane  at  the  intersection  of  the 
geodesies,  the  radius  of  geodesic  curvature  will  be  the  radius  of 
curyature  of  the  corresponding  plane  curve,  and  du  will  be  the 
projection,  on  the  tangent  plane,  of  the  angle  between  the  tan- 
gents to  the  curve  in  the  osculating  plane,  whence,  if  ^  be  the 
angle  between  the  osculating  plane  and  the  plane  of  normal 
section  containing  the  tangent  line  to  the  curve,  we  shall  have 

du 

the  angle  of  contingence  of  the  curve  =    .       . 

Hence,  if  p  be  the  radius  of  absolute  curvature, 

da     ,     , 

and  the  radius  of  ^odesic  curvature  is    r    ,  , 

°  sm  ^  . 

Hence,  for  geodesic  lines,  the  radius  of  geodesic  curvature  is 
equal  to  the  radius  of  absolute  curvature. 


XXV. 

1.  If  a  geodesic  be  drawn  on  a  developable  surface,  and  cut  any 
generating  liiie  of  the  8ur£su)e  at  an  angle  ^,  and  at  a  distance  t  from 
the  edge  of  regression  measured  along  the  genei*ator,  prove  that 

dt 

^  +  <coti^  =  p, 

p  being  the  radius  of  curvature  of  the  edge  of  regression  at  the  point 
where  the  generator  touches  it. 

2.  On  a  right  circular  cone,  whose  vertical  angle  is  ^  ,  two  points 

are  joined  bj  a  geodesic  which  completely  surrounds  the  cone ;  prove 
that  the  two  tangents  to  this  geodesic  at  the  double  point  are  at  right 
angles  to  each  other. 

3.  If  P  be  a  point  on  a  given  line  of  curvature  of  a  conicoid,  PQ^ 
PQf  geodesic  tangents  to  another  given  line  of  curvature  of  the  same 
system,  PU^  PF*  geodesies  to  two  adjacent  umbilici,  prove  that 

QPff  UPV  . 

cos     ^      :  cos  — 5 —  IS  a  constant  ratio. 
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4.  The  angle  between  the  geodeaios  passing  through  a  point 
(x,  y,  z)  on  the  ellipsoid 

and  through  the  umbilici,  is  given  by  the  equation 

ten'fl-        4  (y -«■)(«'- ft*)  y' 

5.  The  angle  between  the  geodesies  passing  through  the  point 
(x,  y,  z)  of  the  paraboloid 

and  through  the  umbilici,  is  given  by  the  equation 

t,^.g       4(6-0)^ 
**'*  "6(6-0-2*)" 
6  being  greater  than  c. 

6.  The  radius  of  absolute  curvature  of  a  geodedc  of  the  ellipsoid 

«•    y*    «•_, 

d* 
is  — ,  p  being  the  perpendicular  from  the  center  on  the  tangent 

plane,  and  d  the  central  radius  parallel  to  the  tangent  lin& 

7.  If  X  be  the  parameter  of  a  geodesic  on  the  conicoid 

a"     y"     «"     , 
a'     b'      c*        ' 

and  R  be  the  radius  of  torsion  of  the  geodesic  at  a  point  (as^  y,  z), 
prove  that 

i=l^«<'»'^*'-^''*-«'*-2^-^-^')-«-6V- 

p  being  the  central  distance  of  the  tangent  plane. 

8.  If  two  sur&ces  touch  each  other  along  a  curve,  and  if  the 
curve  be  a  geodesic  line  on  one  surface,  prove  that  it  will  also  be^a 
geodesic  line  on  the  other  surface. 

9.  If  P  be  a  point  on  a  geodesic  line  AP,  drawn  on  a  conoidal 
surface,  s  the  length  of  AF,  o*,  I^,  0  the  projections  of  «,  P,  and  the 
aids  on  any  plane  perpendicular  to  the  axis,  and  p  the  projection 
of  ON  on  the  tangent  to  ^P  at  P,  then 

dp     d<r 
da-"  ds' 
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10.  If  a  geodesic  on  any  surface  lie  on  a  sphere,  the  radius  of 
curvature  of  fiie  geodesic  at  any  point  will  be  proportional  to  the 
perpendicular  from  the  center  of  the  sphere  on  the  tangent  plane  to 
the  surface. 

11.  The  angle  of  geodesic  contingence  of  a  curve  traced  on  a 

sur&ce  of  revolution  =  — ^^ r^   when  0  is  the  anirle  made  with  a 

r  cos  6  ^ 

meridian,  and  r  the  radius  of  the  corresponding  parallel. 

12.  The  sides  of  a  geodesic  triangle  traced  on  a  surface  of  revo- 
lution make,  with  the  meridians  which  pass  through  the  angular 
points,  six  angles ;  prove  that  the  product  of  the  sines  of  the  three 
angles  not  adjacent  is  equal  to  the  product  of  the  three  others. 

13.  The  ratio  of  the  radii  of  curvature  and  torsion  in  a  geo- 
desic line  on  a  developable  surface  at  any  point  is  equal  to  the  tan- 
gent of  the  inclination  of  the  curve  to  the  corresponding  generating 
line. 

14.  Prove  that  if  ^  be  the  inclination  of  a  geodesic  line  to  a 
generating  line  of  the  helicoid  whose  equation  is 

.     -1  y 
z  =  a  tan     - , 

X 

and  ^  the  inclination  of  the  tangent  plane  at  the  corresponding  point 
to  the  axis  of  z,  sin  \I/=:C  cos  if^. 

15.  li  ABC  be  a  geodesic  triangle  described  on  a  conoidal  heli- 
coid, a,,  a,,  /3j,  j3j,  yi,y,  be  the  angles  at  which  the  sides  cut  the 
generating  lines  through  A,  B,  G,  prove  that 

sin  a^  sin  /?,  sin  y,  =  sin  a,  sin  ^,  sin  y,. 

16.  A  surface  is  generated  by  normals  to  a  given  curve,  moving 

in  such  a  manner  that   the  angle  between  consecutive  generating 

lines  is  equal  to  the  arc  intercepted,  divided  by  a  constant  line  a ; 

prove  that  in  any  geodesic  line  on  the  surface,  r  being  the  distance 

from  the  curve  measured  on  a  generating  line,  <^  the  inclination 

to  that  line, 

r" 

-i  =  C*sin*</>-  1. 

a 

17.  If  a  line  of  curvature  on  an  ellipsoid  be  the  intersection  of 
the  ellipsoid  with  a  hyperboloid,  one  of  whose  principal  sections  is  a 
rectangular  hyperbola,  no  geodesic  tangents  at  right  angles  can  be 
drawn  to  it,  except  from  the  extremity  of  one  of  the  axes. 


THE  END. 
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